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AUTHOR’S PREFACE TO THE 
POLISH EDITION 

The theorems of any geometry (e.g. Euclidean) follow, as is well 
known, from a number of axioms, ix. hypotheses about the space 
considered, and from accepted definitions. A given theorem may 
be a consequence of some of the axioms and may not require all of 
them. Such a theorem will be true not only in the space defined by 
all the axioms, but also in more general spaces. 

It will, therefore, be of importance to introduce axioms gradually 
and to deduce from them as many conclusions as possible. 

We thus arrive at the concept of an abstract space (Frechet), 
i.e. a set of elements whose nature is immaterial, and as to which 
we assume only certain conditions given by the axioms defining that 
space. Theorems obtained for a given abstract space are true for 
each set of elements which satisfies the axioms of that space; 
however, the set may also satisfy other axioms. Herein lies the 
practical advantage of the study of abstract spaces. For, with a 
suitable choice of axioms for such a space, the theorems obtained 
for that space may be applied to different branches of mathematics, 
e.g. to various types of geometry, to the theory of functions, and 
to others. 

This book is divided into seven chapters. In the first chapter 
we consider an abstract space, which is a set K of any elements, 
and the only assumption we make is that certain parts of the space 
considered are called open sets, and that open sets have certain 
simple properties specified in hypothesis I (page 1). From these 
simple suppositions, after having introduced the corresponding 
definitions, we deduce a series of conclusions. In each of the follow- 
ing chapters we add new axioms {i.e. introduce new conditions to be 
satisfied by the open sets of the space considered) and we deduce 
a new series of theorems. 

The axiomatic development based on the concept of an open set 
(as a basic concept) seemed to us simpler and more intuitive than 
other axiomatic treatments which will be mentioned. 
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Such an axiomatic treatment of the theory of point sets, apart 
from its logical simplicity, has also an advantage in that it supplies 
excellent material for exercise in abstract thinking and logical 
argument in the deduction of theorems from stated suppositions 
alone; i.e, in proving the theorems by drawing logical conclusions 
only and without any appeal to intuition, which is so apt to mislead 
one in the theory of sets. 

The contents of this book are divided in such a manner that 
theorems are proved in those chapters in which the axioms necessary 
for the proof are introduced- The theorems of a given chapter will 
not in general be true in spaces which satisfy axioms of preceding 
chapters; an exercise very useful to the reader would be to prove, 
by suitably constructed examples of abstract spaces, that a given 
theorem is not true in a space which does not satisfy all the axioms 
of the chapter considered. It must be noted, however, that a strict 
adherence to the principle that each theorem be placed so that it is 
not true in spaces satisfying only the conditions of preceding 
chapters, is not always possible; for, it may happen that we are not 
able to decide whether a given theorem follows already from a given 
set of axioms, or else such a decision may be very complicated. 
The consideration of such a theorem in a given chapter is, therefore, 
not advisable from the pedagogical point of view, especially if its 
proof in a later chapter {i.e. under an increased number of axioms) 
is much simpler. 

WaCLAW SlERPlNSKI 

Warsaw, February, 1928. 



TRANSLATOR’S PREFACE 


In view of the achievements of Professor W. Sierpihski in the 
field of the theory of sets it was thought desirable to make his book 
on the Theory of Aggregates accessible to English-speaking students 
of Mathematics. Since, however, the first volume^ on “Transfinite 
Numbers” has been already translated into French by the author 
himself, only the second volume is being offered in English trans- 
lation, especially since its contents are for the most part independent 
of those of the first volume. Moreover, in order to* enable the 
reader to follow the English translation, I have outlined in an 
appendix^ some of the ideas and results supplied by the first volume 
and made use of in this. 

I had hoped that Professor Sierpinski would himself write a 
brief note on transfinite numbers, but certain arrangements with 
his French publishers stood in the way. It is to be hoped that 
the reader not already acquainted with the subject may find the 
appendix useful. 

I should like to take this opportunity to express my gratitude 
to Dean A. T. DeLury and Professor E. F. Burton for their kind 
interest in the publication of this book, and to Professor S. Beatty 
and Professor W. J. Webber whose encouragement and generous 
help made this translation possible. 

My sincere thanks are also due to the staff of the University 
of Toronto Press for their untiring co-operation. 

C. C. Krieger 

Toronto, September, 1933. 


^Le;ons sur les nomhres transfinis, Borel series, Paris, 1928. 

-I have been guided by the author’s Introduction to the Theory of Sets and 
Topology, Lwow, 1930 (in Polish). 
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CHAPTER I 


CLASSES IN WHICH OPEN SETS ARE DEFINED 

1. Let if be a set of any elements. We shall suppose that 
certain subsets of K are called open, where the convention deter- 
mining which of the subsets of K shall be called open is quite 
arbitrary apart from satisfying the following axioms: 

f i ) A null set is an open set, 

(I) I {ii) The set K is an open set, 

{iii) The sum of any aggregate of ope7i sets C K is an open 
set. 

In this chapter we shall deduce results which follow solely 
from the axioms stated above and from the definitions to be 
given below. When we speak of sets in this chapter, we shall 
always mean sets which are subsets of the same fundamental set K. 

2. We call p a limit element of the set £ C if if every open set 
containing p (whether p belongs to E or not) contains at least one 
element of E different from p. 

It is easily seen that if ^ is a limit element of E, then p is 
also a limit element of the set E~~-{p) (where {p) is the set con- 
sisting of the element p only). The set of all limit elements of 
the set E is called the derived set of E and is denoted by E'. (If the 
set E has no limit element, then its derived set is a null set, i.e. 
E' —0; in particular, the derived set of a null set is a null set.) 

From the definitions of a limit element and a derived set we 
get immediately 

Theorem 1. If Ei C E, then Ef C E\ 

3. A set containing all its limit elements is said to be closed. 

It follows at once from the definition of a derived set that 
for a sel E to be closed, it is necessary and sufficiejit that E' (ZE. 
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If £ be a given set, the set K —E will be called the comple- 
ment of the set E (with respect to the funda'mental set K) and will 
be denoted by CE. 

It follows at once from the definition of a closed set that, 
if the set E is closed - and p is not an element of the set Ey there 
exists an open set Z7C CE and containing p. In fact, if there were 
no such set Z7, every open set containing p would contain at least 
one element of E different from (since plE); this would imply 
that p IS di limit element of E and so, since E is closed, an element 
of E, contrary to the hypothesis. 

Theorem 2. In order that a set E he closed, it is necessary and 
sufficient that its complement CE he open. 

Proof. Let £ be a set whose complement U = CE is open. 
If £ were not closed, there would be an element p such that p^E^ 
but peE. Since plE, therefore, p e CE, i.e. peU; from the fact that 
U is open and peE' , U would have to contain at least one element 
of the set E, which is impossible, since U=CE. The set E is, 
therefore, closed, and so the condition of the theorem is seen to be 
sufficient. 

Let now .S be a closed set. Denote by U the sum of all 
open sets contained in CE; evidently, 27 C CE, where by (I) the 
set U is open. 

It will be shown that U = CE; since UczCE, it will be 
sufficient to prove that 27D CE, i.e. every element of the set CE 
belongs to U. Let ^ be a given element of the set CE; we have, 
therefore, plE. Since the set E is closed, there exists an open 
set G such that p eG and G C CE. According to the definition of 
the set U, since GCZ CE, we have GCZ U, and since peG, it follows 
that peU. 

We have thus proved that U = CE, and hence CE is an open 
set. The condition of Theorem 2 is, therefore, necessary. From 
Theorem 2 and hypothesis (I) it follows at once that the set K is 
closed, and that a null set is closed. 


Theorem 3. The prodjict of any immber of closed sets is a closed 
set. 

Proof. Let P — JJE denote the given product of closed sets E. 
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From the well-known formula of De Morgan, we shall have CP = 
where the sum extends over all sets E which are factors of 
the product II^. The sets CE are open by Theorem 2; the set 
will be open by (I), and so by Theorem 2 the set P will 

be closed. 

Theorem 4. If E he a closed set, then every set containing E' and 
contained in E is closed. 

Proof. If a set E is closed, we have E' CZE. If, further, a set 
T satisfies the conditions E' CZTCZE, then by Theorem 1, T'CZE', 
and since E' C T, it follows that T' C T, which proves that T is 
closed. 

In particular, the derived set of a closed set is closed. 

4. Theorem 5. The set E-\~E' is closed for every set E. 

Proof. Let E be any set, q a limit element of the set T = E+E ' ; 
it will be sufficient to show that q is an element of the set T, in 
other words, that if ql E, then qeE\ Let us suppose, therefore, 
that qe E, and let U be any open set containing q. 

• From the definition of a limit element, since qeT', there is 
in U an element p of the set T, different from q. If E, since 
peT =E+E', we have p eE' ; thus, there is in U (which is open and 
contains p) an element of E different from q, since ql E. U being 
any open set containing q, it follows that qeE'. 

We note, however, that it does not follow from (I) and the 
definitions of limit element and derived set that the derived set of 
every set is closed. 

The set E-\-E' is called the enclosure of the set E and is denoted 
by £. By Theorem 5, the enclosure of any set is closed. Let 
now F be any closed set containing E. We have £ C F, and, 
therefore, by Theorem 1, E' d F' \ since F' ClF, F being closed, we 
get also E' d F. Hence E =E-\-E' d F. The enclosure of the set 
E is, therefore, U subset of every closed set containing E. In other 
words, it is the smallest closed set containing E, or the product of 
all closed sets containing E. 

Furthermore, it is easily seen, that if 

FiCF, then EidE, 


( 1 ) 
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for by Theorem 1, EidE implies E^ CZE', whence 
El ==Ei+Ei' aE+E' =E . 

A closed set is evidently identical with its enclosure, and, there- 
fore, 

( 2 ) E =B, 

i.e. the enclosure of the enclosure of a given set is itself the enclosure 
of the set. 

5. The sum of all open sets contained in a given set E is 
called the interior of E and is denoted by I{E), (In particular, 
the set I{E) may be a null set.) The interior of a set E is, there- 
fore, the largest open set contained in E. It is obvious that, if 
EiCZE, then I{Ei) C. 1(E). We shall prove that 

(3) I{E)^E.C{{CEy). 

Let T =^E. C{(,CE)'). Then by the Theorem of De Morgan, CT = 
CE + (GE)', which shows that CT is the enclosure of CE and so, 
by Theorem 5, is a closed set. It follows that T is open, and hence 
from the definitions of T and /(£), since Tc^E, TC /(£)). 

On the other hand, since I{E) is open and contained in E, 
the set C/(jE) is closed and contains CE, and, therefore, contains 
CE = CT, since CE, as the enclosure of CE, is by § 4 a subset of 
every closed set containing CE. 

We have, therefore, CI(^E)Z:> CT, which gives 1(E) CZT, and, 
since we had above T C 1(E), it follows that 1(E) = T ; this proves 

(3) . Since CT—CE, we have proved also that 

(4) I(E)^C(CE). 

Every element belonging to the interior 1(E) of a set E, is 
called an interior element of the set E. Hence, in order that a 
given element of E be an interior element of E, it is necessary and 
sufficient (by (3)) that it be not a limit element of the complement 
of E. 

Every element belonging to the set I(CE) is called an exterior 
element of E.^ The set of all exterior elements of E is denoted 
by £*(E); from (3) and (4) we shall have 

^The exterior elements of E are, therefore, those elements that do not belong 
to jE and are not limit elements of E. 
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(5) E^{E) ==I(CE)^CE. C{E')^C{E). 

Those elements which are neither interior elements nor ex- 
terior elements of E constitute the frontier set of E, which is denoted 
by F(E)] we have then from (4) and (5) 

F(E) - C[I(E) +E^(E)] = C[I(E)], C[E^(E)] = 

From (4) 

(6) F(E) ^E^'^=E-KE), 

Since E.^ = (E+E).[CE+(CEy]^E.(CEy+E.CE and since 
E,CE=^0 and E' . (CE)' =:^E' ,(CEy .[E+CE]c:E. (CE)' +E . CE, 
it follows from (6) that 

(7) F{E) ==E.(CEy+E. CE. 

In virtue of Theorem 3 and the fact that the enclosure of a 
set is closed, the relation (6) provides the information that the 
frontier of a set is a closed set. 

Also it follows at once from (6) that a given set and its comple- 
ment have the same frontier. 

The set 

(8) B{E) =E. F{E) ==E.CE^E, (CE)' ^E-I(E) 

is called the border of the set E and its elements, the border elements. 
The border elements of E are those elements of E which are not 
interior elements of E. A set consisting of border elements only is 
called a border set. Hence in order that a given set £ be a border 
set, it is necessary and sufficient, by (8), that 

E=B(E), 

which may be written in either of the equivalent forms 
Ea(CEy, 1(E) =0, 

the latter indicating that E does not contain interior elements. 
It follows at once that a subset of a border set is a border set. 

Since, by (8), the border of a set E does not contain any 
interior elements of E, and certainly not its own interior elements, 



6 


General Topology 


_anV set 

the border of a border set is a border set. We have, therefore, for 
every set E 

(9) 

From the definition of the interior 1(E) it follows at once, 
that in order that E be open it is necessary and sufficient that 

E = I(E). 

It follows from this, that for every set E 

(10) 11(E) = 1(E). 

We have, from (5), CE*(E)=E and hence E*E*(E) =ICE*(E) =^r(E) , 
which jDy (1), gives (when Ei C E,) E*E*{Ed CZ E^E^iEf).^ 

Since E !D E, we have 

/(E) 3 /(E}, 

and, therefore, 

E*E^(E) = 1(E) 1(E), 

and, hence, from (10), 

E*E*E*E*(E) =E*E*/(E) ^ //(£) = J(E) =E*E*{E), 

while 

E’^E*(E)=/(£) Cl, 

and so _ 

E*E*E*E*(E) CE*E*(E) ^I(e)-=I(E) =E*E*(E). 

Therefore , 

E*E*E*E*(£; =E*£*(E),3 

As to the frontier of a set, it follows from (6) and (8) that 
for a closed set E, 

(11) F(E) =£-/(£)=£ -1(E) =B(E) ; 

the frontier of a closed set is, therefore, always a border set (a 
property which need not be true for non-closed sets); we have, 
therefore, for a closed E 

(12) /E(E)=0. 

Since F(E) is always closed, we may substitute Et /() for E 
in (11); by (12), this gives, for a closed A', 

FF(E} = Fi E ), 

-xAgain from (5), we luo’^e E* ( Ej ' O J'."' • /E for J\i C I'l-. 

■"See ]M. Zarycki, Fund. Math., voi, 3X. ?). <>. 
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from which we get at once, by replacing E by the closed set F(E), 

(13) FFF(E)^FF(E) 

for all sets E, a result also obtained by Zarycki. 

6. A set, every element of which is a limit element of the set, 
is said to be dense-in-itself. According to this definition, a null set 
is to be considered dense-in-itself. It follows at once from the 
definition of the derived set, that, for a given set E to he dense-in- 
itself, it is necessary and sufficient that ECZE'. 

Theorem 6. If E he a set dense-in-itself, then every set con- 
taining E and contained in E' is dense-in-itself. 

Proof. If E is dense-in-itself, we have E C E' . If further, the 
set T is such that £ C TdE', then, by Theorem 1, we have E^' C T\ 
and so we get TCZT' . 

In particular, the derived set of a set dense-in-itself is dense- 
in-itself. Furthermore, it follows that the enclosure of a set 
dense-in-itself is dense-in-itself, for ECZE' implies E =E-\-E' =E[.'^ 

Theorem 7. The sum of aity number of sets dense-in-themselves 
is dense-in-itself. 

Proof. Let 5 = denote the sum of sets dense-in-themselves. 
We have then EClE' for every set E of the sum 5 = On the 

other hand, since ECS, we have, from Theorem 1, E'CZS', and, 
therefore, ECZS' for every E of the sum S; thus SdS'. 

Given any set E, denote by N the sum of all sets dense-in- 
themselves and contained in by Theorem 7, the set N will be 
dense-in-itself. N will be, as is easily seen, the largest subset of E 
dense-in-itself, i.e. the subset contciining every subset of E dense- 
in-itself. The set N is called the nucleus of E. A set, whose 
nucleus is a null set {i.e. a set not containing any subset dense-in- 
itself other than the null set) is said to be scattered. 

Theorem 8. Every set E can be represented in the form 

E^N-\-R, 

where N is the nucleus oj E, and R is scattered or null. 
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In fact, if N be the nucleus of E, we have NCZE, and we may, 
therefore, write E — N = R, where RCZE, and where E =N'i-R. 
If R were not a scattered set, it would contain a subset dense-in- 
itself, which according to the definition of the nucleus, would have 
to be contained in N; this is impossible, since N.R = Q, R is, 
therefore, scattered, which proves the theorem. 

A set which is dense-in-itself and closed, is called perfect. 
Obviously, in order that a set E he perfect, it is necessary and 
sufficient that £=£'. (In particular, the null set will be con- 
sidered to be a perfect set.) 

7. The set Ei is said to be closed in the set E, if 
(14) Ef.EaEi, 

i.e, if the set E\ contains all those of its limit elements which 
belong to E. 

If El C E, then (14) is equivalent to the equality 
Ei^{Ei+Ef).E, 

for (14) gives Ef .EClEi.E, from which {Ei+Ei).E — Ei.E-f- 
Ei .E=Ei.E~Ei. On the other hand, if Ei = {Ei+Ei) .E, (14) 
follows. 

Hence if Ei(ZE is closed in E, we have Ei=^Ei.E. There- 
fore, a set contained in E and closed in E, is the product of E 
and a closed set. Conversely, if Ei = F.E, where 7^ is a closed set, 
then El is closed in E, for from EiCZF, F being closed, we have 
(by (1)) E\ C F, and so Ei^F.E gives Ei—Ei.E. 

A set contained in a closed set, and closed in that set, is 
itself closed. This follows immediately from the relation Ei=Ei.E 
and Theorem 3. 

A closed set is evidently closed in every set (since the relation 
Ex C. El implies (14) for every set E). 

If a set El is closed in a set E, then it is closed in every 
subset of E (for if Ef .EClEi and £2 C E, then Ef . E 2 C Ei . E C Ei ) , 
but it may not be closed in a set TZDE. 

Theorem 9. The product of any number of sets closed hi the set 
jEo is a set closed in Eq. 
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Proof. Let P =T1E denote the given product of the sets E 
closed in Eq. We have then PCZE for every factor E of the 
product, whence by Theorem 1, P'CZE' and, therefore, alsoP'.jEo 
CZE' .Eq. But E' .EoCE for every E of P (since the sets E are 
closed in Po); we have then P\EqCZE for every £ of P and, there- 
fore, P' .EqCZP, which proves that P is closed in Eq. 

Theorem 10. The nucleus of any set is closed in that set. 

Proof. Let Ei denote the nucleus of the set E (§6). Since 
the nucleus Ei is dense-in-itself and contained in P, we have 
El C El . jE, and since obviously Ef . E C Ei we have, by Theorem 6, 
that the set Ef .E is dense-in-itself and is, therefore, contained in 
El, the nucleus of E (as a subset of E dense-in-itself). We have 
then El .ECZ El, and so Ei is closed in the set E. 

It follows from the above that the nucleus of a closed set is 
closed and dense-in-itself and therefore perfect. 

A set Pi CP is called perfect in the set E if Pi'.P=Pi. Hence, 
in order that a set contained in P be perfect in P, it is necessary 
and sufficient that the set be closed in P and dense-in-itself. 

A set, perfect in a closed set, is evidently perfect. 

8. Two sets A and B are said to be separated, if 

(15) A 9^0, By^O, A.B==A.B':==A\B=^0. 

Theorem 11. If A and B he separated sets, and Ai and Bi he 
sets such that 

(16) Ai9^0,Bi9^Q,AiCZA,Bi(ZlB, 

then the sets Ai and Bi are also separated. 

Proof. From (15) and (16), we have Ai.BiCZA .B = 0, whence 
yli.Pi = 0; since AiCZA, Pi CP, it follows, by Theorem 1, that 
T/CT', Bi'CZB', and so from (15) and (16), Ai.Bf a A . B' = 0 
and ^/.PiC^'.P =0, which gives ^ 1 . Pi' =Ti'. Pi = 0. We have 
thus proved, that the sets Ai and Pi are separated. 

A set E which cannot be expressed as the sum of two separ- 
ated sets, is said to be connected (Hausdorff ) .^ 

^According to Lennes, a set of points is connected if at least one of any two 
complementary subsets contains a limit point of points in the other set {American 
Jour, of Maths., vol. XXXIII (1911), p. 303). 
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Theorem 12. In order that a set E he connected it is necessary 
and sufficient that it he not expressible as the sum of two mutually 
exclusive, non-null sets closed in E, 

Proof. Suppose the set E to be the sum of two mutually 
exclusive, non-null sets A, B, closed in E. We have then E — 
A where 

(17) B^0,A.B=0,A'.EaA, B'.EaB. 

From E =A+B, we have A=A.E, B—B.E, and from (17), 
A.B'^A.E.B'aA.B^O, ie. A.B'^0\ 
similarly, 

A' .B^A' .E.BaA.B=0, ie. A\B=0. 


We obtain thus (15), which proves that the sets A and B 
are separated. The set E —A +B is, therefore, not connected. We 
have thus proved that the condition of our theorem is necessary. 

Suppose now that the set E is not connected. It can, there- 
fore, be represented as a sum of two separated sets A and B which 
satisfy (15). From E—AA-B and (15), we get 

A'.E=A'.{A +B) -=A' .A+A' .B=-AAA a A, 

whence AAE dA ; this proves that A is closed in E. Similarly, it 
may be shown, that B is closed in E. The set E is, therefore, by 
(15), the sum of two mutually exclusive, non-null sets closed in E. 
The condition of the theorem is, therefore, sufficient. 

If E be closed, sets closed in E are obviously also closed 
(§7) and conversely; we thus get as an immediate deduction from 
Theorem 12, 

Theorem 13. In order that a closed set he connected, it is 
necessary and sufficient that it shall not he the sum of two closed, 
mutually exclusive, non-null sets.^ 

We now proceed to prove 

Theorem 14. A co7i?iected set which is co^itained in the sum of 
two separated sets is contained in one of these sets. 


^An analogous theorem follows, as is easily seen, also for open sets. 
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Proof, Let us suppose that P is connected and contained in 
the sum of the two separated sets A and B. We have then (15) and 
Ed (A +B ) , whence 

E^E.{A 

Put 

£.^=^1, E.B==Bi; 

then 

AiaA,BiC:B, 

and 

Ai,Bi=E.A.B=-0 

(since, from (15), A.B=0). If we had Ai^^O, Bit^O, the sets Ai 
and Bi would satisfy all conditions of Theorem 11 and so would be 
separated, which is impossible, since 

E^E.A+E,B^Ai-hBi 

and E is connected. Hence, either ^i = 0, or Bi — Oy and, therefore, 
either 

E =Bi =E . B Cl B , 
or 

E=Ai—E,A dA. 

Theorem 16. If E he a connected set^ then every set containing E 
and contained in E is connected. 

Proof. Let us suppose that E is connected, and let T denote 
a set such that EdT dE^ If T were not connected, we could 
write T=A-\-B, where the sets A and B are separated. Now 
E is connected, and EdT =A-\-B\ therefore, by Theorem 14, it is 
contained in one of the sets A and B, say Ed A. Hence, by 
Theorem 1, £' C and, therefore, £'.£ C ^4' . But.d.'.£=0, 

A and B being separated; we thus have £'.£ =0. 

Similarly, £ . £ = 0, since Ed A, and A .B = ^. The supposition 
regarding T requires, then, that 

B^{A +£).£ = r.£C£.£-(£+£0.£=£.£+£'.£=0, 

which is impossible. The set T must, therefore, be connected. In 
particular, if we put T = E, it follows from the above theorem 
that the enclosure of a connected set is a connected set. 
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Theorem 16. A connected set which contains elements of each 
of two complementary sets contains at least one element of their 
frontier. 

Proof. Let 5 be a connected set containing elements of each of 
two complementary sets E and T. Put A=E.S, P = T.S; evi- 
dently, 5 =A +B, and A ^0, Bp^O, A .B = 0. Since 5 is connected, 
the sets A and B cannot be separated, and so all conditions of (15) 
cannot be satisfied; it follows that A .B' +A' .B But, from 

A =E.S<ZE,B = T.S(Z T, and Theorem 1, we have^l' C£',^'C T' , 
and, therefore, A .B' +A' .B CZE.S.T' + T.S.E' ; thus 

i*. {E. r T) - E.S. T' + T,S.E' O A.B' +A\B p^O, 

i.e. S.{E.T' +E' .T)p^Q, which establishes the theorem, since from 
T = CE and (7), the set E.T' -\-E\T is the frontier of the set E. 

Theorem 17 (Hausdorff). If every two elements of a set E 
belong to some connected subset of the set E, then the set E is connected. 

Proof. Suppose that the set E is not connected, i.e. E=A ~{-B, 
where A and B are separated. Let a denote any element oi A, h 
any element of B, Ei any subset of E containing the elements a, h. 
Putting 

A 1 — A .El, Bi~B.E\, 

we shall have AiP^O, Bip^O, since a eA.E, b eB.E, and obviously 
^iC^, BiCZB; by Theorem 11, the sets At, Bi will be separated. 
The set Ei is, therefore, not connected. We have thus proved 
that no subset of E, containing the elements a and b is connected, 
contrary to the hypothesis of our theorem. The set E must, 
therefore, be connected. 

Lemma (Hausdorff). The sum of two connected sets having an 
element in common is connected. 

Proof. Let us suppose that E—Ei-^rE^, where E\ and E 2 are 
connected sets containing a common element a, and let us assume 
that E is not connected, i.e. E =A -f-B, where A and B are separated. 
Since a e E =A -j-B, a belongs to one of the sets A, B, say to A. 
On the other hand, since Bp^O, and B CE E=^Ei+E 2 , at least one 
of the sets BEi, B.E 2 , the former say, is not a null set. Putting 
Ai=A.Ei, Bi = B.Ei, then Aip^O (since a € A .Ei=Ai), Bip^O, and 
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AiCZA, BiCZB; by Theorem 11, then, the sets At and Bi are sepa- 
rated, and, therefore, the set Ei=E.Ei = {A ■i-B).Ei=A.Ei-h 
B.Ei=Ai+Bi cannot be connected, contrary to hypothesis. The 
set E must, therefore, be connected. 

Tiieorem 18 (Hausdorff). The sum oj any aggregate of connected 
sets, every pair of which has an element in common, is a connected set. 

Proof. Let 5 denote the sum of the connected sets E, every 
pair of which has at least one element in common, and let a and h 
be any two elements of S. There are, therefore, two terms Ei 
and E 2 of the sum S, such that a e Ei, b eE^, where we can have 
E\^E% or Ei=E 2 . In any case, Ei.E^^O by hypothesis, and, 
since Ex and E 2 are connected, the set -E 1 +JE 2 is connected, by the 
above lemma. Finally, since this set contains the elements a and 

h, we have proved that the set 5 satisfies the conditions of Theorem 
17, and is, therefore, connected. 

Let jE be a given set and a one of its elements. There are con- 
nected sets contained in E and containing the element a, e.g,, 
the set consisting of the single element a. Denote by C(a) 
the sum of all connected sets containing a and contained in 
E; by Theorem 18, this will be a connected set. The set C{a), 

i. e. the greatest connected subset of E containing the element a, 
is called the component of E corresponding to the element a. In 
a particular case, the component C{a) may reduce to the element 
a itself. It follows at once from the definition of components, and 
from Theorem 18, that components corresponding to two different 
elements of E are either identical, or have no elements in common. 

A connected set ^ is said to be locally connected at a point p,^ if 
for every open set U containing p there is a connected subset T 
of S, contained in U and containing p, and such that pi {S — T)'. 
A connected set, which is locally connected at every one of its 
points, is said to be uniformly connected. 

9. Let P and Q be given sets. Suppose that each element of 
the set P is correlated with some element of the set Q (where the 

^According to the terminology of Mazurkiewicz. Hahn employs here the 
term: ziisammenharigend i?n kleincn. 
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same element of Q may be correlated with different elements of P, 
and where there may be elements of Q which are not correlated 
with any of the elements of P). Each such correlation is said to 
determine a mapping (single -valued) of the set P on the set Q, or 
to define a single-valued junction of the elements of the set P ; 
thus if q denotes an element of the set Q, which is correlated with 
an element p of the set P, we write 

Q=f(p) 

and call q the transform of the element p. 

The set P* of all the elements /(;^) , correlated with the elements 
p of the set P is called the transform of the set P (obtained by means 
of the function/) and is denoted by/(P). If, further, pi and p2, 
different elements of the set P, are correlated always with different 
elements f{pi) and fip^y we say that the function / establishes a 
one-to-one or ( 1 , 1 ) correspondence between the elements of the 
sets P and P*; corresponding to each element q of the set P* 
there exists, then, one and only one element p — <j>{q) of the set P, 
such that (i>{g)—p, and the function <j> establishes a mapping 
inverse to that which is established by the function /, namely a 
mapping of the set P* on the set P, and we have ^(P*) =P. We 
then say that the function / has an inverse function (or, that it is 
biuniform in the se't P). 

In particular, the sets P and P* may be identical; we then have 
a mapping of the set P on itself. 

If / be a single-valued function defined for the elements of the 
set P, and if E be any subset of P, then the set of all elements 
f{p'), corresponding to the elements p of the set P, will be denoted 
by/(£). 

It is easily seen that for every (single-valued) function/, defined 
in the set P, we have 

/(P1+P2) =/(Pi)+/(P2), for PiCP, E2CP, 
and generally, for every sum S = ^R of sets EdP, 

/(S£)=S/(P). 

where the summation extends over all the sets E which form the 
sum P. Hence the transform of a sum is the sum of the transforms. 
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As regards the transform of a difference, we can merely state 
that in general 

:Df(Ej) -fiEo), for E.CP, EoCZP 

i,e. the transjorm oj a difference contams the difference of the 
transforms. 

If £iC -E 2 C P, we have evidently /(Pi) CZf^Ez), i.e. the transform 
of a subset of a set is a subset of the transform of the set. From this 
it follows at once that for every product IIP of given sets PCP, 
we have 

(18) S(JlE)Cllf{E) 

(where the product on the right hand side extends over all the 
factors P of the product TI), i.e. the transform of a product is con- 
tained in the product of the transforms. 

If, however, the function / establishes a (1, 1) mapping (of the 
.elements of P) then, for every product IIP of sets PCP, we have 

(19) /(iiE) =n/(£). 

In fact, let us suppose that the function / establishes a (1, 1) 
mapping of the elements of the set P, and let be its inverse 
function, defined in the set P*=/(P). Let further /(P) =P* for 
every factor E of the product IIP; since ECZP, we shall have 
P*CP* and, therefore, from the result just established, that the 
transform of a product is contained in the product of transforms, 

(20) cl>(JlE^)czU<i>(E^), 

where the product extends over all the factors P of the product IIP. 
It follows at once from (20) that 

y[<i>(n£*)]c/[n^(£’^)], 

whence 

n/(£) c/(n£): 

on account of (18) this gives (19). 

Similarly, it can be easily shown, that, if the function / estab- 
lishes a (1, 1) mapping of the elements of the set P, and if PiCP, 
P 2 C P, then 

f{E,-E,) -/(P0-/(P2). 
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Let f{p) denote a single-valued function (not necessarily biuniform), 
defined in the set P. For each subset T of the set/(P) denote by g{T) the set 
of all those elements p of the set P for which / (p) e T. It can easily be proved , 
that 

g(sn=2g(r) 

for every sum 'ET oi sets contained in f(P); also that 

g(ri-r2)=g(ri)-g(7’2), for r, c/(p), r, c/(p), 

and 

g{UT)=Ilg(T) 

for every product HP of sets contained in/(P). 

In the case, where the function / is biuniform in the set P and 4> denotes 
the inverse function of/, we have, as is easily seen, g(T) =/>(P), for T CZfiP). 

It may be noted that, in accordance with Lebesgue’s notation, the setg(P) 
may be denoted by P [/(^) C P]. 

10 . Let £ be a given set, / a function (single-valued), defined 
for the elements of the set E. We shall assume that the set E 
is composed of elements of some class K, which satisfies hypothesis 
(I), and that the values of the function / are elements of the same 
class Ky or of another class iTi, provided that the latter satisfies 
also hypothesis (I) (when Ki is substituted for K). In fact, for the 
discussion of §§ 10-14 it would be sufficient to assume that open 
sets which do not necessarily satisfy hy^pothesis (I) are defined in 
the classes K and Ki, 

A function / is said to be continuous on the set E at an element po 
of that set, if, for every open set V such that /(^o) € V, there exists 
an open set U such that po e U, and such that the condition 

p € U.E 

implies 

f(P) « V 

(or, what amounts to the same thing, J(p) e F.P, where T =/(P), 
since /(^) e P, for p e E)J 


^We note that the continuity of a function could be also defined as a so-called 
limit-continuity (Limesstetigket, see e.g. H. Tietze, Uber Analysis Situs, 
Hamburg, 1923, p. 2). 

The infinite sequence pu pz, ... of the elements of the class iv is said to 
have for its limit the element p (written, lim pn—p), if> fo** every open set U 

n->-ao 
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If the function J is continuous in the set E at every element of 
that set, the set T =f(E) is said to be a continuous tra? 2 sform of 
the set E, obtained by means of the function/. It is easily seen, 
that if po e Eld E and if the function f is continuous in the set E 
at the element po, then / is continuous also in the set Ei at the 
element /•o- 

Theorem 19. If the function f he continuous in the set E at the 
element p^ oj that set, and the function g he continuous in the set T ~ 
f(E) at the element Qo—fipo) of that set, then the fu? 2 ctio?i (h(p) — 
slf(P)] continuous in the set E at the element pQ. 

Proof, Let W be an open set such that 

(21) <h(Po) € W, 

Since <i>(pQ) =g[f(po)]==g(qo), (21) gives 

g(5o) € W; 

since the function g is continuous in the set T at the element Qq, 
there exists an open set V, such that 

(22) qo € V 
and 

(23) . g(q) ^ W, whenever q e V.T. 

From (22), since qo=f(po)i we have/(^o) e V; since the function/ 
is continuous in the set E at the element po, there exists an open 
set U, such that 

(24) Po e U, 
and 

(25) / {p) e V. T, whenever p e U.E. 


containing/?, there exists an integer fi, such that />,* eU, whenever A 

function f{p) is said to possess limit-continuity in the set E at elements /of 
that set, if, for every infinite sequence pi, pz, . . . of elements of E for which 
lim pn=P, we have also Vim f{pn) =fip). Clearly a function which is con- 

n~^co 

tinuous at a given element in the sense described in the text, has also limit-con- 
tinuity at that element. It could, however, be shown, that the converse is not 
necessarily true (unless special assumptions be made with regard to the class A’; 
cf. § 31 and § 33, Theorem 40). 
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From (25) and (23), we have 

g[f{p)\ € TF, whenever p e U.E, 
or 

(26) € W, whenever p e U.R. 

We have, therefore, proved that for every open set W, for 
which (21) holds, there exists an open set 27, for which (24) and (26) 
are satisfied; the continuity of the function cf) in the set E. at the 
element ^oj is thus established. 

In particular, if / be continuous in the whole set E and if g be 
continuous in the whole set T=/(-E), then the function = 

g[f(P)] is continuous in the whole set E. In brief, a continuous 
transform of a continuous transform of a given set is a continuous 
transform of that set. 

Theorem 20. In order that a function /, defined in a set E, he 
continuous in that set^ it is necessary and suffLcie7tt that the transform 
of a limit element of any subset of E and belonging to E he an element 
or a limit element of the transform of that subset of E. In other words, 
it is necessary and sufficient, that 

(27) f{E.Ef) af(Ei) 4-[/(£a)]', tvhenever E, C E. 

Proof. Let / be a function defined and continuous in the set E, 
let El be a subset of E, and po an element of the set E.Ef, and 
suppose that f(po) ef{Ei). Let further V denote an open set 
such that /(^o) e V. It follows, from the definition of continuity 
of the function / in the set E at the element po, that there exists 
an open set 27, such that po € U and 

(28) f{p) € F, whenever p e U.E. 

But, since p^ e E.Ef , we have p^ e Ef ; since po e 27 and U is open, 
there exists an element p e U.E\, from which it results that f{p) 
ef(Ei), and, from (2S),f(p) e V; since /(/?o) e/(Ei) , we have /(^>) 7 ^ 
f{po)‘ Hence, in every open set containing /(^o) , there exists an 
element of f(Ei) different from f(po), which proves that fipo) 
€ [/(El)]'. We have thus proved that the condition of Theorem 20 
is necessary. 
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Suppose now, that / is a function defined in the set -E, and 
assume that / is not continuous in E at an element pQ of that set. 
It follows from the definition of continuity that there exists an 
open set F, such that /(^o) « F, and that in every open set U 
containing p^, there is an element p of the set E, such th.d.t f{p) i F. 
Denote by Ei the set of all the elements p of the set R for which 
F. Then in every open set U containing p^ there is an 
element p of the set £i, which element is different from po, since 
/(^o) € F, but / {p) € V from the definition of Ei. Therefore, po e Ei\ 
and so p^^E.Ei (since p^eE). But from the definition of the 
set El it follows that F./(Ei)=0, and, therefore, F.[/(Ei)]' = 0 
(since F is open) ; since /(i>o) € F, we have /(/»o) €/(Ei), and fipo) 
i [/(El)]', but since p^e E.E/, we have/(:^o) €f(E,Ei). Hence the 
set EiCE does not satisfy condition (27). Therefore, if the 
function / is not continuous in the (whole) set E the relation (27) 
is not true. It follows, therefore, that (27) is a sufficient condition 
for the continuity of the function / in the set E. 

Theorem 20 is thus proved. 

Let now / be a function biuniform and continuous in E. Let 
further, Ei denote a subset of E, and po an element of E.E/, and 
F any open set containing fipo). Since / is continuous there 
exists an open set Z7, containing pQ, for which (28) holds. But from 
pQ € E,Ei we have pQ e E/,* since po e U and U is open, there exists 
an element pe C/.Ei, different from pQ, whence f{p) €f(Ei) and 
f(P)^f(Po) (since / is biuniform in E). We conclude then (since 
F is any open set containing /(^o)) that /(;^o) ^ [/(Ei)]'. We have 
thus proved, that 

(29) /(E.E/) C \f{Ei)]\ whenever Ei C E. 

If, on the other hand, a function / defined in E satisfies (29) it 
certainly satisfies (27) and, therefore, by Theorem 20, it is a con- 
tinuous function in £. We have then 

Theorem 20a. hi order that a function /, defined in the set E 
and biuniform in that set, be continuous in E, it is necessary and 
sufficient that 

/(E.Ei')C[/(Ei)]', for El CE. 

We may also deduce from Theorem 20, the following 
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Corollary. If f be continuous in E, and T\be a set closed in the 
set T —f(E), then the set Ei of all the elements p of E for which f{p) e Tj 
is closed in E. 

Proof. Let po denote a limit element of Ei which belongs to E. 
We have then pQ e E.Ef and so, by Theorem 20, either /(^o) ^f{Ei) = 
Ti or fipf) € Tj'. In the first case, po eEi by the definition of Ei, 
while in the second case (since po eE),f(po) e Tf.T, and, therefore, 
fipo) eTi, this set being closed in T (§7), and so again po e Ei. 
Consequently, in either case, the relation po € E.Ef implies that 
po € Ei; this proves that E.Ef CZEi, i.e, that Ex is closed in E. 

11. Theorem 21. A continuous transform of a connected set 
is connected. 

Proof. Let £ be a connected set, T —f{E) its continuous 
transform; suppose that T is not connected. 

There is, then, a division T such that 

(30) ^15^0, ^Af.Bi^O. 

Denote by A the set of all elements p oi E for which f{p) e Axy 
and by B the set of all those elements p oi E for which f{p) e Bi. 
Since Ai^Q, Bi^O, Ai+Bx = T =f{E)y ^i.^i==0, we have, evi- 
dently, A 9^0, By^O, A.B=0, A-\-B =E; since E is connected, we 
cannot have simultaneously A.B' =A\B =0. Suppose 
There exists, then, an element po eA.B'. Let V be any given open 
set such that f{po) « V. Since po e A.B' CZA C£, and since / is 
continuous in E, there exists an open set Z7, such that po e U and 

(31) f(p) € F, iorp€ U.E. 

Since po e A.B' (Z B' , and from the definition of a derived set there 
exists an element pi 9 ^po, such that pi e U.B C 27.-E, and so, by (31), 
fipi) e V. But, since pie U.BdB and /(B) =Bi, w'e have f(pi) 
e Bi\ hut po e A.B' (Z A, from w^hich it follows that /(^o) ef(A)~Ai; 
the relation ^i.Bi = 0 gives, therefore, /(^i) ?^/(;^o). Hence, every 
open set F, containing /(^o) , contains at least one element /(/>i) of 
Bi different from fipo), and so fipo) e B/. Since fipo) e Ax, it 
results thut Ai.Bi 9^0, contrary to (30), 

Similarly, it can be shown that the assumption also 

leads to a contradiction. The set T must, therefore, be connected. 
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It is easily seen that the set of all real numbers can be considered 
as the class K which satisfies hypothesis (I), if, apart from the 
null set, open sets are defined to mean sets U of real numbers 
having the following properties: that if Xq € U there exists two 
numbers a and h such that a<Xo<b, and that every number .x 
such that a<x<h belongs to U. 

A connected set of real numbers has, evidently, the property 
that, if two numbers a and b belong to it, so does every number 
contained between a and h. It follows that a connected set of real 
numbers must be an interval, closed or otherwise, finite or infinite. 
In fact, suppose that a e Ej b e E, a<c<b, and ce E; if we denote 
by Ui and U 2 the set of all real numbers < c, and > c respectively, 
then putting El— E.Ui, E^—E.TJ^ (since Lfi and U 2 are open sets), 
we shall have jE=£)i+JS2, i.e, E is expressible as a sum of two 
separated sets. 

If a function whose values are real numbers be defined in a set 
contained in the class X, we say that this function is a real function 
defined in that set. 

From Theorem 21 and the properties of connected sets of real 
numbers deduced above the following result may be deduced at 
once. 

Corollary. If a real continuous function f he defined in a con- 
nected set E, contained in the class K, and if yi and are any two 
values which the function takes at the elements of E. thenf takes, in E, 
every value intermediate between yi a? 2 d y 2 - 

This theorem is a generalization of a well-known result in 
Analysis, concerning a similar property of real functions of a real 
variable which are continuous in a given interval. 

It is easily seen that the converse of this theorem is also true. 
If every real function, defined and continuous in E, takes in the set E 
every value between two assumed values, then E is cojtnected. In fact, 
if E were the sum of two separated sets A and 3 , then the function 
f{p) equal to zero in A and equal to unity in B, would be obviously 
continuous in the whole set E, but would not take any value 
between 0 and 1. 

12. If the function / establishes a (1, 1) mapping of the set E 
on the set TJ, and if / is continuous in the whole set E, and if <?!), 
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the inverse function of /, is continuous in the whole set U, then U 
is said to be a biuniform and bicontinuous transform of E. Evi- 
dently, the set E is then also a biuniform and bicontinuous trans- 
form of U. 

Two sets E and U, each of which is a biuniform and bicon- 
tinuous transform of the other, are said to be homeomorpliic , or, in 
symbols, E hU\^ if we wish to express that the function / trans- 
forms the set E into U in a (1, 1) and bicontinuous manner, we 
write E hf U. 

Evidently, if 

E hf U, El C E, and f(Ei) = Uu 

then 

EihfUi; 


hence, if two sets are homeomorphic, any two corresponding sub- 
sets of these sets are homeomorphic. 

It follows, from Theorem 19, that if 

E hf U, and U h, T, . 

and if we put 

4'(P) =g{f(P)] ii'‘ -E. then 
Eh^ T- 

the relation of homeomorphism is, therefore, transitive. 

Theorem 22. The necessary and sufficient condition for two sets 
to be homeomorphic is the existence op a il, t) correspondence betzveen 
the elements of the sets such that the transform of a Ihnit element 
{belonging to the set) of any subset oj either set, is a limit element of the 
transform of that subset. 

Proof. Suppose, E hf U, and let pQ be an element of E, and 
also a limit element of Ex, a subset of E, i.e. po e E.Ef , where 
Ei<ZE. The function /, w’^hich establishes a homeomorphic 
mapping of E on U, is continuous and biuniform in E; by Theorem 
20a, the relation (29) (§10) is satisfied, and so f{po) elfiEi)]' , 


®It is evident, that in such a case U k Ii\ the relation of homeomorphisin is 
therefore, symmetrical. 
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since poeE.E', EiClE, which proves that /(^o) is a limit element 
of the transform of Eu The condition of the theorem is, therefore, 
necessary. 

Let now E and T be two sets such that between their elements 
a (1, 1) correspondence / can be established satisfying the con- 
dition of Theorem 22. Since the conditions are symmetrical with 
respect to E and T, it will be obviously sufficient to prove that / 
is continuous in E. From the conditions of Theorem 22, we get 
at once (29) ; since / is biuniform in E, it must accordingly be con- 
tinuous in E, by Theorem 20a. The condition of Theorem 22 is, 
therefore, sufficient. 

Theorem 22 is, therefore, proved. 

Corollary 1. In order that two sets he horneomorphic, it is yieces- 
sary a?id sufficient that there exist such a (1 , 1) corresp07idence between 
their elements^ that the transfor^n of a subset of either set closed in the 
set is closed in the transform of that set. 

Proof. Suppose E hf U, and let Ei denote a subset of E which 
is not closed in E. There exists, therefore, an element a, such 
that a^E.Ei, but al Ei. Since / is biuniform, f{a)ef(Ei), and 
since aeE.EfCZEi, then, by Theorem 22, f(a) e[f(Ei)]', and, 
therefore, also f(a) e/(E) . [/(Ei)]'. Therefore, f(Ei) is not closed 
in /(E) (since /(a) e /(El)). We have thus proved that the trans- 
form^of a subset of E not closed in E, is a subset of /(E), which is 
not closed in /(E). Hence the condition of Corollary 1 is necessary. 

Suppose now that a (1, 1) correspondence U ~f(E) satisfying 
the condition of the corollary can be established between the 
elements of the sets E and U, and let a be an element of E but not 
a limit element of Ei, a subset of E. Then /(a) e [/(Ei)]'. For 
let E- 2 =Ei~-{a), E 3 ==E 2 -E; Ez is, obviously, closed in £ (as a 
product of E and the closed set E 2 ), and does not contain a, since 
E 2 =E 2 +E 2 ' and aeEo— Ei — (a), and alEf (since alEf). By 
the condition of the corollary /(E 3) is closed in /(E), and, hence, 
f{a) l[f{Ez)Y ] for f{a)lf{Ez) (since aeEz, and / is biuniform). 
But E3=E2.E^E2^Ei — (a), and hence, /(E3) :3/(Ei — (a)) , and 
/{EEZDfiEY—fia); if then /(o) e [/(Ei)]', we should have f(a) 

€ [/(Ea)J^ which is not the case. We have, therefore, /(a) e [/(EO]'. 

W'e have thus proved that the transform of an element of E 
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which is not a limit element of EiCZE is an element of U=f(E), 
which is not a limit element of the transform /(£i) of Ei. Hence, 
as is easily seen, the condition of Theorem 22 is satisfied, and so 
E Ilf U. The condition of the corollary is thus seen to be sufficient, 
and so Corollary 1, to Theorem 22, is proved. 

From Corollary 1, we get at once 

Corollary 2. The necessary and sufficient condition for two 
classes Ki and to he homeomorphic is that there exist a (f, 1) 
correspondence between their elements such that the transfor?n of a 
closed set of each class is always a closed set of the other. 

Passing to complements, from Corollary 2 we obtain immedi- 
ately 

Corollary 3. The necessary and sufficient condition for two 
classes Ki and to he homeomorphic is that there exist a {1, 1) 
correspondence between their elements such that the transform of an 
open set of each class is always an open set of the other. 

The following corollary may also be easily deduced from 
Theorem 22. 

Corollary 4.® The necessary and sufficient condition for a 
hiunif or m function to establish a homeomorphic mapping of the set E 
on the set U=f(E), is that it shotdd satisfy the condition 

fiE.Ef) ==/(£). [/(Fi)]', 

for every Ei C E. 

Corollary 5. The necessary and sufficient condition for two 
classes K and Ki to he homeomorphic is the existence of a (f, 1) 
correspondence between their elements such that derived sets of corres- 
ponding sets are corresponding sets, i.e., if U=^f{E), then —f{E'). 

If a set P is homeomorphic with a certain subset of a set Q and 
Q is homeomorphic with a certain subset of P, then P and Q are 
said to have the same dimensional type (type de dimensions, 
Frechet; Homoie, Mahlo). We denote this by dP=dQ. Ob- 
viously, if dP —dQ, then also dQ — dP, and, if dP =dQ and dQ = dR, 
then dP —dR. Homeomorphic sets have evidently the same di- 
mensional type, but the converse is not necessarily true. If P is 

®S. Saks, Fund. Math., vol. V, p. 291. 
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homeomorphic with a certain subset of Q, but Q is not homeo- 
morphic with any subset of P, we say that P has a smaller dimen- 
sional type than Q, and we write dP<dQ (or dQ>dP). It is 
easily seen that if dP <dQ, and dQ<dR, then dP<dR. 

13. A property of a set E, which is possessed by ever\' set 
homeomorphic with E, is said to be a topological property of E. The 
purpose of Topology is the investigation of topological properties 
of sets, i.e. of properties invariant under biuniform and bicontinuous 
t r ansf orma tion . 

We shall give a few examples of topological properties. 

It follows from Theorem 21, that the connectivity of a set is a 
topological property (since by Theorem 21 the connectivity of a 
set is invariant under any continuous transformation of the set). 

Density-in-itself of a set is a topological property. We shall 
even show that density-in-itself is invariant under every biuniform 
and merely continuous transformation. 

Let E denote a given set dense-in-itself, and f a function bi- 
uniform and continuous in E, Let be any element of U ==f(E ) . 
It is required to show that is a limit element of U. 

Let V denote any given open set, such that go ^ V. Since go e P, 
there exists an element po of E such that/(;^o) —Qo- 

It follows from the definition of continuity of the function 
(§ 10), and from fipo) e F, that there exists an open set W, such 
that pQ € W, and the condition p e W,E implies f(p) e V. 

Again, since E is dense-in-itself, the open set W containing the 
element ^ of jE contains an element pi of E different from p. From 
pi^p and the properties of the function/, we have qi—f{pi)^J{p)^ 
On the other hand, since po e W.E we have, by the definition of IF, 
f{pi) € F; also pi e E implies that f{pi) e U, and, therefore, there 
exists in the set V an element qi~f(pi) of U different from go. 
Hence go is a limit element of U. 

From the fact that density-in-itself of a set is a topological 
property it follows at once that the property of being a scattered set 
is a topological one (§ 6). (The property of being scattered is not, 
however, invariant under a (1, 1) and merely continuous trans- 
formation; for a continuous and biuniform transform of a scattered 



26 


General Topology 


set may be dense-in-itself ; the- set of rational numbers may 
be a continuous and biuniform transform of the set of natural 
numbers). It is easily seen that a homeomorphic mapping trans- 
forms the nucleus of a set into the nucleus of the transform. 

A set which does not contain any of its limit elements is said 
to be isolated. (Hence in order that a set E be isolated it is neces- 
sary and sufficient that £.£'=0.) It has been shown previously 
that a biuniform and continuous transformation maps a limit 
element of a set into a limit element of the transform. It follows 
at once, that the property of being isolated is a topological property. 

14. An element q (belonging to E or not) such that every open 
set containing q contains a non-countable number of elements of E 
is said to be an element of condensation of the set E. This definition 
will be referred to as the Lindelof definition. 

Frechet calls an element of condensation of a set E an element q 
(belonging to E or not) which is a limit element of every set obtained 
after a finite or countable set of elements have been removed from E. 

It is easily seen that the definitions of Lindelof and Frechet 
are equivalent. In fact, if q be an element of condensation of E 
according to Lindeldf’s definition and if P be any finite or countable 
set and U any open set containing q, then U contains a non- 
countable set of elements of £, and, therefore, also of the set E — P, 
and so g is a limit element of E—P, i.e. an element of condensation 
of E according to the definition of Frechet. 

On the other hand, if q is not an element of condensation of E 
according to Lindelof’s definition, there exists an open set U 
containing q, such that P = U.E is finite or countable. But 
U.{E-~P) = U.E — C/.P = 0; hence, q is not a limit element of the 
set E—P, and, therefore, not an element of condensation of E 
according to the definition of Frechet. 

The definitions of an element of condensation given by Lindelof 
and Frechet are thus seen to be equivalent. 

We proceed to prove next that the set of all elements of condensa- 
tio7i of a given set (belonging to that set or not) is closed. In fact, 
let E denote a given set and Q the set of all the elements of con- 
densation of E (belonging to E or not). Let p be any limit element 
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of Q, and U any open set containing p. Then U contains at least 
one element q of Q. But, since qe Uy it follows from the definition 
of Qy that U contains a non-countable set of elements of E. Since 
U is any open set containing p, it follows that p is an element of 
condensation of E, and so an element of <2* Hence, Q contains 
every one of its limit elements and is, therefore, closed. 



CHAPTER II 


FRfiCHET^S CLASSES (H) 

15 . We shall introduce now two new axioms concerning the 
class Ki 

( (iv) If p and q are two different elements of the class K, 

. J there exists an open set containing py hut not con- 

^ I taining q; 

, {v) The product of two open sets is an open set. 

We shall deduce now a series of results from hypotheses (I) 
and (II). 

Theorem 23. The derived set of a sum of two sets is the sum of 
the derived sets of these sets. 

Proof. Let £i and £2 be two given sets (of elements of the 
class K), We have evidently from Theorem 1 , 

( 1 ) Ef+EfaiEi+E^Y; 

it will, therefore, be sufficient to show that 

(2) El'+EY^{El+E2y. 

Suppose that p is an element of K such that p€ Ef and pi Ef. 
There exist, accordingly, open sets Ui and U2, such that p e Uh 
peU2, Ui.Ei-'{p)- 0 y U2^E2 — {p)= 0 . From axiom (v), the set 
[ 7 = U1.U2 is open, where evidently pe U and U.{Ei+E2) —(p) = 
LJ.Ei + U.E2 - (p) C Ui.Ei + U2.E2 ” ( 7 >) = 0 , whence p i (£1 +£2) 
The assumption that pi £/, and plEf, implies that pi 
therefore, ( 2 ) is proved. ( 1 ) and ( 2 ) give 

(£i+£2)'=£i'+£2'. 

This result may be extended by induction to any finite number 
of sets. 
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From Theorem 23 and the expression E —E+E' for the en- 
closure of a set (§4) we get 

Ei-]rE‘i = Ei-\-E2* 

i.e. the enclosure of the stun of two sets is the sum of the enclosures of 
these sets. 

Theorem 24. The derived set of a finite set is a tiull set. 

By Theorem 23, generalized to a finite number of terms, it 
will be sufficient to prove that the derived set of a set, consisting 
of one element only, is a null set. Let E, then, be a set consisting 
of one element p only. It follows from axiom {iv) that no element 
g is a limit element of E^ whence E' =0. 

Corollary. If p be a limit element of E, then every open set 
containing p contains an infinity of different elements of E. 

In fact, suppose that some open set TJ containing p contains a 
finite number of elements of E. Put E\—E.V. E%—E^U. The 
derived set of E\ is, by Theorem 24, a null set; hence plEf\ but 
also plEf, since the open set TJ containing p does not contain 
any element of E^. It follows, therefore, from Theorem 23, that 
p does not belong to (£i+-E 2 )' i.e. p is not a limit element of 

E. This proves the corollary. 

As a further corollary to Theorems 23 and 24 we note that 
the derived set of a set does not change whe?i any finite number of 
elements is removed from the set. For if E\ is a finite set contained 
in E, then, letting E—Ei=E 2 , we shall have E—Ei-\-E 2 , whence, 
by Theorem 23, E' =Ei -f-Ef \ since Fliis finite, -Ei' = 0 by Theorem 
24, and, therefore, E'^Ef. 

Theorem 25. The derived set of every set is a closed set. 

Proof. Let E denote a given set. It is required to show that 
{E')' CZ E' , i.e. if g is a limit element of £' then it is an element of 
E'. Suppose, then, that g is a limit element of E' and let U be 
any open set containing g. 

Since g is a limit element of E', there exists in U an element 
p e E' . Since ^ is a limit element of E, the open set U, containing 
p, contains an infinity of different elements of E (Theorem 24, 
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Corollary) and so an infinity of elements of E different from q. 
Hence every open set t/, which contains q, contains an infinity of 
elements of E different from g, and so g e E', 

It follows easily by induction from axiom (zj) that the product 
of any finite number of open sets is open. From which, passing to 
complements (see proof of Theorem 3) we get at once 

Theorem 26. The sum of a finite number of closed sets is closed. 

We may note that it could be easily proved that axiom (iv) is 
equivalent to the theorem, that the derived set of a set consisting 
of one element is a null set. 

16. A finite set or a set, every infinite subset of which has a 
derived set different from zero, is said to be compact. Obviously 
a subset of a compact set is compact. 

It is easily seen that the sum of a finite number of compact sets 
is compact. (For if E =Ei+E 2 + . . . +S„, and if T be an infinite 
subset of E, then one at least of the sets T.Ei, T.E 2 , . , T.En is 

infinite and so will have a derived set different from zero, if the 
sets El, E 2 , . . . , En are compact; by Theorem 1, this derived set 
will be a subset of the derived set of T, whence 

The sum of a countable set of compact sets is said to be semi- ^ 
compact. It is easily seen that a subset of a semi-compact set is 
semi-compact and that the sum of a countable set of semi-compact 
sets is semi-compact. 

Theorem 27 (Cantor). If 

EiZ:>E2'e>E3 . . . 

be an infinite decreasing sequence of closed, compact, non-null sets, 
then the product of these sets is not a null set. 

Proof. From each of the sets En select a single element pyi. 
Let Pi denote the set consisting of all the different terms of the 
sequence pn {n — 1, 2, 3, . . . ). If Pi were finite, then at least one 
of its elements would occur in the seciuence pn an infinite number 
of times and would be, therefore, as is easily seen, a common 
element of all the sets En (n = 1, 2, 3, . . . ). 

We may, therefore, suppose that P\ is infinite. As an infinite 
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subset of the compact set Ei, Pi will have a derived set Pi\ which 
is not a null set. Denote by Pn the set consisting of all the different 
terms of the sequence p„, Pn+ 2 j • • • ; this set is obtained by 

removing a finite number of elements from Pi; hence (§ 15) P„' =Pi\ 
for n = l, 2, . . . 

But, since p^ eE^'Z^ we have PnCZEn, whence 

Pn' CZEn' a En, 

since P„ is closed; therefore, since P«'=Pi', 

PnDPiVO, for w=l, 2, 3, ; 

this establishes Theorem 27. 

17. Theorem 28 (Borel). Let E be a closed and compact set. 

If 

Oil O2, O3, . . . 

he an infinite sequence of open sets, such that 

(3) PCO1+O2+O3+ . • • , 
then, there exists a finite number n, such that 

(4) Ecz0i-\-02~\' • • • "pOn- 

(In other words, a closed and compact set, which can be covered 
by a countable set of open sets, can be covered by a finite number 
of these sets.) 

Proof. Put 

Oi + 02-h . . • “|-Ort = ^n) 

K-Sn=^Fn. 

E.Fn=En, 

for n = l, 2,3, . . . 

The sets Sn are open (as sums of open sets by {Hi)) ; hence, their 
complements Fn are closed, and, therefore, is closed (as a product 
of closed sets. Theorem 3), and compact (as a subset of the com- 
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pact set E). If the sets En were not null sets for n = l, 2, 3, , 

then, by Cantor’s theorem (Theorem 27, § 16), their product P 
would not.be a null set, and we would have 


whence 


PaEnC:Fn = K-S, 


P.5„ = 0, 


and (since certainly 

P.0n=0, for w-1, 2, 3, ; 

from this and from (3) 

P.P = 0, 

which is impossible, since P^O, and P CEnCZ E. 

There exists, therefore, an integer such that 

En=0, 

i.e. P.Pm= 0, and so, since Fn—K—Sn and PCiT, we get 

EaSnr 

i.€. the relation (4). 

Borel’s theorem can be stateci more generally as follows: 

If E he closed and compact and everyone of its elements be interior^ 
to at least one of the infijiite sequence of sets Pi, P 2 , P 3 , - - - , there 
exists a positive integer ?z, such that every element of E is interior to 
at least one of the sets 

Ply P 2l • • • 1 P 71- 

To prove the above it would be sufficient to denote by the 
interior of P^ (for ^ = 1, 2, 3, ...)(§ 5) and to apply Theorem 28, 
which is justifiable, since the interior of each set is open, 

18. For all sets A and B contained in the class K, satisfying 
liypotheses (I) (§ 1) and (11) (§ 15), we have, as we have .seen (§§ 4 
and 15), 


^I.e. an interior element. 
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1) JT5=a+5, 

2) A a A, 

3) 0=0, 

4) A 

In his work on the operation A in topology,- Kuratowski 
assumes the relations written above as axioms defining the s3'mbol 
A^ He assumes, namely, that to each subset ^ of a given class 
K can be attached a certain set Ai satisfying the axioms l)-4) 
but otherwise perfectly arbitrary, and he investigates what are 
the conclusions which follow from these four axioms (and corres- 
ponding definitions). 

Theorems, obtained by Kuratowski in this manner will be 
true in every class X which satisfies hypotheses (I) and (11). There 
are, however, theorems which can be deduced from h\^potheses (I) 
and (II), but which cannot be deduced from axioms l)-4) ; such, 
for- instance, is the theorem that (a) =(ci) for ever^^ element of the 
class K, 

19, Let K denote a given class satisfying hypotheses (I) and (II), 
and let a be any element of that class. We shall understand by a 
neighbourhood of an element a any open set containing a. It is 
easily seen, that neighbourhoods, thus defined, have the following 
four properties: 

(a) To every element a (of the class considered) corresponds at 
least one of its neighbourhoods; every neighhonrhood of a contains a. 

(jS) If Vi and Vo are two neighbourhoods of a, there exists a 
?i€ighbourhood V of a such that FC Fi. Fo. 

(7) For every pair of different elements there exists a neighbourhood 
of either not containing the other. 

(5) For every element b cofitained in a neigtibourhood V of an 
element a, there exists a neighbourhood W of b, such that IV CZ F. 

Property (a) follows directly" from our definition of a neigh- 
bourhood and from the fact that K is an open set containing 
every element a eK (i.e. K is a neighbourhood of ever\' element 
of the class K). 


“Fund. Math., vol. Ill, pp. 182 et secj. 
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Property (/3) follows immediately from our definition of a 
neighbourhood and from axiom {v) (§ 15). Similarly, the property 
( 7 ) follows from the definition of a neighbourhood and from 
axiom {iv) (§ 15). 

Finally, property (5) follows directly from our definition of a 
neighbourhood. For, li h e V, and if F is a neighbourhood of the 
element a, then V is open, and since 5 e F, F is a neighbourhood 
of the element h. 

Properties (a), {0), ( 7 ), and (5) are, therefore, proved. 

Suppose now that with each element a of any given class K 
there is associated a certain set of subsets of K, which are called 
neighbourhoods of a; this association may be quite arbitrary, apart 
from having the subsets satisfy the conditions (a), (/3), ( 7 ), and (5). 
Classes, in which neighbourhoods are so defined, are called by 
Frechet classes (H).^ 

We have thus proved that if , in a class K satisfying hypotheses 
(I) and (II), we define the neighbourhood of an element a to be 
an open set containing a, then the class K will be a class (H). 

Let K denote a given class (H), E a given set contained in K, 
and let a be a given element of the class K. Frechet calls a a 
limit element of E, if every neighbourhood of a contains at least 
one element of E different from a. The set of all limit elements 
of E is called by Frechet the derived set of the set jE; a set containing 
its derived set is called a closed set, and the complement of a 
closed set an open set. 

It is thus seen that, for the class K, satisfying hypotheses (I) 
and (II), in which neighbourhoods are open sets, these definitions 
are in accordance with those accepted in §§ 2 and 3. 

Suppose, now, that Ki and are two classes (H), consisting of 
the same elements, in which, however, neighbourhoods may be 
defined in a different way (e.g., a neighbourhood F of a certain 
element a belonging to Ki may not be a neighbourhood of 
a when considered as belonging to Xo). If, however, for every set 
E contained in Ki and Ko a limit element of EdKi is also a limit 
element of ECIK2, and conversel 3 ^ then the classes Ki and Ko are 
described by Frechet as equivalejit. Derived sets of the same set 


^Anyiales de V Ecole Normale, vol. XXXVqil (1921), p. 366. 
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contained in two equivalent classes are obviously identical, and 
every set, which is closed (open) when considered as a subset of 
one of these classes, is also closed (open) when considered as a 
subset of the other. 

It is easily seen that for two classes (H), Ki and K 2 (consisting- 
of the same elements) to be equivalent, it is necessary and suffi- 
cient that, for every neighbourhood Fi, of any element a of the 
’class Ki, there should exist a neighbourhood F 2 of a, considered 
in i^ 2 , such that F 2 C Fi, and conversely. 

Let K be any given class (H). We shall show that an equiva- 
lent class (H) will be obtained if we consider the open sets of K to 
be the neighbourhoods of elements of K, 

We shall investigate first which sets of the class K are open 
(according to the above definition of Frechet). 

It will be shown that every open set of the class K is identical 
with the sum of an aggregate of neighbourhoods of elements of the 
class K. 

In fact, let U denote the sum of a set of neighbourhoods of any 
elements oi K. li h e U, then it follows from the definition of 
the set U that there exists a neighbourhood V of a certain element 
a, such that b e V CZ U. But by (5) there exists a neighbourhood 
W of 5, such that TFC F, and hence TFC U. Put K~U = F; 
hence, TF,F = 0, and so, since TF is a neighbourhood of b, b cannot 
be a limit element of F, Hence, U does not contain any of the 
limit elements of F=K—U; therefore, every limit element of F 
belongs to F, i.e. F is closed, and so U —K — F is open. 

On the other hand, let U denote an open set of the class K. 
The set F = K — U is, therefore, closed. If, then, a eU, a cannot 
be a limit element of F; there exists, then, a neighbourhood T” of a 
such that F.F = 0, and hence T^C U. Denote by S the sum of all 
neighbourhoods V of elements a, belonging to U, such that Fc F; 
obviously S =U. 

We have thus proved that for a set consisting of elements of 
a class K to be open, it is necessary and sufficient that it should 
be the sum of a class of neighbourhoods of elements belonging 
to K.^ 


hn particular, every neighbourhood of the class (H) is an open set. 



36 


General Topology 


Denote now by Ki a class consisting of the same elements as 
the class K in which open sets containing a are considered to be 
neighbourhoods of the element a. We shall show that the class 
Ki, so defined, is a class (H) equivalent to the class K. 

That the neighbourhoods in the class Ki, so defined, possess 
property (a) follows from the definitions of neighbourhoods of the 
class Ki, and from the fact that every neighbourhood in the class 
K is an open set (with respect to K). 

Let now W\ and W2 be two neighbourhoods of an element a 
in the class Ki and hence two open sets of K containing a. W\ is, 
therefore, as previously proved, the sum of a certain set of neigh- 
bourhoods of K] since a e TTi, there exists a neighbourhood V of a 
certain element b in K, such that a e FC TFi. But, since a e I’', 
from the property (5) of neighbourhoods of the class K, it follows 
that there exists a neighbourhood Vi of a in Kj such that 
ViCZVcZWi. Similarly, since a e TF2, we conclude that there 
exists a neighbourhood F2 of a in such that F2C TF2; but, by 
the property ((3) of neighbourhoods in the class K, there exists a 
neighbourhood IF of a in K, such that TFCFi. F2, and hence 
WCZ W1.W2; consequently, in the class Ki, TF is a neighbourhood 
of a, contained in PFi.TF2: i^e. the neighbourhoods of the class Ki 
satisfy (0), The property (y) of the neighbourhoods of Ki follows 
at once from the corresponding property of the neighbourhoods of 
K and from the fact that every neighbourhood of an element in K, 
being an open set in i^, is at the same time a neighbourhood of that 
element in Ki. 

Finally, the property (5) of the neighbourhoods of Ki follows 
directly from their definition. 

Hence the neighbourhoods of the class Ki possess the properties 
(a), (jS), (7), and (5), and, therefore, is a class (H) of Frechet. 

Since every neighbourhood of an element in K is also its neigh- 
bourhood in Ki, it follows that, if a be a limit element of E in Ki, 
it will certainly be a limit element of E in K. 

Suppose now that a is a limit element of E in K, and let W 
denote any neighbourhood of a in Ki. Then W is an open set of 
K and so the sum of a set of neighbourhoods of K. Since a e W, 
there exists a neighbourhood F of a certain element b of K, such 
that a € I"C W. But, from a e V and property (5) of neigh- 
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bourhoods of the class K, it follows that there exists a neighbour- 
hood Vq of a in X such that T"oC and so I"'oC W, Since a is 
a limit element of jE in K, there exists an element p o( E, such that 
py^a^ and p e and so, since FoC TF, certainly p e W. We have 
thus proved that in every neighbourhood of a in Ki there exists 
an element of E different from a, and that, therefore, a is a limit 
element of E in Ki. 

Hence the classes K and Ki are equivalent. 

It follows, from the above, that open sets are the same in the 
class K as in Ki, Hence the neighbourhoods of elements in Ki 
are open sets of Ki containing these elements. 

Furthermore it is easily seen that open sets of a class (H) 
satisfy hypotheses (I) and (II). 

In fact, axiom (i) is satisfied, since the set of all elements of 
the class (H) is evidently a closed set in that class (according to 
Fr6chet’s definition). 

That axiom (ii) is satisfied follows from the property (a) of 
neighbourhoods, and from the fact that the sum of any set of 
neighbourhoods of elements belonging to the class (H) is an open 
set of that class. 

That axiom (iii) is satisfied follows from the necessary and 
sufficient condition, given above, for a set of the class (H) to be 
open in that class. 

Axiom (iv) follows at once from property (7) and from the 
fact that neighbourhoods of a class (H) are open sets of that class. 

It remains, therefore, to prove axiom (v). Let Wi and Wo be 
two open sets of a given class (H), and let P = Wi.W2> Let a 
denote an element of P; hence, a e Wi.Wo. Since a e Wi, it follows 
from the property of open sets of the class (H) that there exists a 
neighbourhood U of some element 6, such that Ucz Wi. According 
to property ( 5 ) there exists a neighbourhood Vi of a, such that 
FiC U, and so certainly FiC Wi. Similarly, since a € Wo, we 
conclude that there exists a neighbourhood V2 of a, such that 
\'2C Wz- But by property (jS) there exists a neighbourhood F 
of a, such that FC Fi. F2, and hence certainly VczWi.Wo=P. 

Now it is evident that P is the sum of all these neighbourhoods 
(of its elements), contained in P; P is, therefore, an open set. 

We have proved, therefore, in this article, that every class A\ 
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in which open sets are defined quite arbitrarily apart from their 
satisfying hypotheses (I) and (II), becomes a class (H), if open sets 
containing an element a be accepted as neighbourhoods of that 
element; on the other hand, every class (H) of Frechet is equivalent 
to a class K in which neighbourhoods are open sets (and conversely) , 
and where the open sets satisfy hypotheses (I) and (II). 

Hausdorff^ gives the name topological space to a class in which 
neighbourhoods are defined to possess properties (a), {0), ( 6 ), 
together with the property 

( 71 ). For every pair of different elements (a, h) there exists a 
neighbourhood Vi of the elemejit a, and a neighbourhood V 2 of b 
such that Fi. F 2 = 0 . 

Property ( 7 ) follows evidently from property ( 71 ) and, there- 
fore, Hausdorfif’s topological space is a class (H) of Frechet. (The 
converse, however, is not necessarily true, as can be easily shown.) 

We shall conclude with the remark that Frechet also investigates 
classes in which neighbourhoods are defined to possess only 
property (a). Such classes are called by Frechet classes (V).® 

20. Let iT be a given class of any elements, and suppose a 
law to be established which assigns to each set ECZK di certain 
set E' ClK {E' may be a null set), which is called the derived set of 
the set E. The law of assigning this set may be quite arbitrary, 
apart from its satisfying the following 3 conditions: 

1 ) The derived set of a set consisting of one element is a null 
set. 

2 ) The derived set of the sum of two sets is the sum of their 
derived sets. 

3) E'ZD iE')' for every set EczK. 

Furthermore, let every element of it' be called a limit element 
of £; the set E will be called closed if EZ^E', and open if the .set 
K—E is closed - 

It can be easily shown that, if by a neighbourhood of an element 
Cl (belonging to K) we mean any t)pen set containing a, then the 

"'’Griindzuge dcr Mengcnlchrc (1st cciit ioni, Leipzig, 1914, p. 213. 

®Not all the theorems of chapter I are true for I'rechet’s classes f\';: e.g. 
Theorem 5 is not true; the set LT/T may not l)e closed in the class {\ } . 
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class K, in which the derived set is defined to satisfy conditions 
1), 2), and 3), will become a class (H) of Frechet. 

Conversely, it can be shown that, given any class (H) of 
Frechet and if by a limit element of K we mean an element a, 
such that every neighbourhood of a contains at least one element 
of E different from a, and if by the derived set E' we mean the set 
of all limit elements of E, then conditions 1), 2), and 3) will be 
satisfied. 

It may be concluded from the above (as in § 19), that the 
study of classes satisfying conditions 1), 2), and 3) is equivalent 
to that of classes (H) of FrecheC (and, therefore, also to that of 
classes K satisfying hypotheses (I) and (II))- 

In conclusion, we note that classes hav^e been investigated, in 
which derived sets not restricted by any conditions are defined.^ 


qa his work Esqiiisse d' line thcoiie des ensembles abstraits, Calcutta, 
1922, p. 335, h'rechet calls classes (H), classes which satisfy conditions 1), 2i, 
and 3). 

“See e.g. my paper: “La notion de derivee comnie base d’une theorie des 
ensembles abstraits”, Math. Ayinalen, vol. XC\'1I, p. 321. 
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CLASSES (H) WHICH SATISFY THE AXIOM OF 
COUNTABILITY 

21. We shall subject the class K to another axiom, besides 
those included in hypotheses (I) and (II), namely: 

(III) (vi). There exists an infinite sequence of open sets 

(1) Wu W2. TT3, . . . 

such that every open set is a sum of a certain aggregate 
of sets belonging to the sequence (1). 

We shall deduce in this chapter a number of results from 
hypotheses (I), (II), and (III). 

The sets of the sequence (1) shall be called for brevity rational 
sets. 

Corollary 1. If a be a given element of the class and U an 
open set containing a, there exists a rational set W containing a and 
contained in U. 

In fact, by {vi), an open set U is the sum of a certain number 
of sets of the sequence (1); since a e U, there exists a term of that 
sum to which a belongs; if W of the sequence (1) is this term, we 
have a e WC.U. 

Furthermore, it follows immediately from axioms {vi) and (iv) 
that every element of K is the product of all rational sets containing 
that element. In fact, even more can be proved, namely: 

Corollary 2. Correspojtding to every element a of K there exists 
an infinite sequence of rational sets Fi, Vz, , the product of 
which consists of the element a only, and such that for every open set 
U containing a, all but a finite number of the sets Vi, V 2 , I's, . • • 
are contained in U. 
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In fact, let a be a given element, and let 
Wn,. TT„, 

be all the successive terms of the sequence (1) containing a. 

The set Wn.^Wn^ , . . is by (v) an open set and obviously 

contains a; by Corollary 1, there exists, therefore, a rational set 
V/i, such that 

a 6 V.aWn^.Wn, . . . .IT,,. 

(It could be assumed that is the first term of the sequence (1), 
which satisfies the above condition.) It is easily seen that the 
sequence is the required one. For, it is clear that every one of 
the terms of the sequence Fi, F2, F3, . . . contains a. On the other 
hand, let Z7be any open set containing <2. By Corollary 1, there 
exists a rational set containing a and contained in Z7, and hence 
a set belonging to the sequence IF,,(^=1, 2, . . . ), say the set 
TF,^. But it follows from the definition of the sets T"*, that 
for k^q\ therefore, certainly (since C t/) F^ C C/, 
for k'^q. Furthermore, the product Fi. F2.F3. . . consists of the 
single element a; for, if b were an element different from a, then 
by axiom {iv)^ there exists an open set U containing a but not con- 
taining h] hence the terms of the sequence Vk, which for k 
sufficiently large will be contained in U, will not contain 6. 

Corollary 2 is, therefore, proved. Note that to the conditions 
already given we could add the condition that the sequence 
(^=1, 2, 3, . . . )is decreasing. 

From Corollary 2, we get at once 

Corollary 3. The set oj all elements of the class K has the 
potency of the continuum at most. 

By Corollary 2, every element a of K can be correlated with 
an infinite sequence of rational sets Fi, 1 %, V3, . . . such that 
F1.F2.F3 . . .=(a), and different elements of K will be correlated 
with different sequences. Hence, the set of all elements of K has 
the same potency as a certain subset of the set of all infinite se- 
quences, whose terms are elements of the countable sequence (1). 
But the set of all such sequences is known to have the potency 
of the continuum. Hence Corollary 3 is true. 
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Corollary 4. The set of open {closed) sets contained in K has 
the potency of the continuum at most. 

In fact, every open set U determines by {vi) a certain subset 
of the countable set (1), namely, that one which consists of all 
the sets of the sequence (1) contained in U. At the same time, 
to different open sets, correspond evidently different subsets of 
(1). Hence, the potency of the set of all open sets (contained 
in K) is not greater than the potency of the set of all subsets of a 
countable set, which, as is known, is that of the continuum. Hence, 
Corollary 4, with reference to open sets, is true. It follows also 
immediately for closed sets, since the set of all closed sets of the 
class Ky as complements of open sets, has the same potency as the 
set of open sets of K. 

Note that it would be impossible to deduce from the axioms 
defining thus far the class iv, that the set of all open sets of a class 
K consisting of an infinite number of elements has the potency of 
the continuum. This result will be obtained in the next chapter 
(§ 37), after the class K has been subjected to an additional hypo- 
thesis (axiom (w)^, § 30). 

In fact, let K denote a class consisting of a countable number of elements 
Pu pz, . . . . Let open sets of K (apart from the null set) be sets consisting of 
all but a finite number of elements of K. It is easily seen that this class satisfies 
hypotheses (I), (II), and (HI) (the open sets may be considered to be the rational 
sets), but the set of all the open sets (and, therefore, also of the closed sets) is 
countable. 

22. Theorem 29. The set of all the elements of a given set which 
are not its elements of condefisation is at most countable. 

Proof. Let £ be a given set CZK, and Ei the set of all the 
elements of P which are not its elements of condensation. For 
every element a of Ei there exists, therefore (from the definition of 
an element of condensation, § 14), an open set U containing a and 
containing at most a countable set of elements of E. There 
exists, therefore, by Corollary 1, for every element a of a rational 
set W containing a and contained in U and so containing at most 
a countable set of elements of E. Let denote the sum of all 
such terms of the sequence (1), which contain at most a countable 
set of elements of E. Obviously, Eid S (since every element of 
El is contained in at least one of the sets of the sum S). From 
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El C E, we shall have Ei C S.E (or, even, as is easily seen, Ei =S.E). 
But from the definition of the sum 5, the set S.E is at most count- 
able; hence, the set Ei is at most countable. 

As an immediate corollary from Theorem 29 we get the follow- 
ing: 

Every non-countahle set contains a non-countahle subset of elements 
which are elements of condensation of the set. A set, every element 
of which is an element of condensation of the set, is called a con- 
densed set. 

Theorem 30. The set of all elements of a given setj which are its 
elements of condensation is a condensed set (if not a null set) . 

Proof. Retaining the same notation as in the proof of Theorem 
29, let E—E 1 —E 2 ; it is required to prove that every element of 
E 2 is an element of condensation of E^. Hence, let a be a given 
element of E 2 , and let U be any open set containing a. Since 
a e E^^E—Ei, cl is an element of condensation of E; the set E.U 
is, therefore, non-countable. But E^.U = E.U —Ei.U, and Ei.U 
CZEi is, by Theorem 29, at most countable. The set E^.U is, 
therefore, non-countable. Since U is any open set containing a, 
it follows that a is an element of condensation of E^. Since a is 
any element of E 2 , Theorem 30 is proved. 

A condensed set is evidently dense-in-itself. It follows, there- 
fore, from Theorem 30, that the set of all the elements of a given 
set which are its elements of condensation is dense-in-itself. More- 
over, since every non-countable set contains a non-countable 
subset of elements which are elements of condensation of the set, 
it follows, therefore, that 

Every non- couji table set contains a noji-countable subset which is 
dense-in-itself. 

From this and the definition of a scattered set {i.e. one not con- 
taining any subset non-null, dense-in-itself, § 6) we have at once 

Theorem 31. Every scattered set is at most countable. 

Furthermore, it follows immediately from Theorem 29 that 
the set of all elements of a given set, which are not its limit elements, 
is at most countable (since every element of condensation of a 
set is a limit element of that set). Hence, every isolated set is at 
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most countable. (This last result is otherwise a special case of 
Theorem 31, since an isolated set (§ 13) is scattered.) 

Suppose now that E is closed. By Theorem 8 (§6), every set 
E can be expressed in the form E — N -\-R, where N is the nucleus 
of E, and R is scattered (or null) ; we have shown towards the close 
of § 7, that the nucleus of every set is perfect in that set, and that 
.a set perfect in a closed set is perfect. We shall then have from 
Theorem 31 

Theorem 32 (Cantor-Bendixson). Every closed set is the sum 
of a perfect set and a scattered set (where the latter is at most coun- 
table by Theorem 31 and where either may be null). 

We note that the division of a closed set into a perfect set and a 
scattered set is unique. 

In order to prove this we shall show at first, that if E be demise- 
in-itself and U he any open set, theft the set E. U is den se-in-it self 
(or null). 

In fact, suppose that the set E.U is not dense-in-itself ; it con- 
tains, therefore, an isolated element p. Hence, there exists an 
open set V such that p e V, and no other element of E. U belongs 
to V. The set U.V is open by axiom (v), and it contains p, since 
p € E.U and p ^ V, and, obviously, it does not contain another 
element of E dift'erent from p (since such an element would belong 
to E. U. V, contrary to the definition of F). Hence, p is an isolated 
element of E, contrary to the hypothesis that E is dense-in-itself. 

Suppose now that two different divisions R=P-\-R and E=Pi 
-fRi of the closed set E are possible, where P and Pi are perfect 
and R and Pi scattered (or null), and where P.R =0 and Pi.Pi — 0. 
Since the divisions are different, we have R^Ri. In one at least 
of the sets P and Pi, in Pi say, there is an element p not in the 
other, that is, not in P. Since pi R (and p e RiCZ Pi +Pi = P -f-P) 
we must have p e P. On the other hand, since p e Pi, and P\.R\ =0, 
we have pi Pi, and since Pi is perfect and so closed, p is neither 
an element nor a limit element of Pi. There exists, therefore, 
an open set U such that peZJ and Pi.U = i). Hence, E.U = 
{Pi~\-Ri).U — R\.U, from which it follows (since Pi is scattered) 
that E.U is scattered. But since p e P and p e U, the set P.U is 
not null and it is also dense-in-itself (as the product of a set dense- 
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in-itself and an open set); the set E.U’Z:> P .U cannot, therefore, 
be scattered, and so we have arrived at a contradiction. We have, 
therefore, proved that the division E=P-\'R is unique. 

Similarly, it can be proved more generally that every set £ 
can be represented as the sum of two sets, one of which is dense-in- 
itself and closed in E and the other scattered (where either of the 
two sets may be null). 

23. Theorem 33. Every set E contains a fijiite or a countable 
subset Ty such that ECZT^ 

Proof, Let E be the given set. Corresponding to every 
member Wn of the sequence ( 1 ) (§ 21 ) such that Wn-Ey^Q select 
an element Pn e Wn,E, and let T be the set of elements so obtained. 
Evidently, T is at most countable, and TCZE, Suppose q to be 
an element of E — T, and let U be any open set containing q. By 
Corollary 1 (§ 21 ), there exists a member of the sequence ( 1 ), say 
Wn, such that q e W«C U, Since pn e PF„.T, therefore, pn € U.T, 
where pn9^Q, since q is not an element of T. Hence, every open 
set containing q contains an element of T different from q, from 
which it follows that q e T' . We have thus proved that E — TC T' 
and so EaT + T' = T. 

If, in particular, the set E be closed, then, since TCZE, we 
have T' CZE and, therefore, T ^E, which with ECZ T gives E~ 
Hence, every closed set is the enclosure of a certain set countable at 
most. Furthermore, it can be easily proved that if E be perfect, 
then T is dense-in-itself, and so TC T', and T = T\ which gives 
E = T' . Hence, a perfect set is the derived set of a certain set countable 
at 771 os i. 

24. Theorem 34. Every set of ope7i non-abutting sets is at most 
COU71 table. 

Proof. Let AI be a given set of open non-abutting sets. If U 
be a set belonging to ilf and p an element of U, there exists, by 
Corollary 1 (§ 21), a set of the sequence (1) containing p and 
contained in U. Hence, for every set U of M there exists a set 
of the sequence (1) contained in Z7 ; let every set U of AI be corre- 
lated with the smallest index 7i such that C U. Since the sets 
belonging to AI are non-abutting, it is obvious that different sets 
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of M will be thus correlated with different indices. If we order 
the sets of M according to increasing indices, we shall obtain a 
sequence (finite or countable) consisting of all the sets of M. 
Theorem 34 is, therefore, proved. 

26. Theorem 35 (Lindelof). If E he a given set and M a set of 
open sets such that every element of E belongs to at least 07ie of the 
sets of M, then there exists a finite or countable sequence of sets of M, 
the sum of which contains E. 

Proof. Let every set Wn of the sequence (1) which is contained 
in at least one of the sets of M be correlated with one such set, 
Un say. The sets Un of M thus obtained will form a finite or 
countable sequence. It will be shown that this sequence satisfies 
the required condition. 

For, let p denote any given element of E. It follows from the 
hypothesis of the theorem that there exists an open set U belonging 
to M and such that p eU. Hence, by Corollary 1 (§ 21), there 
exists a set of the sequence (1), such that p e C From 
the definition of the sets Un it follows that is a member of our 
sequence, and since C we have p e U^. Hence, Theorem 35 
is proved. 

By means of Theorem 35, we may generalize Theorem 28 
(Borel) as follows: 

Theorem 36 (Borel-Lebesgue) . If E be a closed and compact set, 
and M an aggregate of open sets such that every element of E belongs 
to at least one of the sets of M, then there exists a fiiiite nuyytber of sets 
of M, the sum of which contains E. 

26. Theorem 37. Every transfinite sequence of differ ey'it decreas- 
ing sets 

Eq:d Ei'O E^’^ . . . . . . , 

such that the set is closed in E^, is countable. 

Proof. Consider any member, say, of our sequence, which 
has at least one successor. Since E^y^E^j^i and E^ there 

exists an element p of E^ which does not belong to £{+1- p urther- 
more, since E^^i is closed in E^ and since p e E^ and pi E^j^i, there 
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exists an open set U such that p e U and Hence, by 

Corollary 1 , there exists a set Wn of the sequence ( 1 ), such that 
peWnC: U, and so Wn.E^+i = 0 . 

Hence, for every such set Et of our transfinite sequence there 
exists a set Wn of the sequence ( 1 ) for which Wn-E^p^O, and Wn-E^-^i 
= 0. Let every such set E^ be correlated with the smallest index 
n, such that Wn.E^p^O but Wn^Et^j—O. 

It is easily seen that different sets of our transfinite sequence 
will be correlated with different indices n. In fact, if two sets 
E^ and where J<? 7 , were to be correlated with the same index 
w, we should then have 

W^,E,^0, W„,.E,^Q, W^.E^+i^O, 

which is impossible, since from $<77 we have ^+ 1 :^ 77 , and so^ 
since the sequence is decreasing, ; consequently, TT,„. 

= 0 gives = 0 . 

If now the terms of the transfinite sequence be ordered according 
to the indices correlated with them, we thereby obtain a countable 
sequence containing all the terms of the transfinite sequence 
except, perhaps, the last. Theorem 37 is, therefore, proved. 

The analogous theorem about an increasing transfinite sequence 
of sets, each of which is closed in the succeeding one, can be proved 
in like manner.^ 

The following corollary may be deduced immediately from 
Theorem 37 : 

Given a transfinite sequence of ordinal type 0 of decreasing sets 

(2) ... ... :D...,a<n) 

such that each E^ is closed in E^, for 77<$<Q, then there exists mi 
ordinal mimher a<Q, such thcit E^ =E^, for a<^<V.. 

In fact, if in the given sequence we consider only the terms 
which are different from all the preceding ones, we have a sequence 
satisfying all the conditions of Theorem 37 and so, a countable 
sequence. We have, therefore, at most a countable set of different 
terms in the sequence (2) ; let these terms be 

(3) . . . , 

^For the generalization of these theorems see my note in Biidetyn Polskiej 
Akad. Vm. (1921), pp. 62-65. 
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where ^ 2 , Js, • • • are ordinal numbers <fi, and so there exists 
an ordinal number a<Q, such that a > for 7^ = 1, 2, 3, . . . Let 
now J be an ordinal number such that a<f<Q. The set is 
one of the sets (3), say E^=E^^. From and since the 

sequence (2) is decreasing, we have E^^’Z) Ea'E> E^ and, therefore, 
E^=Ea. since E^—E^^> The corollary is, therefore, proved. 

27. Let £ be a given set. We shall define by transhnite induc- 
tion sets £^(0 — ^<0) in the following manner. Put Eq=E. Let 
now a be an ordinal number > 0 and < 0 and suppose that all sets 
E^, where have been defined. If a be a number of the 

second kind, put Ea=TlE^. If a=/3Tl, put Ea =E^.E/. 

^<a 

It is evident that the sets E^ thus defined satisfy the con- 
ditions of the corollary to Theorem 37 (that the transfinite sequence 
E^{^<^) is decreasing follows from the definition of the sets, and 
from E^^i^E^.E^' it follows that ^^+1 is closed in (§ 7), since 
E^' as a derived set is closed (Theorem 25)). There exists, therefore, 
an ordinal number a < ^2, such that E^^E^, for a < { < Q. We may, 
of course, suppose that a is the smallest ordinal number with the 
above property. 

From E^^i —E^, and F^a-fi ^Ea^EJ, we conclude that E^ClEa ; 
Ea is, therefore, dense-in-itself (or null). 

Furthermore, it is easily seen that for J<a we have always 
E^ 9 ^E^^i. For if E^—E^j^i, for some j8<a, then from the defi- 
nition of the sets E^ it could be easily concluded that E^=E^, for 
^>/3, which, since /3<a, is in contradiction with the definition of a. 
Hence E^^E^.E^' , for ^<a, and so none of the sets E^ is dense-in- 
itself, for J<a. Furthermore, we have 

(4) 

«<a 

For, it is evident from (2) that the set on the right of (4) is a 
subset of the set Eo=E. On the other hand, let p be a given 
element of E. If pe Ea. there exist indices a such that peE^] 

let 71 be the smallest of them. It is easily seen that rj cannot be a 
number of the second kind, for then we should have E^ = riEj, 

f <v 

and since (from the definition of 77) p l)elongs to every for 
^<7], p would belong to E^, contrary to the definition of 77. Hence 
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= f + where (from the definition of rj) p e but pe and 

so p e {E^—E^^i). Since f <7?:^a, p belongs to a term of the sum 
on the right of (4). 

It follows from (2) that the terms of the sum (4) are mutually 
exclusive sets. 

It will be shown that the set E^ is the nucleus of the set E. 

For, let P denote a subset of E dense-in-itself. We have, there- 
fore, PC£=£o. Suppose that for some 77 < 0 , PCP|, for J<? 7 . 
If 77 is a number of the second kind, we evidently have PczE^ 
following from the definition of E^. If 77 = J+1, then =E(.Ei\ 
But from ^< 77 , we have, by hypothesis, PCZE^ and so P'CP/; 
since P is dense-in-itself , P C P'; hence, PCE^', and so PCZE^.E^^ 
—E^^i. We have proved, therefore, by transfinite induction that 
PCZE^ for every ordinal number 77 <fi; hence, in particular, PCZE^- 

Ea, contains, therefore, every subset of E dense-in-itself, and 
since, as we have seen, E^ is dense-in-itself, it is the nucleus of E, 

It follows that the set 

(5) 

i<a 

is scattered. Relation (4) furnishes a division of the set E into its 
nucleus and a scattered subset. 

With reference to the terms of the sum (5) we note that E^ 

— E^ —E^.E/ —E^ —E^' consists of all the isolated elements of E^. 

Hence, it follows from (4) that in order to obtain the nucleus 
of a set E it is necessary to remove from E its isolated elements, from 
the set El thus obtained to remove the isolated elements of Ei and 
to proceed similarly with the set Po thus obtained, repeating the 
process of removing isolated elements from the sets obtained at 
each stage transhnitely. After a countable number of such 
operations we shall arrive at a set dense-in-itself (which may be 
null). Thus the expression in (4) given by Cantor illustrates 
the structure of sets. 

28. We shall define now by transfinite induction sets P^“^ for 
every set P and every ordinal number a, as follows. denotes 

the derived set of P. Let now a be an ordinal number >1, and 
sufipose that all sets P^^\ where f <a, have been already defined. 
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If a is a number of the second kind, we put ; if a==5 + l, 

we put P^">=(P^^>)'. 

The set P^“^ so defined, is called the derived set of P of order a. 
It follows from the definition of this derived set and from Theorems 
3 and 25, that the sets P^“^ are always closed (for every ordinal 
number a>0). We have, therefore, P^“^ D (P^“^)' (for 
every ordinal number a>0), which proves (from the definition of 
P^“^ for a, a number of the second kind) that the transfinite sequence 
of successive derived sets 

P'DP''DP'"^ . . . . . . :3P^^^D . . . 

is a decreasing sequence of closed sets. The corollary to Theorem 
37 (§ 26) may, therefore, be applied to that sequence. Hence, 
for every set P, there exists an ordinal number a<Qy such that 
p($) _p(a)^ £qj. cl and so also P^^^ =P^“\ Moreover, it may 
be obviously supposed that a is the smallest ordinal number with 
that property. 

Hence every set P possesses at most a countable number of different 
derived sets of transfinite order; for every set P there exists an ordinal 
7iumher a<Q, such that P^°^ =P^^\ Obviously, if a be the smallest 
ordinal number with the above property, then the derived sets of 
order ^ a are all different. 

Let now P be a closed set and recall the definition of the sets 
Ea from §27. Since E is closed, we have Ei=E.E' =E' \ hence, 
El is closed and so also is E^^Ei.Ef —Ef = {E')' ^E'' \ and, finally, 
by transfinite induction we have Ea=E^°'\ for every ordinal number 
a<Q. Hence for a closed set E relation (4) takes the form 

f<a 

where a denotes the smallest ordinal number (always < Q) such 
that Hence the nucleus of a closed set E is the set 

It follows at once from the above that for a closed set E to he 
scattered, it is necessary and sufficient that =0. The set is 
always perfect (or null). 

29. The set E is said to be hicompact (Urysohn, Alexandroff ), 
if for every infinite subset E\ of E there exists an element a (be- 
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longing to E or not), such that every open set containing a, con- 
tains a subset of Ei which has the same potency as Ei. 

Theorem 38. Every compact set is bicompact. 

It will obviously be sufficient to prove, that if E be compact 
and non-countable, there exists an element a (belonging to E or 
not) , such that every open set containing a contains a subset of E 
of the same potency as E. 

Let tit be the cardinal number of E. We shall consider two cases. 

1. The cardinal number ttl is not the sum of a countable series 
of cardinal numbers smaller than itself. In that case, it can be 
easily shown that the set E contains an element a such that every 
open set containing a contains a subset of E of cardinal ttl. For, 
if not, then for every element p oi E there exists a rational set W 
containing p and such that the set W.E has cardinal < ttl. Let 
?7i, U 2 , ... be the successive members of the sequence (1) (§ 21), 
such that Un-E has cardinal nt» <nt. Evidently E C Ui-h L^2 + - • • ; 
hence, E— Ui.E+TJ2-E + . . and ttt < tlti+tn2 + . . ., which, along 
with m ^ mi+m2+ . . . (since ttt ^ t<o, and so ttt =m^^o and ttt,^ <m, 
for n = lf 2, 3, . . . ), gives ttt = ttt 1 + ttt 2+ • . • , contrary to the 
hypothesis about the number ttt. 

2. m=ttti+ttt2+ . . . , where ttt,, < ttt, for 2, Put 

^«=ttti+ttt 2 +. . . +ttt„ (for w = l, 2, 3,...). Since ttt„< ttt, we 
shall have jSM<ttt (since, as is well known, a transfinite cardinal 
number is not the sum of a finite number of cardinal numbers 
smaller than itself). 

Since <ttt, there exists an element pn of E such that for every 
open set U containing ;^„,the set U.E has a cardinal number 
For, if not, we should have E = Ui.E-\-U2-E-t- . . . . , where U^-E 
has cardinal ^ for ^ = 1, 2, 3,. . from which it would follow 
that the cardinal of E is ^ and, therefore, < ttt (for, if 

then — i^o<ttt ; and if then £«„. i^o = < ttt), which 

is impossible. 

From the fact that E is compact we conclude further that 
there exists an element a of the class K such that every open set 
containing a contains an infinity of terms of the sequence pi, p2. 
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Pzy . . , , This conclusion obviously applies also in the case when 
only a finite number of terms of the sequence are different. 

Let U denote any open set containing < 2 , n any given integer. 
It follows from the property of the element a that there exists 
an element pk in TJ such that k> n, and so from the property of 
the element p^, it follows that U,R has potency ^ The 

set U,E has, therefore, potency ^ for every integer n, from 
which, since tit = Itti +ni 2 + . . . , and S?„=nti+ . . . 4-tlt« (n = l, 
2, . . . ), it follows, as is known, that U.E has potency ^ 111 . 

Theorem 38 is, therefore, proved. 



CHAPTER lY 


TOPOLOGICAL SPACES WHICH SATISFY THE AXIOM 
OF COUNTABILITY 

30. We shall now strengthen somewhat axiom (iv) (§15) in 
replacing it by the axiom : 

{iv)a. If p and g he two different elements of the class K, there 
exist two open, mutually exclusive sets, one of which con- 
tains p and the other g. 

We shall deduce in this chapter conclusions from axioms (f), 
{ii), {Hi), {w)a, {v), and {vi). 

We have seen in § 19 that if by a neighbourhood of an element 
is meant an open set containing this element, then the investigation 
of classes satisfying axioms (i), {ii), {Hi), {iv), and {v) is equivalent 
to the investigation of Frechet’s classes (H). We have given in 
the same article the definition of Hausdorff’s topological spaces, 
which differ from Fr 6 chet’s classes (H) in that the property ( 7 ) of 
Fr^chet is replaced by the more stringent property ( 71 ). 

If, however, a neighbourhood of an element be defined to be an 
open set containing that element, then properties ( 7 ) and ( 71 ) 
become axioms {iv) and {iv)a respectively. It follows then at once 
that the investigation of classes K satisfying axioms {i), {ii), {in), 
{iv)a, and {v), is equivalent to the investigation of Hausdorff’s 
topological spaces. 

Hence the investigation of classes K, satisfying axioms (/), {ii), 
{Hi), {iv)a, {v), and {vi), which will be the subject of this chapter, 
is equivalent to the investigation of Hausdorff’s topological spaces, 
satisfying the axiom of countability {yi). 

31. Definition. An element a is said to be the lifnit of an 
infinite sequence of elements pi, p^, pz, . * . , written 

lim pn ==a, or pn — > a, as 71 — y 00 , 
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if for every open set U containing a, there exists an integer yu such 
that 

pn e U, for n > 11. 

The following properties of the limit of a sequence follow im- 
mediately from the above definition. 

Property 1. If pn ^p, for ;? = 1, 2, 3, . . . , then lim pn =p. 

w->-oo 

In other words, an infinite sequence whose terms are all equal 
to the same element has that element for its limit. The proof 
follows directly from the definition of the limit of a sequence. 

Property 2. If lim pn~cL, and lim pn=h, then a=b. 

n-^co n-^co 

In other words, an infinite sequence cannot have two different 
limits. In fact, if lim pn=^a, and then by (iv)^ there exist 

n-^co 

open sets U and V such that a e U, b e V, and U.V = 0 . Since 
lim pn=ci, pn ^ U for n > fi, and so (since U.V = 0), pnt P, for 

n > 11 , and, therefore, we cannot have lim pn = b. 

n-^ca 


Property 3. If lim pn — a, and if ;?i, Uz, ... is an infijiite 

CO 

sequence of increasing indices, then lim pnk—a. 

k-^co 

In other words, if a is the limit of the sequence pn(n — l, 2, , . . ), 
then a is also the limit of every sequence obtained from the given 
one. The proof follows at once from the definition of the limit of a 
sequence. 

Frechet considers in his thesis^ a class (L) to be a set of any 
elements in which the limit is defined in such a manner that, for 
every infinite sequence pi, p 2 j pz, ... of the elements of the given 
set and every element a of that set, it is possible to state whether 
a is the limit of the sequence pn(n = l, 2, 3, . . . ) or not. The 
convention which establishes this test is cjuite arbitrary except 
that properties 1, 2, and 3 are retained. In the paper referred 

'^Rendiconti del Circolo Matematico di Falcr 7 no, vo\. XXII (1906); see also 
Bull, des Sciences Math., vol. XLII (1918). 
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to above Frechet investigates the conclusions following from these 
hypotheses and from the corresponding definitions. 

It is obvious that every class K satisfying axioms (f), (fi), (z'ff), 
{iv)a, and {vi) may be considered as a class (L) of Frechet. (It 
could be shown, however, that the converse is not true.) 

Some of the other properties of a limit (which follow from 
our hypotheses and definitions but do not hold necessarily in the 
classes (L) of Frechet) are as follows: 

The limit of a sequence {or its existence^ does not depend on the 
order of the terms of the sequence. The proof follows immediately 
from the definition of the limit. 

The limit (or its existence) is not affected if we remove^ add^ or 
change a finite number of terms of the sequence. The proof is im- 
mediate. 

If lim pn=-a, and lim qn—Uy then the sequence pu qu p2, gs, • . • 

n-^co w-^oo 

also has the limit a. The proof follows easily from the definition 
of a limit. 

32. Theorem 39. In order that an element a he a limit elemejit 
of a set Ey it is necessary and siifficient that there exist an infinite 
sequence piy p^y pzy • . ^ , such that 

(1) lim pn=ay 

W-^CO 

and 

(2) a^pn € Ey for w — 1 , 2 , 3 , . . . 

Proof. That the condition is sufficient follows directly from 
the definition of a limit (§ 31 ). It remains, therefore, to prove 
the necessity of the condition. 

Hence suppose that a is a limit element of E. Let Fi, Fo, F3, 
. . . denote an infinite sequence of open sets satisfying the con- 
ditions of Corollary 2 of § 21 with reference to the element a. From 
a e Vn and the hypothesis that a is a limit element of E, it follows 
that there exists an element pn of E different from a and contained 
in Vn. The infinite sequence pu p2, pzj • . . is the required sequence. 
In fact, condition (2) is evidently satisfied. Let now U denote 
any open set containing a. From the property of the sequence 
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Vu V 2 , F 3 , . . . it follows that VnCU for n > /i; hence, pn e U 
for n> p., and so (1) follows. Theorem 39 is thus proved. 

Remark. We note that we may add in Theorem 39 the 
condition that the terms of the sequence pi, p 2 , pz, * . . be all dif- 
ferent. 

In fact, the sequence pi, p 2 , ps, . . . must contain an infinity of 
different terms, for, otherwise, one of the terms, p^ say, would be 
repeated an infinite number of times, and so from ( 1 ) and properties 
3, 1, and 2 of a limit we should have ps=a, contrary to (2). If 
pn„ pn^ pn^, ... be the infinite sequence obtained from the sequence 
pi, p 2 , . . • on removing from it every term duplicating some pre- 
ceding term, then from (1) and property 3 of limits we shall have 
lim pnh^f^i which proves the truth of our remark. 

k-y CO 

33. Theorem 40. In order that a jimction J he co72timwus hi a 
set E at an element po of that set, it is necessary and sufficient that for 
every infinite sequence pi, p 2 , pzt of elements of E, for which 

(3) lim pn^pQ, 

n-y^co 

we should have 

(4) Wm j{pn)=J{po)- 

n-yco 

Proof. Suppose that the function f(p) defined in the set E is 
continuous at pQ, an element of E, and let pn = 1, 2, 3, . . . ) be 
a sequence of elements of E for which (3) holds. Let further V 
denote any open set such that f{ph ^ R- By the definition of 
the continuity of a function at a given element (§ 10 ) there exists 
an open set U, such that po e U, and the conditions p e U.E im- 
plies that f(p) e V. But from (3) and the definition of a limit 
(§ 31), we have pn e U, for n> p\ hence also f{pn) e V for n > p, 
from which, since V is any open set and from the definition of a 
limit, (4) follows. The condition of our theorem is, therefore, 
necessary. 

Suppose now that the function f(p) is not continuous in E 
at an element po of E. It follows then from the definition of 
continuity of a function, that there exists an open set V containing 
f(po) such that in every open set U containing po there is an element 
p oi E for which /(^) I V. 
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By Corollary 2 of § 21 there exists an infinite sequence of open 
sets 27i, Z72, Z/s, . . . containing pQ and such that for every open 
set U containing pQ, we have Z7, for n> ii (\Yhere fx is an 

integer dependent on U). By the above, there exists an element 
pn in Un such that f{pn) € V, 

Since Pn € Un and from the property of the sequence Ui, U 2 , 

. . . , it is clear that (3) holds. However, (4) is not true, since 
fipn) e F, for n = l, 2, 3, . . . Hence the condition of the theorem 
is sufficient. 

Theorem 40 is, therefore, proved completely. 

We shall deduce now an important corollary from Theorems 
40 and 33. 

Let E be any given set. There exists by Theorem 33 a finite 
or countable subset F oi E such that ECZP . 

Furthermore, let f{p) and 4>{p) be two functions continuous 
in E and such that /(^) =<^(p), for peP. Then f{p) =4>{p) in the 
whole set E, 

Let pQ denote an element of E—P; from E<ZF=P+P'j it 
follows that po € and so by Theorem 39, there exists an infinite 
sequence pn{n = l, 2, . , . ) of elements of P such that 

lim pn =poy 

«->oo 

whence, since / and <j) are continuous in E, by Theorem 40, 
lim fip„) =fiPo), and lim =4>{po). 

n-^co n-^co 

Since pn e P, for u =1, 2, . . . ,f{pn) ~<l>{pn) and so we get at once 
f(po) =</>(/>o). 

Hence f{p)=<p(p), for peE — P, and since by h\'pothesis 
fip)=<p(p) for peP, therefore, f{p) —pip) in the whole set E. 
Hence, where E is a given set and P a finite or countable subset such 
that Eap, there is at most only one junction continuous in E and 
having assigned values in P, 

Since in a finite or countable set there can be defined at most a 
continuum of different functions (the values of the functions being 
given by the elements of K, which by Corollary 3 of § 21 is of 
potency of the continuum at most) therefore : 
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There is at most a continuum of different continuous junctions in 
every set E, 

It follows from the above that every set possesses at most a con- 
tinuum of different continuous transforms ^ and furthermore, that 
there exists at most a continuum of different sets homeomorphic with a 
given set. 

Let now all sets contained in a given class K be divided into 
topological types, with two sets belonging to the same type if 
and only if they are homeomorphic. To each topological type 
will then belong a continuum of different sets at most. If the class 
K has the potency of the continuum, then there are 2^ different 
subsets of K, and since each topological type consists of at most 
t different subsets of it may be concluded that K contains 
2^ different topological types.^ 

34. Theorem 41. A continuous transform of a closed and com- 
pact set is a closed and compact set. 

Proof. Let Eq denote a given closed and compact set, f(p) a 
function defined and continuous in Eq. Let T be any infinite 
subset of To=f(Eo). There exists, therefore, an infinite sequence 
qn(n^l, 2, ... ) consisting of different elements of T. Since 

qneTaTo^fiEo), 

there exists an element pn of Eq for every integer 7i, such that 

qtn ~f(Pn)j 

with the terms of the sequence pn{n = l, 2, . . . ) all different (since 
the terms of the sequence qn(n = l, 2, ... ) are all different). 

Denote by Ei the set of all terms of the sequence pn{n = l, 
2, . . . ) ; is, therefore, an infinite set contained in E^ and so 
has a derived set which is not null, since E^ is compact by hypo- 
thesis (§ 16). Let a be an element such that a € since EiCZEq, 
and Do is closed, a e Do. Since a e D/, there exists by Theorem 39 
an infinite sequence of elements of Di different from a, with a as 
its limit; this sequence will differ in order only from a sequence 
obtained from pn(n = l, 2, . . . ), and, since (§31) the limit of a 

-For, if ni fe the potency of the set of all different topological types contained 
in K, and K = ^f then 111 — 2*- and so m = 2^ (Appendix, § 4). 



IV. Axiom iva — Topological Spaces 


59 


sequence is independent of the order of the terms, we conclude 
that there exists an infinite sequence pnk{k~l, 2, . . . ) obtained 
from the sequence pn(n=l, 2, . . . ), such that 


lim pnk — O'- 

k^co 


From the continuity of / in and from Theorem 39, it follows 

that 


lim fipnk) =/(«), 

A->-oo 

i.e. 

lim qnk=fia), 

k-^co 


and since the terms of the sequence (and, therefore, those of the 
sequence qnk) are all different elements of T, it follows from the 
above tha.tf{a) e T', and, hence, T'^0. 

We have, therefore, proved that To is a compact set. 

Let now b denote any element such that b e To'. 

By Theorem 39 (and Remark to Theorem 39) there exists an 
infinite sequence qn(n — l, 2, . . . ) of different elements of To, 
such that 


(5) 


Since 


lim qn =&. 

«->-oo 


€ To==/(To), 


there exists an element pn for every integer n, such that 
pn ^ Roi and /(^jt) = 


in which the terms of the sequence pn{n = 1 , 2 ,...) are all different 
(since the terms of the sequence qn{n==l, 2, . . . ) are all different). 
Denote by Ei the set of all terms of the sequence pn(n=^l, 
2, . . . ) ; Ti will be an infinite set contained in the compact set 
Eo, and, hence, Ri9^0. There exists, therefore, an element a, 
which is a limit element of Ei. We conclude, as before, that a is 
the limit of some sequence obtained from the sequence pn(n = l, 
2, . . . ), and that lim pnk where (^ = 1 , 2 ,. . . ) is an infinite 

fe->-oo 

sequence of increasing integers. 

Since To is closed (and since ^^eTiCTo), we have a e Eo\ 
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from the continuity of the function / in Eq, and from lim pnk—<^^ it 

A->-co 

follows that lim f(pnk) =f{ci ) , 

k-^co 

i.e. 

lim q„k =f(a), 

k-^co 

which, from (5) (and from the properties 2 and 3 of limits) gives 
b =/(a) and proves (since a e Eq) that b €f(Eo) — Tq. 

We have thus proved that if & e To', then b e To, which proves 
that To is closed. 

Theorem 41 is, therefore, proved. 

A closed, compact, and connected set which contains more 
than one element is called a continuum. It follows at once from 
Theorems 41 and 21 that a continuous transform of a continuum, if 
it contains more than one element is again a continuum. It follows, 
in particular, that the property of being a continuum is a topological 
property. 


35. Theorem 42. If a function f{p) defined at the elements of a 
closed and compact set Eq is continuous and biuniform in that set, 
the7t the inverse ftmction off(p) is contmuous in the set To—f(Eo). 

Proof. Let f(p) be a continuous and biuniform function in a 
closed and compact set Eo and let 4>(q) be the inverse function of 
f{p); 4>{q) will, therefore, be defined for q e To=/(To). 

Suppose that (j^(g) is not continuous at an element qo of Tq. 
Hence, by Theorem 40, there exists an infinite sequence qi, q<>, . . . 
of elements of To for which 


( 6 ) 

but not 

Put 

(7) 

the relation 


lim 

W->-C30 


lim 4>{qn) =<f>iQo)- 

11 -^ CO 


pn ^Piqn), for n =0, 1, 2, 3, ; 


lim p,i =pQ 


will, therefore, not be true. It follows from the definition of the 
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limit of a sequence (§31) that there exists an open set U containing 
pQ, such that 

pn^ U 

is true for an infinite number of values of the index w. There 
exists, therefore, an infinite sequence of increasing indices = 

2, . . . ) such that 

(8) pnk^ Uj for ^ = 1, 2, 3, . . . 

If among the terms of the sequence pnk(k =1, 2, . . . ) a certain 
term, tt say, were repeated an infinite number of times, then 

J(P»k) — f(Po) =2o 

(which follows from (7) and the fact that 4> is the inverse function 
of /) and from (6) , we should have 

/(x) =go=/(^>o), 

and so, since / is biuniform, it—p^e U, whereas for for some 

k, (8) gives ttI U. Hence, the set of all the terms of the sequence 
pnkik =1, 2, . . . ) is infinite and so as a subset of the compact set 
Eq has a derived set which is not null. Hence, there exists an 
infinite sequence of increasing indices kr{r — l, 2, . . . ) such that 

( 9 ) ^^^Pnk^=p, 

r->-cx> 

and, since Eq is closed, we have p e Eq. The function/, being con- 
tinuous in Eo, (9) gives 

lim f(pnk^) 

r-^co 

i.e., since /(^«) 

lim quk,=f(P)y 

r-yoo 

and so from (6) (and properties 2 and 3 of limits) 

fip) =go: 


hence, from f{po) =?o and the fact that / is biuniform, 
(10) /=/o. 
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But from pQ e U and from (9) and (10), it follows that, for r suffi- 
ciently great, 

contrary to (8). 

We have thus proved that the hypothesis that 4>{q) is not con- 
tinuous in To leads to a contradiction. Theorem 42 is, therefore, 
proved. 

It follows from the above theorem that a continuous and 
biuniform transform of a closed and compact set is homeomorphic 
with that set. 

36. A set E is said to possess the Borel property if, for every 
infinite sequence of open sets Qi, Qz, . . . such that jEC Qi-f Qs 
-j- . . . , there exists an integer n such that ECZ Qi-\-Q’2.+ . . .+(2w. 

By Theorem 28 every closed and compact set has the Borel 
property. We shall prove the converse, i.e, a set possessing the 
Borel property must be closed and compact. 

To prove it, suppose that the given set E is not compact; 
hence it contains an infinite subset Ei such that Ei =0. Let 
Ph p 2 , ^ 3 , . . . be an infinite sequence of different elements of Ei; 
denoting by Pn the set of all terms of the sequence pn, Pn+h 
Pn-\- 2 i . . . we shall have P„CTi, hence and so Pw'=0; 

the sets Pn{n=^l, 2, , . . ) are, therefore, closed, and so the sets 
Qn—K—Pn are open. Furthermore, it is clear that PC(2i-f-(22 + 
<23+ • • • (For if p € E —Pu then obviously pe Qy—K —Pi, and if 
p^Pu for instance p=p,,, then P ^ Qk+i=K —Pkj^i, since 
consists of the elements pu+h Pk-\- 2 ^ • * • which are different from 
pk.) On the other hand, it is impossible to have PC(2i + <22 
+ • • • +& for any n, for pn ^ E but pn^ Qk^ foi" k'^n (since = 
K—Pk, and pn^P^ for k'^n). 

Hence a' set which is not compact does not possess the Borel 
property. Suppose now that the set E is not closed. There exists, 
therefore, a limit element a of P which does not belong to E. 
There exists, by Theorem 39, an infinite sequence pi, p^, pz, . . . of 
elements of E different from a, such that lim pn~a. Denote by 

w->-QO 

Pn the set of all different terms of the sequence pn, Pn+i^ Pn+2 , ■ ■ ■ • 
It is easily seen that the set P,/ consists of one element a only. 
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(That a is the limit element of Pn follows from the property of the 
sequence pu . and from property 3 of a limit. If there were 

a hePn then, by Theorem 39, a certain sequence obtained from 
the sequence ^ 2 , . • . would have the limit h and so, by properties 
2 and 3 of limits, we should have h=a.) Put Qn=K^Fny where 
Pn =Pn+Pn' ] these will be open sets, for ^ = 1, 2, ... . It is easily 
seen that <21+02 +03+ ••• • For if peE—Pi, then from 
ae E and Pi = (a) , we have peE —Pi and certainly peK —P 1 = <2i ; 
and if p e Pi, for instance p=pk, then p e Qk+i- On the other hand, 
ECIQ 1 +Q 2 + . . . +Qn is not true for any n, since pn ^ E, but 
poi ^ Qk^ ior 

Hence, a set which is not closed does not possess the Borel 
property. 

By virtue of Theorem 28, it can now be stated that 

In order that a set possess the Borel property it is necessary and 
sufficient that it he closed and compact. 

37. Theorem 43. The set of all open {closed) sets has the 
potency of the continuum (for classes K containing an infinite 
number of elements). 

Proof. Taking into consideration Corollary 4 from axiom (yi) 
(§ 21) it will be- sufficient to prove that the set of all open sets of 
a class K has the potency of the continuum at least. It will be 
sufficient for that purpose to show that there exists in K a7i i?ifinite 
sequence of open, mutually exclusive, 7ion-null sets. Different subsets 
of such a sequence (and there is, as is well known, a continuum of 
such) will determine different sums, which will be open sets. 

We shall distinguish two cases for purposes of proof. 

1. The class K does not contain elements which are limit 
elements of K. Hence, for every element peK there exists an 
open set U{p) which contains only the element p, i.e. U(p) =(p). 
It follows, therefore, that sets consisting of the single elements 
of K (one by one) form an infinite set of open, mutually exclusive, 
non-null sets. 

2. An element a of is a limit element of K. Let pi be an 
element of K different from a. (Such an element exists since we 
suppose that the class K is infinite.) 
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There exist by axiom {iv)a two open sets Ui and Vi such that 
pi € Uu a e Vi, and ? 7 i. Fi = 0 . Since a e Vi and a e K\ there exists 
in Fi an element of K different from a, say p2. 

By axiom (iv)a there exist open sets U2 and V2 such that 
p2 e U2, a e V2, and 272. T2 = 0 , and it may be supposed that U2 C Vi 
and F2 C Vi, for otherwise we could take the products of the sets 
U2 and V2 respectively by Ti, which are open sets by axiom (i)). 

Suppose, in general, that we have determined a sequence of 
elements pu p2, • • • 1 Pm and the sequences of open sets Uu Uoy 
. . . , Un, and Fi, F2, . . . , Vn, where pn e 27 «C ae F«C F„„i, 

and Un- F« =0. Since a e Vn and a e K\ there exists an element 
of K different from a in F,?, and by axiom (w)a there exist open 
sets 27 „ 4 .i and F^.+i such that p,,^i e 27 „^.i, a e F„+i, and 27 „+i. F^+i 
= 0; as before, it may be supposed that U.i^iCZ Vn and F„+iC F». 

The infinite sequence of open sets Uu U2, U3, ... is thus 
defined by induction; we have also Fi^ F2D F3, . . . , 27 „_j_i C Vn 
but 27 ,z.Fn = 0 , for 7^ = 1 , 2, 3 , . . . , from which it is readily seen 
that the sets 27 i, U2, U3, . . . are mutually exclusive. 

Theorem 43 may, therefore, be considered as proved com- 
pletely. 
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NORMAL CLASSES 

38 . To the axioms introduced so far in the investigation of 
classes K we shall add the so-called axiom of regularity (Tychonoff) : 

(w) If an element p belongs to an ope7t set U, there exists an 
open set V which contains p ani whose e?tclosure is con- 
tained in TJ {i,e, FC ?7). 

It is easily seen that every compact class satisfies the axiom of 
regularity} In fact, let K denote a compact class, p a given 
element of K which belongs to an open set U, The set F=K — U 
is, therefore, closed and compact (since it is a subset of the compact 
class K) and pe F. For every q e F (and so q^^p) there exist by 
(n')a open sets F(g), and W{q) such that pt F($), qe TF(g), and 
V{q).W{q) =0, Since F is closed and compact there exists, by 
Theorem 36, a finite number of elements qi, $ 2 , • • • , gw of F such 
that FCW=W{qi) + W{q 2 )+ . . . +W{qn). If we let F=F(ei) 
. 7 (^ 2 ) . • . •F(grt), we shall have, as is easily seen, two open sets 
W and V such that FC,W,p e F, and W, P^=0 (since W{qf}. Ifqi) =0 
by the definition of the sets P’'(g) and W{q), for i==l, 2, . . . , n). 
From W.V = ^ we get VC.K — Wj and since K — W is closed we 
have FCi?— TF and so FCK — F=Z7, since FczW. Hence 
p e Fand FC F, and so, being any open set, the class K satisfies 
the axiom of regularity. 

We note that axioms (/V)a arid {I'ii) can be expressed as a single 
axiom in the following form: 

If p and q be two different elements of iv, there exist two open 
sets U and F such that p e U, qe and [7. P^ = 0. The proof 
that this axiom is equivalent to axioms (fiOa and {vii) combined, 
does not offer any difficulty. 


^See E. \V. Chittenden, Bull, of the Amer. Math. Soc., vol. XXXIII (1927 ), 
p. 23. 
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A class K is said to be normal (Urysohn) if it satisfies the 
following 

Condition of normality: If P and Q he two closed, mutually 
exclusive sets, there exist two mutually exclusive, open sets, one oj which 
contains P and the other Q, 

Axioms {iv)a ^md {vii) follow, as is easily seen, from the con- 
dition of normality (and hypotheses (I) and (II)). In fact, to obtain 
axiom {iv)a it is sufficient to apply the condition of normality (for 
two different elements p and q of the class considered) by letting 
P — {p) and To deduce axiom (yU) from the condition of 

normality it will be sufficient to put P — {p) for p e U, where U 
is an open set, and Q—K—U; since P and Q are closed and mutually 
exclusive sets there exist by the condition of normality open sets 
V and W such that PCZ V, QCZW, and F.PF'==0, and so, since W 
isopen, F.PF = 0; hence, VCl K — WCZ K — Q— U.^ 

39. Theorem 44. A class K which satisfies axioms {i)‘{vii) is 
normal} 

We shall even prove a stronger property than that of normality 
of a class K which satisfies axioms {i)-{vii), namely: 

If P and Q he two mutually exclusive sets neither of which contains 
limit elements of the other, then there exist open sets U and V such 
that P CZU, QczV, and U.V=-Q. 

Suppose, therefore, that the class K satisfies axioms {i)-{vii), 
and let P and Q be two sets contained in K and such that PXf — 
P .(2 = 0 . 

Thus if p e P, then p e K —Qj and since K—^Q is open (Q being 
closed) there exists by (vii) an open set V such that p e T" and 
f/CZK — Q, and so V^Q =0. By Corollary 1 of §21, there exists 
a rational set W such that p e W CZ V', hence, hTC F; and W.Q =0. 

Hence for every element p oi P there exists a rational set W, 
such that p e W, and W-Q =0. 

Let 

(2) U ^, U ^, 1/3, .. . 


“Hypotheses (I) and (11) are required here to be able to conclude (hat a 
set consisting of one element only is closed, and the complement of an open 
set is closed (Theorems 24 and 2). 

^A. Tychonoff, Math. Annalen, vol. XCV (1925), pp. 139 et .seq. 
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denote a sequence of successive terms Wn of the sequence (1) of 
§ 21, such that Wn-Q =0. We shall have then 

(3) Pc 271+272+^73+ . . . ; Un^Q —0, for w = l, 2, . . . 
Similarly, let 

(4) Fi, F2 , Fs, 

denote a sequence of successive terms Wn of the sequence (1) of 
§ 21, such that 1F»-P —0. Then 

(5) (2CF1+F2+F3+ . . F^.P-O, forw = 1.2, . . . 

We may suppose that the sequences (2) and (4) are infinite, 
repeating one of the terms an infinite number of times if necessary. 
Let now 

(6) - Ci=27i. i7i = Fi-Gi, 

and for n> 1, 

(7) Gn = Un — (i7i+i72"l" • • • “l"77n-l)> = Vri ” (^ 1 +^ 2 +. • • +6m) ; 

finally, 

(8) C = (7i+2?2+C3+ . . . , 

It follows at once from (6), (7), and (8) that the sets G and H 
are open (since the sets (2) and (4) are open and because of Theorem 
26). It will be shown that 

(9) FaG, Q an, and G,H = 0. 

Suppose p eF; there exists an index m by (3) such that p e U,„. 
But^by (6) and (7) i7«C F„, and so 77„C F„, and by (5), l7„.PC 
Vn‘F; hence, Hn^P ==0, for =1, 2, 3, . . . ; since p e F and p e 
it follows from (6) and (7) that peG.^ and so ^ € G by (8). We 
have thus proved that PCZG. Similarly, it may be proved that 
QdH. 

Evidently, from (8), in order to prove that G.i7 = 0, it will be 
sufficient to show that G^JIi^O for every pair of integers, k and 1. 
If k<l, then by (7) 77^ = F^ - (G^ +5^ + • • • +Gi)aVi-Gk 

C ri-G;fe,^nd so Gk.Hi^O, Uk>h then by (7) G^ = 27;^ - (/A +7P 
+ . . . +7A_i) C Uk — lIi^Z and so G^-Hi =0. 

Hence (9) is proved. The class K is, therefore, normal. 
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40. Theorem 46. Every perfect, compact, non-null set has the 
potency of the continuum. 

To prove the above we shall first establish the following 

Lemma. For every perfect, non-null set P there exist perfect sets 
Pq a7id Pi such that 

P , O^^PiCP and Po.Pi=0. 

In fact, let P be a given perfect set, po and p\ two different 
elements of P.^ By axiom {iv)^ there exist open sets Uq and 
Ui such that pQ e Uo, pi e Ui and Uq.Ui = 0. In virtue of {vii) we 
conclude that there exist open sets Vq and Fi such that po e Fq, 
pie Fi, FoC Uq, FiC Ui, and so Fo-Fi = 0 since Z7o. 27i=0. 

Since P is perfect the set Fq.P is dense-in-itself (§ 22) and not 
null (since PoeP and po e Fo). But, by the corollary to Theorem 6 
(§6), the enclosure of a set dense-in-itself is dense-in-itself and, 
therefore, perfect; the set Po = (Fo-P) is, therefore, perfect, not null 
(since pQt Fo-PCPo), and PoCP=P. Moreover, PqC Fosince 
Fo.PC Fo. 

Similarly, it may be shown that there exists a perfect set Pi 
not null, such that Pi CP and Pi C Fi- Since Fo. Fi=0, the con- 
ditions of the lemma are obviously satisfied by the sets Pq and Pi ; 
the lemma is, therefore, proved. 

We shall apply this lemma to prove Theorem 45. Let P 
denote a given perfect, compact set. There exist by the above 
lemma two perfect sets Po and Pi such that 

Ot^^PqCP, Of^PiCP, and Pq.Pi—0. 

Applying the lemma to the perfect set Po we find that there 
exist two perfect sets Poo and Poi such that 

Ot^PooCPo, Of^PoiCPo, and Poo.Poi==0. 

Suppose now that all the perfect, non-null sets Paia^-.a/, have 
been defined, where aia^ . . . a/, denote any combination of k 
numbers each of which is equal to zero or one. By Pa^ a.^. . . 

Pai a.... we shall mean j)erfect sets such that 

'‘Such elements exist since a non-null, perfect set cannot consist of one element 
only. 
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(10) Q^Pa, 0.2 - • * "^ttl 0,2 - - . 0^» Op^Pa, a,.. . Oj^l ^0^1 O 2 ■ • - o^ » 

and 

(11) -^Oi Oo. . . a^Q. -Poi 0*2. . .O;^! =0; 

these sets will certainly exist by our lemnaa. 

The sets Paio^ - - where aioo . . . denote any finite com- 
bination of the numbers 0 and 1, are thus defined by induction. 
Let now 

( 12 ) OI, 02, 03, . . . 

denote any infinite sequence obtained from the numbers 0 and 1. 
Consider the infinite product of the sets 

(13) Tai -PoiOo- TctiOoOa • • • 

It follows from (10) that the factors of the above product form 
a descending sequence of non-null, compact sets, since they are 
subsets of a compact set; they are also closed (since perfect). 
The conditions of Theorem 27 (Cantor) are therefore satisfied, 
and so (13) is not a null set. Let ao, as, ... ) denote any 

element of this product. 

To every infinite sequence (12) which consists of the two 
numbers 0 and 1 (and there is, as is well known, a continuum of 
such sequences) there corresponds a certain element p{au ao, . . . ) 
of P. It is easily seen that to different sequences (12) there will 
correspond different elements of P. In fact, let 

/3i, /32, ^ 3 , . • . 

denote an infinite sequence obtained from the numbers 0 and 1 
and different from the sec]uence (12); hence, there exist indices 
n for which Let ui be the smallest of these indices; we shall 

have then 

(14) for f = 1, 2, . . . , — 1, and a,„r=^jS,„, 

and so if e.g. a^„</3„j, then 

(15) 13, „ =1. 

From the property of the elements p(ai, ao, . . . ) and 
p(^i, /3 2 , . . . ) it follows that 
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(16) 

p{a.i, a.2, . 

. . ) € Pai tta . . . am 

and 



(17) 

PiPu /32, . 



But from (14) and (15) we have . .(3m and 

Paitta. ..am=Pai...am-iO; hence, from (11) 

PaiClo • • • CLm ' . . ./Sw 0, 

and so from (16) and (17) 

^(tti, a2, - . . ^ 2 , . . . )• 

The set of elements p(a.i, a 2 , . . . ) which are correlated with 
the infinite sequences ai, a 2 , as, . . . consisting of the two numbers 
0 and 1, is, therefore, a subset of P of the potency of the continuum. 
Hence the set P has the potency of the continuum at least. On the 
other hand, the set P formed of elements of the class K has, by 
Corollary 3 to axiom (vi) (§ 21), the potency of the continuum at 
most. The set P has, therefore, the potency of the continuum; 
this proves Theorem 45. 

Let now p denote any element of a perfect and compact set P, 
and U any open set containing p. 

It follows from the lemma that there exists in a perfect non- 
null subset of P and so, by Theorem 45, a subset of the potency of 
the continuum (since a subset of the compact set P is compact). 

Ifj therefore, p he an element of a perfect and compact set P, the7i 
every open set containing p contains a continuum of elements of P. 

It follows immediately from the above that every element of a 
perfect and compact set is an element of conde^isation of that set. 

From Theorems 32 and 45 we get immediately 

Tlieorem 46. Every non-countable, closed, and compact set has 
the potency of the continuum. 

In fact, it follows from Theorem 32 that a closed, non -countable 
set is the sum of a non-countable perfect set and a set countable 
at most; Theorem 45 will apply to the above perfect subset, which 
is compact, since it is a subset of a compact set. 

41. We shall now prove an auxiliary theorem which will be 
made use of in the present as well as in the following chapter. 
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Urysohn’s Lemma. If P and Q he two mutually exclusive, closed 
sets, there exists a real function f{p) defined and Continuous in the set 
K, and such that (S^f{p)'<l throughout, with fip)=0 for peP, 
and f(p) = 1 for p eQ, 

Proof. Let P and Q be two mutually exclusive, closed sets. 
Put G(l) =K — Q; hence, G^(l) will be an'open set and PCZG{1) 
(since P.Q = 0). By the condition of normality (§ 38; Theorem 44, 
§ 39) there exist open sets U and V such that PCZU, QCZ V, and 
Z7. F = 0; put G(j) = U; hence, 


PczGii) and C(i)CG(l). 


(Since U.V—0 and V is open, we have ^7.^ = 0, and so certainly 
Zr.<2 = 0; therefore, Uc:K — Q=^G(l).) 

Let now m denote a given integer and suppose that all sets 

have been defined, where n is an integer m, and k = l, 

2, 3, . . . , 2^-~ 1, and where 


(18) paG(±)czG(±yGQp). 

for n<m, k=l,2,..., 2”-!. 

We have then from (18) PCZG » and so, as formerly in the 

case when PczG (1), there exists an open set which will be denoted 
by G and such that 




If, however, \ then by (18) G C G > and 

so there exists an open set, which we shall denote by G | 


Y^Ysuch 




that 
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The open sets G 


(i) 


are thus defined by induction for every 


integer n and for 2”, and they all satisfy relation (18). 

We shall define now a real function / of the elements ^ of if as 
follows. 

Let p denote a given element of K. If p e Q, then pu.tf(p) =1. 

k 

If pe Qy i,e p e K — Q — G (1), then there are numbers — such that 

rk\ k 

p eG ( — j ; if / be the lower bound of such numbers — , put/(i?) —t. 


Obviously f (p) =0 for p e.P, since by (18) PCG 




for 


= 1,2,... ; the lower bound of the numbers — such that p e 




this case equal to zero. It is also clear that we have 

0<f{p)< 1 throughout (since the numbers^ are all > 0 and l). 

Hence, it only remains to prove that the function f{p) is con- 
tinuous in the set K. 

Let pQ denote a given element of if, e any positive number. 
We shall consider three cases: 

/(^o)=L Let m be an integer such that <€, and put 

/2”^ — 1\ / 

U — K — Gf - ] ; U will be an open set containing po (for if 


/ 2 ”*— 1 \ 1 \ 

G( — - — )CG( r — tt— ) we should have from the definition 
\ 2^ / \ / 

to hypot 
/2^” - 1\ 


i>oe 

\ ^ ' / \ 

of the function/, f{p^< . <1, contrary to hypothesis ). If 


peU then plG 


the relation plG 


/2”^--l\ 


and so certainly pi G 


implies that pi G 


/ r \ 

\^/ 


; by (18) 


for ^ ^ and, 

2 ^ 2 '^ 


therefore, from the definition of the function fit will follow that 


/(/>) = 


-1 


:1- 


> 1 — €, and since, on the other hand, we have 
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fip):^ 1 throughout, hence 1 —€<f(p) <1 for peU. Since € (which 
determines the open set U containing Pq) is an arbitrary number, 
the function / is continuous at po. 

2. fipo) =0. Again let m be an integer such that ^ < €, and 

; U will be an open set containing pQ. For it 

follows from the definition of the function that if f(po) = 0, there 

k 1 / k \ 

exists a number of the type and such that p^eGx — ] and 

2” 2^ \2” / 

so by (18), since ^ we have G C G . Hence for 

p^TJ we shall have, from the definition of /, f{p) ^ i <€, and since 

y(^)>0, we get 0<f{p)<e whenever peU; this proves the con- 
tinuity of the function / in the set K at the element po. 

3. 0</(^)<l. In this case there exist, as is easily seen, 

1 k 

integers n and k both > 1 and such that <e and — <f{p^ < 
h - 4-1 

1. Hence, from the definition of / and from (18), poiG 

and certainly ^>o « G = ~ 

; then po e Z7, and U is obviously an open set. If ^ € Z7, 

then peG and G and so certainly G : 

^ — 1 

from the definition of the function it will then follow that 

^fiP) ^ Since pa e U and <€, we have l/(^) -/(^o)l ^ e 

whenever p e U; the function f is, therefore, continuous in K at 
the element pQ. 

Urysohn’s lemma is, therefore, proved. 

42. Let 5 be a connected set containing more than one element, 
and let po be a given element of 5 and U an open set containing 
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po. If there were no other elements of S in U than po, the sets 
(po) and S — (Pq) would be, as is easily seen, separated, contrary 
to the supposition that 5 is connected. There exists in U, there- 
fore, an element px of S different from pQ. Put F = {po ) , Q — {p{) -}- 

— P and Q are clearly two closed, mutually exclusive sets. 
Hence, by Urysohn’s lemma, there exists a real function /(j^) defined 
and continuous in K and such that 0:$:f(p):<l, where f(p) =Q 
for peF {i.e. for P^Pq), and/(_^)=l for p ^ Q. f(p) being con- 
tinuous in K will certainly be continuous in SCZK, where /(po) ==0, 
and/(^i) =1 (since pie Q). 

By the Corollary to Theorem 21 (§ 11) the function / will take 
in the connected set *5 every value between 0 and 1. But 
and f{p) = 1 for p eQ\ hence / can take values 1 in 
U only. Hence / must take every value between 0 and 1 in the 
set S. U. The set S. U has, therefore, the potency of the continuum. 
Hence 

Tlieorem 47. If S he a connected set containing more than 07ie 
element, and if U be an open set such that S.U^Q, then S. U has the 
potency of the continuum. 

We may remark (with the hypothesis of Theorem 47) that the 
set S. U need not be connected and that it may not even contain 
any connected subsets consisting of more than one element.^ 

As an immediate result from Theorem 47 it follows that 

Every connected set containing more than one element has the 
potency of the continuum. 

From the fact that a continuum is a closed, connected, and 
compact set containing more than one element (§ 34), we may 
deduce by means of Theorem 47 the following 

Corollary. If a set C be a continuum, the^i every ope7i set 
containing an element of C contains a continuum of elements of C. 

This property justifies the name of a continuum. 

We shall note here that the property of a continuum deduced 
above follows also immediately from an analogous property of 
perfect sets (deduced in § 40), namely from the fact that every 
continuum is a perfect and compact set (since it is compact and 
closed, also connected and containing more than one element, 
hence not containing isolated points), 

®See Fund, Math., vol. 11, p. 244. 
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METRIC SPACES 

43. An aggregate M is called a mtiric space (Hausdorff) if to 
every two elements a and h oi M there is assigned a certain real 
non-negative number p(a, b), called the distance of the elements a 
and &, in a perfectly arbitrary manner apart from requiring it to 
satisfy the following three conditions (so-called distance axioms) : 

1) p(6, a) =p{a, b) (law of symmetry); 

2) p(a, b) =0, when and only when a=t; 

3) p(a, c)^p(a, 6)+p(&, c) for every three elements a, &, c of 

M (the triangle law).^ 

A subset of a metric space is evidently a metric space. 

Let E denote a set contained in M. An element a of M (be- 
longing to E or not) is said to be a limit element of E, if correspond- 
ing to every positive number € there exists at least one element p 
of E such that 

( 1 ) Q<p{a,p)<€. 

The set of all limit elements of E is called the derived set of E 
and is denoted by A set £, such that E D is said to be closed. 
The complement of a closed set (with respect to M) is called an 
open set. 

44. Denote by K{p^ r) the set of all elements q of the aggregate 
M which satisfy the condition 

pip, q)<r, 

for a given element p and a given positive number r. 

^A. Lindenbaum remarked that conditions 1) and 3) can be replaced 
(retaining, of course, condition 2)), by one condition: 

p(a, c) ^ p(a, &)+p(c, b), 

for every three elements a, b, c, of M {Fund, Math,, vol. VIII, p. 211). 
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Then for a set ECZ M to he open, it is necessary and sufficient 
that for every element p e E there should exist a positive number r such 
that K{p, r) C E. 

In fact, if the existence of a number r for a certain element p 
of E is denied, it follows that the set 

K (^, ^ . (M-E)9^0, for w=1, 2, 3, , 

and for every integer n there exists an element qn such that 

(2) qn^K (p. . (M-E},forn = 1,2, 3 ; 

hence, from the definition of K(p, r) 

p(p, qn) < for w = 2, 3, ... , 

n 


and, therefore, since by (2) qn e M—Ey for ^ = 1, 2, 3, . . ., from the 
definition of a limit element and a derived set, we have 

p € (M-Ey. 

But p e E; hence, M'—E is not a closed set, and so E is not an 
open set. The condition of the theorem is, therefore, necessary. 

Suppose, on the other hand, that the condition is satisfied, and 
suppose that E is not open. Then M~E is not closed, and so 
there exists a limit element ^ of M—E, which does not belong to 
M—E. Thus pe^M—EYy and p e E. Since ptE and from 
the fact that the condition is satisfied for E, there exists a positive 
number r such that K{py r) CZE. But, since p e (M—E)', it follows 
from the definitions of a derived set and a limit element that there 
exists an element qeM—E such that p(py q) <ry and so g e 
K(py r ) ; from this it follows that K{py r ) . {M —E) t^O, contrary to 
the result K{py r)CZE deduced above. The condition is, therefore, 
sufficient. 

We shall prove next that every set K{p, r) (where p e M, and 
r> 0) is open. 

Let p denote a given element of the aggregate M, r a given 
positive number, and suppose that q e K{p, r) ; we have then from 
the definition of the set K{py r) 

p(p, q) < r. 
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The number r± — r~p(p, q) is, therefore, positive. It will be 
shown that K(q, ri) CZK{p, r). In fact, if qi e K(q, ri) we have 

p(q, qi)<ru 

and so, by the triangle law (condition 3)), 

p(P, Q.i)-p{Pi e)4-p(g, qi)<p{p, g)+ri = r; 

hence p(p, qi) <r, i,e qi e K(pj r). 

Hence, from the condition for a set to be open deduced above, it 
follows at once that the set K{pj r) is open. 

The set K(pt r) (where p e M, and r> 0) is called an open sphere 
of centre p and radius r. 

We shall next show that /or an element p e M to be a limit element 
of asetB.cz M, it is necessary and sufficient that every open set contain- 
ing p contain an element of B different from p. The sufficiency of 
the condition follows at once from the definitions of a limit element 
and the set K{p, r), and from the fact that the latter is an open 
set (for p € M, and r> 0). 

Suppose now that p e E\ and let U be an open set such that 
p e U, By the property of open sets deduced above, there exists a 
positive number r such that K{p, r) C U. But, since p e B', there 
exists an element qeE such that 0<p(p, q)<r; hence q^^pj and 
qeK{pj r), and so certainly qeU. The condition is, therefore, 
necessary. 

45. It will now be shown that the distance p{pj q) is a coyitinuous 
function of the two variables p and q (in the whole metric space M), 
In other words, it will be shown that for every two elements pQ 
and go (different or not) of the metric space considered, and 
for every positive number € there exist open sets U and V such 
that pQ e U, qo e V, and for \vhich the relations 

p e U and q e V 

imply the inequality 

1 piP^ q)-p{po, go) 1<€. 


ments po and go and a given positive number €. U p e U and g € 


^ for the given ele- 


In fact, put U = K (po, V=^K (qo, 


€ 
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then p(pot P) < and p(qo, q) , and so, by the law of sym- 
metry and the triangle law, 

p(P^ Q)^p(py Po) ~^PipQi ^o) +p(5o) q)'^p(Poi 5'o)+€, 

and 

p(p07 Qq) — p(Po, P)+p(P, q)+p(Qf Qo)<p(p, 3)+«» 

whence 

— €<p(p, q) ~-~p{pQ, qo) <€. 

46. We shall next show that open sets of a metric space 
satisfy hypotheses (I) (§ 1) and (H) (§ 15), and the condition of 
normality. 

Axioms (i) and {ii) follow immediately from the definitions of 
an open, closed, and derived set respectively and from that of a 
limit element. Axiom {Hi) follows from the necessary and sufficient 
condition for a set to be open, deduced in § 44. 

To prove axiom {iv), it will be sufficient to remark that, if p 
and q are two different elements, then p{p, $) =r> 0; the set K{p, r) 
is, therefore, an open set which contains p but does not contain q. 

To prove axiom (z^), suppose that T = ?7. F, where U and V are 
two open sets. p ^ U. V, then, since p eU and from the condition 
for an open set (§ 44), it follows that there exists a number ri>0, 
such that K{p, ri) C U. Similarly, since p e V (and V is open), there 
exists a number r 2 > 0, such that K{p, C V. Denote by r a 
positive number ^ri and ^^ 2 ; then, obviously, K{p, r) ClK{p, ri), 
and K{p, r)CZK{p, ^ 2 ), and so K{p, r)C^U.V=T, Hence, for 
every element peT there exists a number r>0, such that 
K{p, r) C T, and this, as we know, proves that T is an open set. 

We shall prove now that metric spaces satisfy the condition 
of normality (§38). 

Hence let P and Q be two mutually exclusive, closed sets 
(contained in a given metric space M). 

If p is an element of the set P, then, since P.Q = 0 and Q is 
closed, we have P.(2 = 0; there exists, therefore, by the definition 
of a limit element, a positive number r = 4>{p), such that K{p, r) . Q 
= 0. Similarly, there exists for every element ge Qa positive number 
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r — ^(q), such that K(q,r) . P=0.- Denote by U the sum of all 
sets K{pj |<^(^>)), where p e P, and by V the sum of all sets 
where qeQ. The sets U and V are evidently open 
(since they are sums of open sets) ; also PCZU, and QCZV (since 
p € K{p,r)y for every r> 0). It remains to be proved that U. F=0. 

Suppose, on the contrary, that Z7. ^ 5 *^ 0 ; there exists an element 
a, such that a e and a e V. Since a e U and from the definition 
of the set U, there exists an element p € P, such that a € 
K{p, i4(p))- Similarly, since a e V and from the definition of 
Q, we conclude the existence of an element q € Qy such that a e 
^(5> i^(5))- We have then simultaneously 

p(py a)<i<p(p)y and p(g, a)<j0($), 
and so (by the law of symmetry and the triangle law) 
p(py q) 

If 4>{p)'^ 4>{q) j we have then 

P(^» q)<4>{P); 

hence, qeK(p, ^(p)), contrary to the definition of the number 
Pip) (since qeQy and K(py <f>(p)) . Q = 0). Similarly, we arrive 
at a contradiction if we assume that <f>{q)^<f>(p)f which gives 
piPi We must, therefore, have 

U.V = Q. 

We have thus proved that metric spaces satisfy the condition of 
normality. From this and hypotheses (I) and (II) we conclude 
(§ 38) that axioms (iv)a and (vii) are satisfied. 

Looking over the proof of normality of metric spaces, we 
realize that we have proved a property of them stronger even than 
that of normality, namely the property expressed in § 39. 

It follows at once from the properties of open sets proved in 
this article and from the necessary and sufficient condition for 
a given element to be a limit element, deduced towards the close 
of § 44, that every metric space is a class K which satisfies 


^To avoid the axiom of selection it could be here assumed that r = 4>{p) is 
the first term of a given infinite sequence of rational numbers satisfying the 
condition K(p, r) . Q — 0 with a similar convention for <^($). 
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axioms ii), {ii), (iii), (w)^, {v), and (vii). It can also be stated 
that, if open sets be taken to mean neighbourhoods of elements a 
(in a metric space), then a metric space will be a normal (§§ 19, 
38) topological space (Hausdorff) ; it will also be a normal class (H) 
of Fr6chet. 

Axiom (vi) may not, however, be satisfied in a metric space. 
This follows already from the fact that the set of elements of a 
metric space may have any potency. In fact, every aggregate 
may become a metric space if the distance between every two 
elements of the aggregate be appropriately defined. It would be 
sufficient to put p{p, q) =1 for every two different elements of the 
given aggregate. (Conditions 1), 2), and 3) of the distance 
function (§ 43) would here be satisfied, as could be easily shown.) 
Moreover, we shall show in the next article that axiom {vi) is 
satisfied in every compact, metric space. 

47 . Let ikf be a given metric space, E a given compact set 
contained in M {i,e. such that every infinite subset of E has a 
non-null derived set), and let e be a given positive number. Take 
any element pi oi E. If there are elements p in E such that 
p{pi, thenl^t p 2 denote one of them. If, further, there 

are elements p oi E such that 

p{pn P)— and p(p 2 , p)— e, 
let pz be one of them. 

Generally, suppose that we have obtained the elements pi, 
p 2 , ‘ ^ pn oi E\ ii there are elements p oi E such that 

piPk^ P)- €, for ^==1, 2, . . . , n, 
let pn-\-i be one of them. 

It will be shown that the sequence of elements pi, p%, pz, . . . thus 
obtained, cannot be infinite. In fact, if it were infinite, then (from 
the fact that the terms of the secjuence are all different, since every 
element is at a distance e at least from the preceding one) the set 
El of the terms, as an infinite subset of the compact set E, would 
have a non-null derived set, and so there would exist a limit element 
a of the set jEi. The sphere K{ii, eU) would have to contain an 
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infinite number of elements of Ei; in any case, there would exist 
indices k and l>k^ such that 

Pk) <^h and p{a, p{) < 6 / 2 , 

and so, by the law of symmetry and the triangle law, 
piPk^ Pd'^piPky Pi) 

whereas from the definition of the sequence pn{n — l, 2 , . . . ) it 
follows that (for l>k) we must have 

p(Pk^Pi)-^‘ 

We have thus proved 

Theorem 48. If E he a compact set, then for every positive 
number e there exists a finite sequence pi, p^, . . . > , pn of elements of E, 
such that every element p of E is at a distance less than efrom at least 
one of the elements of that sequence. 

Let now in Theorem 48 e = — , where is a positive integer, 

m 

and denote the corresponding sequence by p-T , pf^ , . . . , AC* 
Denote by P the set of all different terms of the infinite sequence 

p-fi Ah • • • J pni, plli • • • ) pn^i P^-i • • • » pf, • • • 

For every element p oi E and every positive integer m we shall 
have for some index (dependent on p and m) 

p{p, PtX--, 

m 

and so, from the definition of a limit element (§ 43) and the above, 
we conclude that p is either an element or a limit element of P. 
In any case, we have PCP-1-P'=P. Hence, we obtain 

Theorem 49. Every compact set (in a metric space) contains 
a finite or a countable subset P such that 

Eap. 

Remark. Theorem 49 is a particular case of Theorem 33 of 
chapter III; the theorems of chapter III, however, deduced as they 
are from axiom (vi), which axiom may not apply in a metric 
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space, may not hold in a metric space, and in any case, any attempt 
at their proof in a metric space should avoid the use of axiom (m). 

Theorem 33 itself is not true in some metric spaces (e.g. in 
spaces of potency greater than that of the continuum). 

As an immediate corollary to Theorem 49 we get: 

A closed and compact set is the enclosure of a certain set countable 
at most. 

We shall note also the following immediate corollary to Theorem 
48: 

The set of all distances between pairs of elements of a compact set E 
is always bounded. 

If jE be a given set, then the upper bound of the set of all dis- 
tances between pairs of elements of E {i.e. the upper bound of the 
set of all numbers p{p, q), where peE and q e E) is called the 
diameter of the set E, and is denoted by ^{E). Hence the diameter 
of a set is a non-negative, real number, finite or infinite, and 
completely defined for every given set E (contained in the metric 
space considered). It is easily seen that for a set to be hounded 
{i.e. for a set of all the distances between pairs of elements to be 
bounded), it is necessary and sufficient that it should have a finite 
diameter. 

Diameters of sets E possess the following properties: 

h{E) =0 when and only when E is a null set or contains one 
element only. 

If E-idE, then b{E^ <h{E'). 

(This follows at once from the fact that the upper bound of a subset 
of a given set of real numbers cannot be greater than the upper 
bound of the whole set.) 

If El. £2 7=^0, then 5(Ei+E 2) ^ 5(Ei) -h5(E2) ; 

(the proof is left to the reader). 

For every set E 

6(E) -5(E). 

(This follows from the continuity of the function p and the defi- 
nition of a diameter; the complete proof is left to the reader.) 

Theorem 48, as is easily seen, can be also expressed as follows: 

Every compact set can he divided into a finite number of sets of 
arbitrarily small diameters. 
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The diameter of the sphere K{py r) is certainly but may 

even be < 2r {e,g. if in the metric space considered there is no 
element at a distance less than r from then the diameter of 
K{py r) is 0). We note also that the diameter of a set R is not in 
general the lower bound of the diameters of the spheres which 
contain E. 

Theorem 49 is true also for semi-compact sets in metric spaces. 
(To prove this, it will be sufficient to refer to the definition of semi- 
compact sets, § 16.) 

Let now M denote a compact, metric space. By Theorem 49 j 
there exists a set PCZM countable at most, such that 

ikf=P. . 


Let ^ 1 , p 2 y ^ 3 , ... be a sequence (finite or countable) consisting 


of all the elements of P. Consider the spheres K 


(- t). 


k and n 


positive integers, to be rational sets. 

It will be shown that every open set of the space M is the sum 
of a certain aggregate of rational sets, namely those which it 
contains. It will obviously be sufficient to show that, if p is an 
element of the open set Uy there exists a rational set which contains 
p and is contained in U. 

Hence, suppose that U is an open set, and p e U. There exists, 
therefore (§ 44), a number r>0, such that K{p, r) C U. 


Let n be an integer greater than 


Since ikT = P , there exists 


an element pk of P, such that p(^, p^.) <- 


If now q be an element 


of the aggregate ill, such that p{pk^ q) then 


p(P, Q) — piPy Pk)-^p(Pk^ 5 ) <“ + “ 

n n 

this proves that qeK^p, r) C Uy i.e. qeU. We have, therefore, 

On the other hand, p e Ki pk, — ), since p(p, pj,) < — . 

\ 71 J n 
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The sphere K — J is, therefore, a rational set, which con> 
tains p and is contained in U. 

We have thus proved that a compact, metric space satisfies 
axiom (vi). Hence, all theorems proved in chapters I-V are true 
for compact, metric spaces. 

Since Theorem 49, as remarked above, is true also for semi- 
compact metric spaces, it follows that these too satisfy axiom 
(vi) and all theorems of the preceding chapters. 

It should be noted that we have also proved that, if a metric 
space M contains a subset P countable at most, such that M =P 
(i.e. a subset everywhere dense and countable at most), then M 
satisfies axiom (w)* On the other hand, every metric space 
satisfies axioms (i)-(v), and so, if it also satisfies axiom (vi), Theorem 
33 of chapter III will be true in that space, which implies that the 
latter will contain a subset everywhere dense and countable at 
most. Hence: 

For a metric space axiom (vi) is equivalent to the condition of 
separability , i.e. that the space considered contains a subset countable 
at most and everywhere dense (Frechet, separabilite). 

It follows readily from the above (by Theorem 33) that, if a 
metric space contains a subset countable at most and everywhere 
dense, then every set contained in that space contains a subset 
countable at most and dense on this set (i.e. such that the set is 
contained in the enclosure of the subset). 

Furthermore, we shall prove that in a metric space the foUozving three 
properties of a set R are equivalent: 

(A) The set B possesses a countable subset dense on E. 

{B) The set R possesses the Lindeldf property {i.e. Theorem 35 is satisfied in £). 

(C) Every non-countable subset of E has at least one element of condensation 
which belongs to E. 

It will be sufficient to show that the property (A) implies (B), (B) implies 
(C), and that (A) follows from (C). 

Suppose then, that the set E (contained in a metric space) has the property 
(A), and let F {pi, pu Pz, ^ denote a countable subset oi E dense on E, i.e., such 
that E a P. Let M be an aggregate of open sets, the sum of which contains E. 
To each pair of positive integers {k, n), such that K (pk^ ^ ) is contained in at 
least one of the sets of M, let there be assigned one of those sets, Uk. n say. Let 
p denote a given element of £. It follows from the property of the aggregate M 
that there exists an open set U w’hich belongs to M and contains the element p. 
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Since p e U, there exists a number r>0, such that K(Pj r) CZU. Choose an 

2 . 

integer w> — ; it follows from the property of the set P that there exists an 

2 

index k such that p (p, pk) < — , and so, since « > — , we conclude readily that 

n r 

peK (j>k, CZKip, r) CZ U, which proves that p e Uk, «. 


Assume now that the set E has the property (P). 

If E does not possess the property (C) there exists a non-countable subset 
N oi E such that no element of E is an element of condensation of N, Hence, 
for every element p oi E there exists a sphere K{p, r), which contains a 

subset of N countable at most. By the property (B) the set E will be contained 
in the sum S of at most a countable number of such spheres. We should then 
have N C, EC, Sy which is impossible, since the sum 5 contains a countable set 
at most of elements of iV. We have thus proved that the property (P) implies 
the property (C). 

Suppose now that the set E has the property (C). 

Let ^ be a given positive integer. To establish the property (A) it will 
evidently be sufficient to show that there exists a subset P of £ countable at 


most, and such that every element of the set £ is at a distance less than — from 

n 

some element of P. Suppose, therefore, that s’uch a subset P does not exist. 

Let q\ be an element of £. Let now a be an ordinal number such that 
l<a<12, and suppose that all 55 have been defined for ^<a. The set of all 
elements ^<a, is at most countable (since a<0). It follows, therefore, from 


our assumption that there exists an element ga of £, such that p(ga, g$) — — for 

71 


f<a. 

Denote by N the set of dll elements g?, where $<0; the set N will ob- 
viously be a non-countable subset of £. Clearly, no element of £ is a limit 
element of N, for if p were such an element, there would exist an element ga of 2V^ 

such that 0<p(^,ga)< and an element g^g of iV, such that p(p, ga)> 

1 2 m 1 

p{Pi » a-iid so and p(Pa, gi 3 )<( — . contrary to the property of the 

2 w n 

elements of N. 

We have thus proved that the property (C) implies the property (A). We 
note that we have proved rather more, namely, that the property 

{C) Every non-countahle subset of E contams at least one limit element belonging 
to E implies the property A.^ 

With regard to any metric space we can merely state that 
it satisfies a condition not quite as strong as axiom {vi), namely 


t^roved by W. Gross in 1914 {Fund. Math., voL VUI, p. 234). 
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Corollary 2 to axiom (vi) (§21), when open sets be substituted 
for rational sets in that corollary. In fact, it will be sufficient to 

put Vn for every element a oi di metric space to obtain 

an infinite sequence of open sets which satisfy the conditions of 
Corollary 2. 

We note, that Hausdorff treats this property as a distinct con- 
dition which he refers to as the first axiom of countability^ in dis- 
tinction to (the more stringent) axiom (vi) which he calls the second 
axiom of countability. 

Thus all the theorems of chapters III, IV, and V, the proofs of 
which are based on axioms {i), (if), (iff), {i’o)a, (z^),and (wi) and on 
the property just proved (and which do not require axiom {vi) in 
all its implications) are true for every metric space. Such are all 
the theorems of chapter IV except Theorem 43, and all the theorems 
of chapter V except Theorem 47 ; a modification of this last theorem 
will be true for every metric space whereby the expression 
“potency of the continuum” is replaced by the expression “potency 
not less than that of the continuum”. But none of the theorems 
of chapter III are true for every metric space, except Theorem 
38, which follows, as is easily seen, from Theorem 49 after a slight 
modification in the proof of Theorem 38. 

47a. Two elements p and g of a given set E are said to be con- 
nected by an €-chain in R if there exists a finite sequence po, pi, 
pij . . • ■ , pn oi elements of E such that 

Po=P^ Pn=^q, and p{pk^i, pk) for ^ = 1, 2, . . . , n. 

It will b§ shown that if E he a connected set, then for each €> 0, 
every two elements of E can he cormected by an e-chain in E. 

To prove the above, suppose that the elements a and h oi E 
cannot be connected by an 7;-chain in E for some '>7 > 0. Denote 
by A the set of all those elements of E (not excluding a itself) 
which can be connected with a by an 17-chain in E\ let B ^E—A. 
We then have a e A, h e B \ hence A and B are not null sets. 

It follows that A.B^ —Q. For, if there should exist an element 
peA.B', then, since p e B' , there would exist an element qeB 
such that p{p, q) <r]- Since peA, then by the definition of A, 
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can be connected with a by an 7?-chain in R; and since p {p, q) < 77 , 
it follows at once that q can be connected with a by an 77 -chain in 
E, contrary to the fact that q e B^E~A. Similarly, should there 
exist an element p then, since p eA', there would exist an 

element qeA, such that p(p, q) <v, and so p could be connected 
with a by an 77 -chain in E, contrary to the fact that p e B, We 
have, therefore, Ay^O, A.B —A.B' —A' .B —0, i.e, -E is a 

sum of two separated sets, and hence is not a connected set. Our 
theorem is, therefore, proved. 

The converse is, as is easily seen, not true; &,g. the set of all 
rational numbers is not connected, although every two elements of 
the set can be connected by an e-chain for every €> 0. We shall 
prove, however, that 

If a set E is closed and compact, and if every pair of its elements 
can he connected hy an e~chain hi E,for every e> 0, then E is connected. 

To prove it, suppose that E is not connected. The set E being 
closed and not connected is by Theorem 13 the sum of two mutu- 
ally exclusive, closed, non-null sets A and B. Since A^^, and 
Br^O, there exist elements a and b such that a € A and b e B. 
Suppose that a and b can be connected by an e-chain in E for 
every e. In such a chain, in which the first term is a (hence an 
element of and the last term is b (and so an element of B), there 
exist two neighbouring terms, one of which belongs to A , the other 
to B. Hence, for every positive integer ?i there exist elements 

pn and qn such that pn^A, qn e B, and p(^w, g«) ‘ only a 

finite number of the terms of the sequence p,i(n — l, 2, . . . ) were 
different, then one of them, p say, would be repeated an infinite 

number of times, and we should have p{p,qn) < — for an infinity 

n 

of ns, from which it would follow (since qn e B, for 72 = 1, 2, . . . ) 
that p eB) this is impossible, since p, being one of the terms of the 
sequence pn {n = l, 2, . . . ), belongs to A, and A.B =A.B' 

The set of all different terms of the sequence pn{n — l, 2, . . . ) is, 
therefore, infinite and so, as a subset of the compact set E, has a 
limit element p. Since A is closed, and pn eA for 7?=1, 2, . . . , 
we have p eA. It follows from the definition of p that for every 
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o->0 there exists an index n> — , such that p{p, pn) <cr, and since 

(T 


at the same time p{pn, g«) < — < cr, we, therefore, have p (^,g„)<2o'. 

n 

From for = 1, 2, . . . , we conclude that for every a> 0 there 

exists an element q oi B such that p{p, q) <2cr. Since B is closed, 
this leads to the result that p e B, which is impossible, for, as 
shown above, p e A and A,B = 0. 

We have thus proved that the elements a and h cannot be 
connected by an e-chain in E for every e> 0. Hence the condition 
of our theorem would not be satisfied. The theorem may, there- 
fore, be considered as proved.^ 

In view of the theorems proved above we are now in a position 
to state that in order that a closed and compact set he connected it is 
necessary and sufficient that every pair of elements of the set can he 
connected hy an f^-chain in it for every €> 0. 


We shall also prove the following property of metric spaces. 

The derived set of a compact set (contained in a metric space) is compact. 
Proof. Let E be a compact set (which consists of elements of a given 
metric space), and let T be an infinite subset of E', the derived set of E. There 
exists, therefore, an infinite sequence gi, g^, gz, > ^ . of different elements of E'. 
Since gi € it follows, from the definitions of a derived set and a limit element, 
that there exists an element pi of E, such that p(gi, pi)<A. Let n denote an 
integer >1, and suppose that all elements pi, pti, , Pn—\ of P have been defined. 
Since gyi e E' , there exists, as is easily seen, an element pn of E different from pi^ 

p 2 , • • - > Pn-i and such that p(gn, ^»)< — . The infinite sequence pu pu P^j . . . 

n 

is thus defined by induction, and the terms being all different, this sequence is 
an infinite subset E\ of E. But E is compact; there exists, therefore, a limit 
element a of Ex. Let g denote an arbitrary positive number. Since a e Ef 


there exists, as is easily seen, an index fi such that 


— < and p(a, pn) < ~ , 
n 2 2 


and so from p(gn, Pn)"^ — <; _ and the triangle law, we find that p(a, gn)^V‘, it 
n 2 

may obviously be supposed that gn^a., since the terms of the sequence gi, . . . 
are all different, and so the inequality will certainly be true for sufficiently 

large 7t. The element a is, therefore, a limit element of T, and so T'^0. 


^This theorem is not true for closed sets wliich are not compact. E.^. the 
set consisting of all points of a hyperbola and its asymptotes is not connected 
although it is closed and every pair of its elements can be connected by an €-chain 
in it for every e>0. 
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Since the sum of two compact sets is a compact set (§ 16 ), it follows at once 
from the above that 

The enclosure of a compact set is a compact set. 

48. In § 31 we have given the definition of the limit of an 
infinite sequence of elements of a topological space. This definition 
applies also to sequences of elements of a metric space, where 
properties 1, 2, and 3 of §31, and Theorems 39, 40, 41, and 42 
(see last paragraph of § 46) still hold good. We shall next prove 

Theorem 50. The relation, lim pn=^p is equivalent to the 

w->-oo 

relation Hm p{p, pn) =0. 

«->oo 

Proof. Suppose that lim pn=py and let e be an arbitrary 

n^co 

positive number. From the definition of the limit of an infinite 
sequence of elements (§31) and the fact that K(p, e) is an open 
set, we conclude that there exists a positive integer such that 

(3) pn € K{p, e) for n> ii, 
i.e. 

(4) p{p>, pn) <€, for n> p, 
and so lim p(p, pn) =0. 

Again, suppose that lim p(p, p„) =0, and let U be any open 

set such that p e U. There exists, by the property established 
in § 44, a positive number e such that K{p, e) C U. But, since 
lim p{p, pn) =0, there exists an index p (determined by e) such 

that (4) and therefore also (3) hold, which, since K{p, e) C U, gives 
pn € U, for n> p; this proves that lim pn~p- 

n-^co 

Theorem 50 is thus proved. 

Suppose now that we have two metric spaces AI and Mi 

consisting of the same elements, but such' that, if p(pj q) be the 

distance of two elements p and q in M, and pi{p, q) their distance in 

Ml, then we do not necessarily always have p{p, g) —Pi{p, q). 

We then say that there are two metrics, which may be different, 

established in the space M. If, however, the relation lim p{p, pn) 

n-^co 
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= 0 implies the relation lim pi{p, ^m)= 0 (for all elements of the 

aggregate M) and conversely, then we say that the two metrics 
are equivalent. 

Examples. 

1. In every metric space M a metric, which is equivalent to 

the given one, can be established, and such that the new distances 
between the elements of M are all It will be sufficient to 

put piip, q)—p{p, q) {pipy q) the former distance) whenever 
pipy $) — 1 and piiPi q) =1, if pipy q)> 1- The proof, that the new 
metric is equivalent to the former one, does not offer any difficulties. 

2. The aggregate of all sets of real numbers Xi, X 2 , . , . , 
will be a metric space if by the distance p {p, q) of two sets 
pixijX^, . . . , x^) and g(yi, y 2 , • • • , Jm) we shall mean the number 

p{p, g) =V(»:i— 3/i)2+(a;2— 3 - 2 )®+ - - • +{x„—ym)^ 

(since, then, the distance properties 1, 2, and 3 of § 43 will be 
satisfied) . The above will be the so-called Euclidian w-dimensional 
space. 

An equivalent metric will be obtained by putting e.g. 
piiP, q) =\xx—yi\+\x2-yi\+ • • • +km-3'ml; 

the proof does not offer any difficulties. The reader can find 
easily the geometrical meaning of the new distances and the new 
“spheres” (for m==2, and m = 3). 

Let E and Ei be two given sets, the first contained in the 
metric space M, in which the distance is denoted by p, and the 
second in the metric space Mi, in which the distance is pi. (In 
particular, we may have M — Mi and p==pi.) If it is possible to 
establish a (1, 1) correspondence / between the elements of E and 
El, such that for every pair p and q of elements of E we have 

(5) Piif{p),fiq))=p{p, q), 

we say, then, that the set E is congruent to the set Ei. Obviously, 
the set El is then also congruent to the set E, The sets E and Ex 
are then said to be congruent ; in symbols E ^ Ei. 
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The function / which satisfies condition (5) (for every pair 
p and q of K) is said to establish an isometric mapping of the set 
E on the set Ei =f(E). It follows easily from (5) that the function 
/ is biuniform and continuous in the set E. 

If each of two given sets A and B can be expressed as a sum 
{A =Ai-{-'A 2 "h . . . 'j-An, B ==Bi~{~B 2 -h - • • “h-S'n) of the same 
finite number of mutually exclusive, congruent subsets (Ai^Bi, 
A 2 ^B 2 , . . . , An = B^)y then A and B are said to be equivalent by 
division (into a finite number of subsets). 

If a set P is congruent to a subset of Q, and Q is congruent to 
a subset of P, then the sets P and Q are not necessarily congruent 
to each other; it can, however, be shown that P and Q are then 
equivalent by division.^ Two sets, which are equivalent by division 
to a third, are equivalent by division to each other. (The proof 
follows readily.) IfAiCAyBiCZBjA^B.Ai^Bu then the sets 
A—Ai and B—Bi are not necessarily congruent, and may not be 
even equivalent by division. 

49. The aggregate of all infinite sequences of real numbers xi, 
X 2 , Xs, . . . , such that the series 

Xi^+X2^+Xz^+ . . . 

is convergent and where the distance between two elements 
p(xi, X 2 y Xsj ... ) and q(yu 3^2, ys, • . . ) is given by the number 

p(.py q) = yi)^+(^2— y2)“+(:x:3--y3)‘+ ■ • . 

(which is always finite, since, owing to the convergence of the series 
of squares of the coordinates, the series under the radical sign is 
always convergent) is called a Hilbert space. 

An w-dimensional Euclidian space is evidently congruent to 
a certain subset of the Hilbert space, namely to that one which 
consists of all infinite sequences Xi, X 2 , xs, . . . such that =0 for 
k> m. 

Let P and Q be two metric spaces in which the distances are denoted by 
Pi and p 2 respectively. Frechet denotes by [[P, Q]] a space which consists of all 
the pairs (p, q)j p e P and q € Q and where the distance p between two pairs 
(pi, Qi) and (p 2 , 52 ) is defined by the relation 

5See S. Banach and A. Tarski, Fund. Math., vol. VI, p. 251. 
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\ 

p[(pit ?i)i ?2)] = v " {pliPu pi)Y'\-{pi{Q\i 52))^® 

Frechet calls the sum of the dimensions dP and dQ the dimension of the 
space f[P, Q]]. 

If H be a Hilbert space, then, as is easHy seen, the space [[if, if]] is isometric 
with the space if. In order to obtain an isometric 'mapping it will be sufficient 
to correlate with each sequence (xi, X 2 t xz, . . . ), which is an element of a Hilbert 
space, the pair of sequences 

(xi, xz, X 5 , . . . ) and (x 2 , X 4 , Xq, . . .). 

Theorem 61 (Urysohn). A topological space which satisfies the 
axiom of countability and the condition of normality is homeomorphic 
with a certain subset of a Hilbert space. 

Proof, Let T denote a given topological space, which satisfies 
axioms (pi) and (pii). Consider all the pairs IT,-, Wj of rational 
sets (i.e. terms of the sequence (1), § 21) such that Wi C Wj* Let 

(6) irj, . . . , . . . 

be an infinite sequence consisting of such pairs. 

Let n be a given index. The sets Wk^ and T — are closed 
and mutually exclusive (since Wk^ C Wi^ and Wi^ is open) . There 
exists, therefore, by the lemma of Urysohn (§ 41) a real function 
fn{p) defined and continuous in the whole set T, and such that 
0 ^/w(^):^l throughout, fn(p)=0 for p eWk^, and /„(p)=l for 
peT-Wi. 

I'n 

For every element p of T denote by <p{p) the infinite sequence 

( 7 ) MP), Imp), ^mp) • • • 


®It is left to the reader to prove that the distance p so defined satisfies the 
three required conditions (provided these conditions are satisfied by the distances 
Pi and ps). 

’^Such pairs do exist. For let p denote an element which belongs to an open 
set U. By axiom {vi) there exists a rational set W such that p eWC U\ by 
axiom {vii) there exists an open set V such that p e V and V CZW; hence, by 
(vi) there exists a rational set W* such that p € TF*C V, and so W* C.V C 
W e can always suppose that the sequence (6) is infinite, repeating if necessary 
one of the terms an infinite number of times. '* 
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The sequence (7) is an element of a Hilbert space, since, on 
account of 1, the sum of the squares of the terms of (7) 

is convergent. 

It will be shown that T is homeomorphic with the set 4>(T). 

In order to prove it we shall show first that <f> establishes a 
(1,1) correspondence between the elements of the sets T and 
It will be sufficient for that purpose to show that, if p and q be two 
different elements of the set T, then Hence, suppose 

that p € T, q € T, and p 9 ^q. 

By axiom (iv) and Corollary 1, § 21, there exists a rational set 
Uj such that p e U and ql U\ by axiom (vii) (and Corollary 1, 
§ 21) there exists a rational set V such that p eV, and FC O'- 
Since U and F are terms of sequence (1) of § 21, and FC Z7, and, 
from the definition of the sequence (6), the pair of sets Z7, F is a 
term of the sequence (6); we have, therefore, for some «, U=Wi^ 
and F= hence p € and gi Wi^ (since ge C7, and FC C7), 

q ^ T — Wi , It follows, therefore, from the definition of the 
function /« that fn{p) =0 and /n(g) =1. Hence the sequences 4>{p) 
and 0(g) differ in their terms and thus represent different 
elements in the Hilbert space. We have proved, therefore, that 
from pT^q follows (f>(p) 9^<i>(q)^ 

In virtue of Corollary 4 to Theorem 22, it will be sufficient for 
the proof of the relation T h^<l>{T) to show that, if E beany subset 
of r, then 

(8) 0(r.£')-0(T^)-[<^(£)]'- 

Let, therefore, E denote any subset of T. Let, further, b denote 
an element of the Hilbert space such that h e <^{T.E') ; there exists, 
therefore, an element a e T.E' such that 6 = 0(a). Let rj be an 
arbitrary positive number. Take a positive integer m such that 


Since the real functions fn(p) are continuous in T at a, there 
exists for every positive integer n an open set UnCZT such that 
p € "U n 1 and 

(10) \f«{a) —fnip) I <—7 — , for p e U„. 

2m 
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Put U—U 1 .U 2 . . . U„t; this will be an open set containing a, 
and from (10) 

(11) |/„(a) -fnip) I < for ^ € (7, re = 1, 2, .... w. 


Since a e T.E' CZE\ and ae Uy there exists an element p e U.E, 
different from a; (11) will, therefore, hold for such an element p. 
From the definition of distance in a Hilbert space we have 

(12) [y„(a)-/„(^)p. 

But \fn{(i)—jn{p) 1^1, for 72 = 1, 2, 3, . . . (since is contained 
in the interval (0, 1)); we have, therefore, from (11) and (9) 


cx> -j m -t 00 

2 ~ [fn{a) -fn{P)V + _2 


W =1 






<m. 


Awr 


rj2m — 1 


JL 

4 




and so from (12) 

(13) p{<^{a), p{p)) <i); 


since p 9 ^a, and the function 4> is biuniform, we have (f> (p) r^4)(a)y 
and since peU.ECEy we have <p(p) e <I>(E). We have thus 
proved that for every positive number rj there exists an element 
cl>(p) of <^(E) different from (f>(a)y and for which (13) holds. It 
follows from the definition of a limit element and a derived set 
of a metric space (a Hilbert space is such) that h=4){a) e[(f>(E)]\ 
and so ^ € 0(T) . [</>(-£)]' (since a e T, and b =</>(a) e <^(T)) . 

Since h is any element of the Hilbert space belonging to the set 
<i>(T.E')y we have proved that 


(14) <^(r.£')c0(r).[0(F:)]'. 

Let now b denote an element of the Hilbert space such that 
b e .[<j>(E)y. We have then b€4>(T), and so there exists an 
element ae T such that b=<b(a). Let U be any open set contained 
in T such that a e U, Since a e Uy by axiom (vii) and Corollary 1, 
§_21, there exist two rational sets Vi and V 2 such that a e Vu and 
FiC F 2 C U. Thus the pair (Fi, Vo) is a term of the sequence (6), 
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and so we have for some positive integer m, — ^.nd V 2 = Wi^, 

Put 77= ; since 4 >( g ) = 5 e [<t>{E)Y, there exists an element e of 

the Hilbert space different from h and belonging to and such 

that 

(15) p{b,e)<7]. 

Since ee^(E)^ there exists an element p^E such that e=<f>{p). 

It follows that p € U, In fact, if pe U, then certainly p€ Wi^, 
since Wi = F 2 C Z7, and so p eT — Wi : from the definition of 
fjn it would follow that f^ip) =1, while =0, since a e ViCZYi 



Hence, from (12) 

p{h, e) =p{<t>ia), — 

contrary to (15). We must, therefore, have p e U. From 4>{p)=e 
7 ^b=cl)(a) we get p^a. We have thus proved that in every open 
set UdT, and containing a, there exists an element p of E different 
from a. This proves that a e and so also a c T.E' (since a e T); 
hence, b=4>{cL) € <f)(T.E'). We have thus proved that 

p{T).[<piE)ya<j>(EE'), 

which, on account of (14), gives (8). 

The relation T h^p{T) is, therefore, proved and with it also 
Theorem 51. 

It follows from Theorem 51 that in a topological space satisfy hi g 
the axioms of countability ajid normality a metric can be established, 
i.e., for every pair of elements of such a space a function p(a, h') 
can be defined such that the conditions 1), 2), 3) of § 43 are satisfied 
and such that the definition of a limit element given in § 43 is in 
accordance with that given in a topological space. 

Since, as was proved in § 46, every metric space (with a 
proper definition of neighbourhoods) is a normal topological space, 
Theorem 51 leads at once to the following 

Corollary. Every metric space which satisfies the axiom of 
countability, is homeomorphic with a certain subset of a Hilbert space. 
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It may be easily concluded from the above that of all metric spaces which 
satisfy the axiom of countability^ a Hilbert space has the greatest dimensional 
type. To prove the above it will be sufficient to show that a Hilbert space 
satisfies the axiom of countability. 

Hence, let every element (3Ci, xs, Xz, . . . ), for which the numbers Xi{i = l, 2, 
3, , . . ) are all rational with only a finite number of them different from zero, 
be a rational element of the Hilbert space. The set of all rational elements is, 
as is easily seen, countable. Furthermore, let a rational sphere be a sphere 
r), in which ^ is a rational element of the Hilbert space and r a rational 
number. The aggregate of all rational spheres is evidently countable. Hence, 
it will be sufficient to show that every open set contained in the Hilbert space 
is a sum of a certain number of rational spheres, i.e. that if q is an element of 
the open set Z7, there exists a rational sphere containing q and contained in U. 

Hence, let q be an element of the open set U. By the condition for an 
open set, deduced in § 44, there exists a positive number € such that K{q, e) C U. 
The element q, being an element of the Hilbert space, is an infinite sequence of 
real numbers 

Xi, X2, Xg, . . . 

such that the series ... is convergent. There exists, therefore, 

an integer m such that 

(Ifi) x5n+l + x5«^-2 -+-...< — . 

For every real number x,- there exists a rational number Wi such that 

(17) 

Qm 

Let r be a rational number such that 

(18) e/z<r<e/2. 

Denote by p the infinite sequence 

wi, W2, ...» w,ni 0 , 0 , 0 , ; 

p will be a rational element of the Hilbert space, and from (17), (16), and the 
definition of distance in a Hilbert space, 

( 19 ) P(P,Q)<€/3. 

It follows from (19) and (18) that qeKip, r), where the sphere K(p, r) is obviously 
rational. But from (18) and (19) it follows readily that K{p, r) CZK(q, e) and 
so C U. We have proved, therefore, that a Hilbert space satisfies the con- 
dition of countability. 


60. A set which is the sum of a countable aggregate of closed 
sets is called (Hausdorff) an and its complement, i.e. the product 
of a countable aggregate of open sets, a Gg. Obviously, the sum 
of a countable aggregate of sets is an and the product of a 
countable aggregate of sets Gg is a. Gg. 
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Theorem 52. Every closed set (in a metric space) is a Gg. 
Proof. Let -F be a given closed set. Denote by r„ the sum 



where the summation extends to all elements p of F. 


The set Vn is evidently open (as a sum of open sets). 
It will be shown that 


(16) F=ri.r2.r3 . . . 

Since obviously FCFn, for w = l, 2, . . . , it will be sufficient 
for the proof of (16), to show that if g € r„, for w = 1, 2, 3, . . . , then 
q € F. Hence, let q be an element such that q e r», for w = 1, 2, 3, . . . 
It follows from the definition of Tn that, if e there exists an 

element pn of F, such that q e K (pm — ) , Le. p{pm q) < 

\ n J ^ 

Since this inequality holds for w = 1, 2, . . . , g is either an element 
or a limit element of F and so is an element of F in any case, 
F being closed. (16) is, therefore, proved; and this establishes the 
truth of Theorem 52. 

Passing to complements, we obtain at once from Theorem 52 


Theorem 52a. Every open set (in a metric space) is an F„. 

51. Suppose a function f{p) to be defined at the elements of a 
set E contained in a metric space so that the values of / are 
elements in the same or another metric space. 

Let Pq be an element of the set E~E-\-E' j i.e, of the enclosure 
of E. (Hence, if p^e E, then f{po) may not be defined.) 

Denote by co{po, e), for every positive e, the upper bound of all 
the numbers 

p{f(P)yf(q))^ 

where p and q are any two elements of the set E.K (po, e). Clearly 

€0^co(po, €), for t’ <e\ 

hence, the limit 

(17) a;(^o)=lini w(^o, e) 

exists and is a non-negative number, finite or infinite. 

This limit is called the oscillation of the function f in the set E at 
the element p^. 
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Theorem 63. If f{P) ^ function defined in a set -E, then the 

set of all those elements of E, at which the oscillation off in E is ^ 
is closed. 

Proof. Let f(p) be a function defined in a a given real 
number ^ 0. Denote by P the set of those elements p of E, at 
which co(p)^ a, where oi{p) is the oscillation oi fin E at the element 
p. Let pQ be a limit element of P and e an arbitrary positive 
number. Since po e P\ there exists an element p of P such that 
p c K{pQ, e), and, since K(poy e) is open, there exists a number 7 j> 0, 
such that K(pt rj) C!,K(poy e). From p eP and the definition of P, 
we have a, and so certainly t})'^ a. It follows from the 

definition of the number oj(p, rj) that there exist two elements pi 
and p% of the set E.K{p, ri) such that 

(18) P(f(pi),f(p2))>a^e; 

and, since K(p, t)) c:K(Pq, e), pi and p 2 belong to the set E.K(pQ, e), 
and so from (18) 

€)>a— e; 

since e is an arbitrary number, we conclude from (17) that o)(po) ^ a, 
i.e. that pQ eP. We have thus proved that P is closed. Theorem 
53 is, therefore, established. 

Corollary. If f{p) ^ a function defined in a set E, then the 
set of all those elements of E, at which the oscillation of f in E is zero, 
is a Gg. 

In fact, denote by P the set of all elements p of p, at which 

oj(p) =0, and by Pn the set of all elements pofE,sit which G)(p) ^ 1 . 

n 

The sets P«(w = l, 2, 3, ... ) are all closed by Theorem 53; hence, 
the set 6* ==:Pi+P 2 + . is an F„, Md so CS is a Gg. But, 

obviously, P=E-S^E,CS. Since E is closed, it is a Gs by 
Theorem 52. The set P is, therefore, a product of two and 
so itself a G^. 

Theorem 54. In order that a function f(p) defined in a set E 
he continuous in E at an element ^o, it is necessary and sufficient that 
the oscillation off in E at the element p^ he equal to zero. 
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Proof. Suppose that the function / is continuous in £ at an 
element po of that set. Let e be an arbitrary positive number. 
Since / is continuous in E at the element po and the set K(f(po), e) 
is open and contains f(po)f there exists an open set U containing 
po and such that the relation 

p € U.E 

implies the relation /(^) €K(f(po), e). 

Since po e 27, and U is open, there exists a number 77 >0, such 
that K(Pqj rj) CZ U. For p €E.K(Pof v) we shall have p e U.E, and 
so f{p) € Kifipo), €), i.e. p{f(po), f(p)) <€. 

If then pi € E.K(pQ, rf) and p2 e E.K(po, 77 ), we have 

P (/ (Pi) » / (P2) )^p(f (po ) , / (pi ) ) + P (/ (Po ) , / (P2 ) ) < 2€. 

It follows from the above and from the definition of the number 
^(Poy v) that co(pQ, 77 ) < 2 €, and so certainly o)(po) < 2 e; hence, since e 
is arbitrary, cc(po) =0. The condition of our theorem is, therefore, 
necessary. 

Suppose now that co(Pq) =0 at a given element po of the set E. 
Let V be any open set containing /(;^o) • There exists, therefore, 
a number €>0 such that K(f(p^, e) C V. Since co(^o)=0, there 
exists by (17) a number 77>0, such that v) From the 

definition of the number w(^o> v) it follows that, if € U.E, where 
U = K(po, 77), then p(f(po),f(p)) ^ oi(po, v) <e, and so f(p) e K(f(po), e) 
CZ V. We have thus proved that, if io(po) =0, then for every open 
set V containing f(po)i there exists an open set U containing po 
and such that the relation p e U.E implies the relation f{p) Cl V. 
This proves that the function / is continuous in E at po. The 
condition of the theorem is, therefore, sufficient. 

62. Tlieorem 55. If f(p) be a function defined at the ele?nents p 
of a closed and compact set E, and cojitimious in that set, then for 
every positive e there exists a positive number rj such that the conditions 

( 1 ) p eE, qe E, p(p, q) <V 

imply the inequality 

C^) p(f(P).f(g))<^- 

Proof. Let € be a given positive number and a any given 
element of the set E. Since / is continuous in £ at a and since 
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f(a) eK 



, there exists an open set 


U containing a, such 


that the condition b e TJ,E implies the relation f{h) e K 



From a € U and the condition for an open set as in § 44, it follows 
that there exists a positive number r = r(a) such that i^(a, r(a)) C U. 

Hence, for every element a oi E there exists a sphere K{ay r(a)) 
such that 


(3) p{Ka),m) < A, for b,E.K{a. r{a)). 


For every element a oi E denote by Q{a) the set 

(4) Q{a)=K{a, i r{a)). 

Let Mbe the aggregate of all spheres Q{a) corresponding to the 
elements a of E. Hence, every element of E belongs to at least 
one of the open sets of the aggregate M (since we have from 

(4) a € Q(a) for a e E). By the Borel-Lebesgue theorem (Theorem 
36, §25) there exists a finite number of sets Q(ai), Q(cL^y . . . , Q(cin) 
of the aggregate M such that 

(5) -EC Q(ai) +<2(^2) + • • • +<2(c^»). 

Let be a positive number satisfying the inequalities 

(6) 7j < for^* = l, 2, n. 

Let now p and q be any two elements of £, which satisfy con- 
ditions (1). By (5), there exists an index such that pe 

Q(ak), and so from (4), p eK{ak, ir(ak))y i.e, 

( 7 ) piO'k,P)< hrQik), 

and since from (1) and (6), p{p, q)<7}< \ r{ak), therefore, 

2)^ p(^;fe. P) +p(A q) <r(ak) ; 

i,e. 

( 8 ) qeK(ak, r{ak)), 

and so from (7) certainly, 

(9) p iK{ak, r{ak)). 

It follows from (8) and (3) that 
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( 10 ) p(f(a,),fiq))<^ 

and from (9) and (3), that 

(11) p(fia,),fip))<±-, 

relations (10) and (11) give at once (2). 

Theorem 55 is, therefore, proved. We express it also by stating 
that a function continuous in a closed, compact set is uniformly con- 
tinuous in that set. 

63. We shall consider now, in particular, countable metric 
spaces. These are of importance owing to the fact that many 
metric spaces have countable subsets everywhere dense, which 
are themselves countable metric spaces. We proceed to prove 

Theorem 56. Every countable metric space is homeomorphic 
with a certain set of real numbers.^ 

Proof. Let P be a given countable, metric space, and let 
p(Pi $) denote the distance of two elements p and q of the space P. 
For every element p oi P and for every positive real number r, 
denote by S{p, r) the set of all elements q oi P such that p(p, q) =r 
(in particular, the set S(p, r) may be a null set). 

Let ^ be a given element of P, and € a given positive number. 
The sets S{p, r), where 0 <r<€/ 2 , constitute a non-countable aggre- 
gate of sets (since r can take a continuum of different values) and, 
as is easily seen, S{p, r) .S{p,r') —0, for Since P is countable 

there exists (for every element p e P and for every positive number 
e) a real number r = <l>{p, e), such that 0 <r<€/ 2 , and S(py r) =0. 

The sets K{py cf>(p, e)) are, as is easily seen, both open and 
closed (since the sets K{pj r) are open, and the sets K{py r) -\-S{p, r) 
are closed),^ and for r = 4>{p, e) we have S{py r) =0. This is true also 


^Every set of real numbers constitutes a metric space, if by the distance 
of two numbers x and y belonging to the set in question, we mean the number 
1 x-y\. 

^The set K(p, r)-^~S{p, r) is evidently the set of all elements q of P, which 
satisfy the condition pip, g)~r; it is, therefore, a closed set (since the distance 
pip, g) is a continuous function of the variables p and q, § 45). 
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ia case K{p, 4>{p, €)) is a null set (since a null set is both open and 
closed) . 

Lemma. If Q be a subset of P, which is both open and closed, 
and € he a given positive number, there exists a division < 2 ==Gi + 
02 + Qs + * . • 0 / (2 into the sum of mutually exclusive sets Qnin = 1 , 
2 , . . . ), which are both open and closed and such that d(Qn) < e, 
for « == 1 , 2, (where d(Qn) is the diameter of the set Qn, § 47 ). 

Proof, If 0 is a null set it is sufficient to put Qn = 0 , for n = l, 
2, . . . . If 0 is a finite set, e.g. a set consisting of the elements 

^2, . . • , it is sufficient to put 0„ = (qn), for n = l, 2 , , , , ,m and 
Qn = 0 , for n>m. It will be sufficient, therefore, to consider the 
case when 0 is countable. Hence let 

( 1 ) 32, gs, . . . 

denote an infinite sequence, consisting of all the (different) elements 
of 0. 

Put 0 i = 0 .X(gi, 4 >(qu e)) ; 0 i will be a set both open and closed 
(as a product of two such sets) where obviously 

Let now be a given integer > 1, and suppose that we have 
defined already the sets 0i, 02, . • . , Qn-i^ which are both open and 
closed, and whose sum contains the elements qi, $2, - . . , If 

there exist terms of the sequence ( 1 ) which do not belong to the 
set 01+02+ . . • +07t-ir then let denote the first of them, and 
put 

(2) Qn = Q^K(qs, <i>(qst c))— (0i + 02+ . . . +0w-i) ; 
otherwise put 0 w=O. 

The set 01 + 02 + . , . + 0 » will, in any case, contain the elements 
gi, g2, . . . , g«, since the set 0i+02+ - . . + 0 n-i contains the elements 
gi, g2, . . . , qn-i, and, if it does not contain the element qn, then 
from the definition of the element g^, we must have g^ =g„, where 
Qs is an element of the set (2) . 

Since the sets 0 i, 02, . . . , 0 „-i are both open and closed, the 
same property is possessed also by their sum 0i + 02+ . . . +0„_i ; 
furthermore, since the sets 0and K (g,, <?S(g^, e)), and, therefore, also 
their product, are both open and closed, it follows from (2) that 
Qn is both open and closed. 
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Finally, (if Qn is not null) we have from (2) and the definition 
of the numbers <^(^, i) 

Q„C.K{q„ e)) C K 

and so (from the definition of the sets K{pj r)) 

^(Qn) <€. 

The sets Qn(n — 1, 2, . . . ) are thus defined by induction, and, 
as is easily seen, they satisfy all the conditions of our lemma. The 
lemma is, therefore, proved. 

The set P itself is obviously both open and closed (in the set P) ; 
we can apply, therefore, the above lemma, putting Q—F and € = 1. 
We thus obtain a division 


(3) P=Px+P2+P3+ . . . , 

where Pn(n — 1, 2, ... ) are mutually exclusive sets, both open and 
closed, and for which 5 (Pm) <1, for 2, . . . 

Since each of the sets P „(?2 = 1, 2, . . . ) is both open and closed, 
we can apply to it the above lemma, putting € = J, which gives (for 
every integer n) a division 

(4) Pn —Pn. 1 2 “hP n. 3 + • * • j 

where P„^fe(yfe=l, 2, . . . ) are mutually exclusive sets, both open 
and closed, and where 5(P„ ;fe)<|, for ^ = 1, 2, ... . 

Let now k be an integer > 1, and suppose that we have defined 
already all sets P«i, wj,. . both open and closed, where ni, 

. . . , nk-\ is any combination of ^ — 1 integers. Let wi, 722 , .. . , nj^-\ 
be any combination of ^ — 1 integers. Since the set P^^, na. . . , is 
both open and closed, we may apply to it our lemma, putting 

which gives the division 
k 

^ni, m, . . , « 2 , . . , n-t, . . , n;r. — i’- nn, . . . — j ,3 “f" • • » 

where P„., = 1, 2, 3, ... ) are mutually exclusive sets, 

both open and closed, and where 

(5) 5 (Pmi, m , . . . , 3 , ^ > 

for fik =1, 2, 3, . . . 

8 



104 


General Topology 


The sets Pnum where ^2, • . • , nj, denote any com- 

bination of k integers, are thus defined by induction . 

Let now p be any element of the set P. Since the terms of the 
sum (3) are mutually exclusive sets and p eP, there exists a definite 
index ni such that p ePn,* Similarly, we conclude from ( 4 ) the 
existence of a definite index 712 such that p e P^^^ ,^5. Repeating this 
argument indefinitely, we arrive at an infinite sequence of indices 

( 6 ) ni, n-2, Uz, . . . 

completely defined (by the element p), and such that 


(V) 

Put 

pe An, for ^= 1 , 2 , 3 , . . 

, , 1 1 1 

(8) 

/(p) = _L -— ••• 

«!+ n%-\- M3 + 


this will be a certain irrational number defined by the element p. 
It is easily seen that not only does ( 7 ) imply (8) , but conversely 

(8) implies ( 7 ) (since for every element p oi P there exists a unique 
infinite sequence (6) of indices, for which ( 7 ) holds). 

It is also easily seen that, if p and p' be two different elements of 
P, then f{p) ip'). In fact, if f{p) —f{p'), the numbers /(^) and 
f{p') would have the identical developments as continued fractions, 
and so from (8) and ( 7 ) 

P € P-ni, m 2, . . . , and p € P,ji^ „2, . .. ,n}i, for ^ = 1 ; 

hence, from ( 5 ) 

p(P, P') <-7-, for * = 1. 2, , 

k 

which is impossible, since p^p'. 

The function /(p) establishes, therefore, a (1, 1) correspondence 
between the elements of the sets P and/(P). 

It will be shown that Phjf{P), 

Let pQ be a given element of P, and 

ni, . . . 

a sequence of indices corresponding to that element, i,e. such that 

( 9 ) €P„,o.„ 20, for ^ = 1 , 2 , 3 , . . . 
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Hence, 

( 10 ) 


f(Po) = 


_JL 


1 

nz^ + 


Let € be an arbitrary positive number. It follows from the 
well-known properties of continued fractions that there exists a 
positive integer k such that for every infinite sequence (6) of 
integers, for which 

f = 1, 2, . . . , 

the inequality 

' Jl 1 ^ \ _ / 1 _1 

,‘Wi+ W2+ ns+ / n2^+ nz^+ 

is satisfied. 




Since the set Pni 0 ,n 3 % nk^ is open, it follows from (9) that 

there exists a positive number <r such that K(po,cr) 

Hence, if p be an element of P such that 

(12) p(Po,P)<cry 
then 

P ^ «2®, .... nj^®» 

and so, certainly, 

P ^ ^ m?, « 2 ®. . • • » » for ■f 1 , 2 ,..., k. 

The first k terms of the sequence (6) associated with the element 
p, are, therefore, , . . , which fact, as has been proved, 

implies the inequality (11), and so from (8) and (10), the inequality 

(13) |/(^>)-/(^>o)|<e. 

We have thus proved that, for every element p^ of P, and for 
every positive number e, there exists a positive number cr such that 
the inequality (12) implies the inequality (13) for the elements of 
P. The function /(^) is, therefore, continuous in P. 

As previously shown, /(^) 7^/(^>') » for ^ ^P, p' eP, and p9^p'^ 
The function /(^) is, therefore, biuniform in P; let g(x) denote the 
inverse function of /. Hence, g will be a function defined in the 
set f(P) of real numbers. To prove that P hff(P) it will be sufficient 
to show that the function g(x) is continuous in the set/(P). 
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Hence, let xq denote a given element of /(P) and let 


(14) 


1 1 1 

^ 2 °-}- ^ 3 ° + 


be a development of Xq as a continued fraction. Put po^gixo); 
from (14) we get (10), which, as we know, implies the relations (9). 
Let € be an arbitrary positive number. Choose a positive 

integer k such that - <€. There exists, by the well-known property 
k 

of continued fractions, a positive number c such that every irra- 
tional number which satisfies the inequality 

(15) \x—Xo\<(rj 

may be written as a continued fraction in the form 


(16) 

where 

(17) 


^ _1 

ni+ W2+ nz+ 

for i = l, 2, . . . , 


Hence, if x is a number of the set /(P) satisfying the inequality 
(15), then, putting p=g(x), we shall have f(p) =x and, therefore, 
from (16) and (17) (and the fact that relation (8) implies (7)) 

(18) P ^ Ms®, . . . . n * 


From (18), (9), and (5), and since <e, we find that p(^,po) <€, 

k 

i.e. 

(19) P^gioc), g(:x:o))<€. 

We have thus proved that for every number Xq of the set /(P) , 
and for every positive number e, there exists a positive number a 
such that the inequality (15) results in the inequality (19) for the 
numbers x of the set/(P). This proves that the function g{x) is 
continuous in the set/(P). 

We have thus proved that the function / establishes a homeo- 
morphic mapping of the set P on the set of real numbers /(P). 
Theorem 56 is, therefore, proved. 
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Every countable set of real numbers is, as is well known, 
homeomorphic with a certain set of rational numbers;^® hence 
Theorem 56 leads to the following 

Corollary. Every countable metric space is homeomorphic 
with a certain set of rational numbers. 

Every countable set of real numbers which is dense-in-itself 
is, as we know, homeomorphic with the set of all rational numbers; 
it follows, therefore, from Theorem 56, that every countable metric 
space which is dense-in-itself is homeomorphic with the set of all 
rational numbers. 

Thus e.g. the set of all rational points of the Hilbert space (§ 49) 
(which is everywhere dense in that space) is homeomorphic with 
the set of all rational numbers. 

Hence, the set of all rational numbers has the greatest dimen- 
sional type (§ 12) of all metric spaces. 

If a countable metric space P contains a subset dense-in- 
itself (not null), then this subset is homeomorphic with the set 
W of all rational numbers, which results in the fact (by the corollary 
deduced above) that P and W have the same dimensional type. 

It follows from the above that if a countable metric space P 
has a dimensional type different from that of W (hence a smaller 
one), then it does not contain a non-null subset dense-in-itself, 
and so it must be scattered. 

64. The Hilbert space is a natural generalization of the m- 
dimensional space for m = (owing to the definition of distance), 
but it possesses a somewhat artificial limitation on the coordinates, 
namely the condition of convergency for the sum of the squares 
(a condition which is necessary to assure that the distance between 
two elements is always finite). Frechet raised the following 
question: Let P be a set whose elements are the infinite sequences 
of real numbers 

^1, ^3j ... 


^°In fact, let X denote a countable set of real numbers, and ir the set of all 
rational numbers. The set X + W is, therefore, countable, and so (see appendix, 
§ 9) similar to the set W. But, as is easily seen, the similar mapping of the set 
on the set W is at the same time homeomorphic. 



108 


General Topology 


Is it possible to establish a metric in so that, in the metric 
space thus obtained, the necessary and sufficient condition for the 
element 

( 1 ) Xi, xz, ^ 

to be the limit of the infinite sequence of elements pn(n=^li 2, . . . ), 
where pn is an infinite sequence of real numbers, 


(2) 

pn(.0C,^”\ *2^, . 

. .), 

is that the relations 

(3) 

hold for 

lim Xi^^^ 



Fr^chet has proved that the answer is in the affirmative, al- 
though the definition of distance which he adopted for the set E 
is somewhat artificial. He chose, namely, the distance between 
two elements 

p(xu Xzy . ^ and q(yu ^ 2 , ys, . . . ) 


to be the number 


(4) 


p(Pi 2 ) = 2 


1 


1 Xn yn I 

nl (l+\Xn—yn\) 


It will be necessary to show first of all, that the function (4) 
possesses the three required properties of distance. It is evident 
that it possesses the first two; it will be sufficient, therefore, to 
prove the triangle property. 


Let a and b be any tvro real numbers. We have, as is well 
known, 

I a+b I :^ [ a [ + |6 I , 

and so 

|a+&l ,1 


1 4 " I Q “hi I l+jo+ft 

+ 


1 - 



1 < Ul 

1 + 1 

a 1 

+ UI 1+ 

a 


l+lal + IH l+|a|+l6| 
b\ 


+ 


1+M’ 


hence, for a=x„—y„, b=y„—z„, 
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^ j yn j | 3 ^m j 

l+\xn~-Zn\ “ l+\xn—yn\ 1 + i “Sn 1 

Hence, if r be the sequence (si, S 2 , S 3 , . . . )> then (4) gives at once 
(on account of (5)) the inequality 

p{p, r)^p{py q)+p{g_y r). 

The set of all infinite sequences of real numbers, in which the 
distance function is given by (4), becomes a metric space which 
is denoted according to Fr^chet by jE„. 

Let now pn{n^l^ 2, . . . ) be an infinite sequence of elements 
of the space such that lim pn^p, where pn and p are the 

7I">-CO 

sequences (2) and (1) respectively. Since lim pn—p we have 

M->'0O 

(6) lim p(p,pn)=0. 

n-^co 


But evidently from (4) 

j_ I x,— ^ V J_ 




1 + 1 ^i—Xi 


in) \ 


= P(Pi pn), 


for ^' = 1, 2, , and so from (6) 


lim 

M->CX) 


Xj' —x^ 


in) j 


1+ 1 Xi—X, 


in) I 


= 0, for i = l, 2, , 


hence, 


and so 


lim { 1 j — TTr) “ 

n->oo \ l+|xi— 

«->OD l+\ Xi — I 

lim (l+|x,-x>>|)=l, 

«-^co 


and, finally, 

lim 

n-^00 


.in) 


0, for i = 1, 2, . . . ; 


this gives (3). 
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On the other hand, let pn{n = l, 2, . . be a sequence of 
elements of for which (3) holds. Let e be any positive number. 
Choose a number m sufficiently large so that 


( 7 ) 


CO 


E 

Z = W + l 


i\ 


< 


€ 

¥ 


°° 1 

(which is possible, since the series e — 1==2 — is convergent). 

1 'll 

Since — ^ ? -l-r <1 for every real a, we have certainly 

1+UI 


( 8 ) 

as a result of (7). 


oo 

S 

i— m+1 


1 Xi — 

i\ 1+ Xj— 


< 


€ 


In virtue of (3), there exists an index /x such that 


Xf— x/"^^ I < , for w >pt, ^‘ = 1, 2, . . . , w, 

2m 

|s ^ I o|, fori = l, 2, . . . 

»! (1+ I a I) 

Xi I e « f 

xj — ; \ t-tk < • = — .for ■n>\x-, 

il {l+\ Xi-Xi^"^\) 2m 2 

hence, from (8) and the definition of distance, we see that 


and so, since 

we have 

m 

S 


pC^’. Pn) <«. for n>ix, 


from which it follows that lim pn—p- 

7Z->-00 

Hence, in order that an element p be the limit of an infinite 
sequence of elements of the space it is necessary and sufficient 
that the coordinates of the terms of the sequence approach the 
coordinate of the element p, for every index i. 

Let the infinite sequences of rational numbers, with all but a 
finite number of terms in each sequence equal to zero, be called the 
rational elements of E^. It follows from the property deduced 
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above that the set of all rational elements of the space is every- 
where dense in that space. In fact, let (rri, xa, . . . ) denote any 
infinite sequence of real numbers. There exist, as is well known, 
infinite sequences of rational numbers — 1, 2, . . . ) for which 

(3) holds. Denote by qn the sequence • • • )» where 

fQj- and =0 for i > n. As is easily seen, we shall 

have from (3) 

lim for i = l, 2, . . . 

w-^oo 

and so lim qn where = 1, 2, . . . ) are rational elements of E^. 

n-^co 

E^ has, therefore, a countable subset, everywhere dense. 

Let now S denote any metric space which possesses a countable 
subset everywhere dense. We shall prove that S is homeomorphic 
with a certain subset of jE^. 

Let 

(9) pi, p2, :/>3, . . . 

be an infinite sequence which consists of all the different elements 
of the countable, everywhere dense subset P of 5. We shall denote 
by Piip, g) the distance between any two elements in 5. Let 
every element p oi She correlated with an element q = 4>ip) of E^^, 
in such a manner that the coordinates of q are the numbers 

Pl{Pu P)y Plip2, P), Plip3, ^), • • • 

(i,e 4>(P) is an infinite sequence of real numbers Xij X 2 , a's, • • - » 
where Xi—pi{pi, p), for f = l, 2, 3, . . . ). 

It will be shown that 5 <I>{S). We shall prove first that the 

function p establishes a (1, 1) correspondence between the elements 
of the sets .S' and To do so, it wnll obviously be sufficient 

to show that the function <{> is biuniform in 5, i.e that if p € S, 
p' € 5, and p9^p', then <l>{p) ^4>{p')^ 

Hence, suppose that p and p' are two different elements of S; 
we have, therefore, pi{p, p')>0, and so from the property of the 
sequence (9), there exists a term pk of that sequence such that 

Pi(^» Pk) < i Pl(P, P')y 

from which we have 


2pi(^, PkXPliPy P')^Pl(Py Pk)-hpi{Pk. P')y 
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and so 

PiiP, Pk) <Pi(^'» Pk ) ; 

this proves that the elements <f>(p) and (pip^) differ in their 
coordinates ; hence, 4>{p)9^<i> ip ') . 

Assume now that we have lim =p in space S. Let i be 

n-Voo 

a given index. Since the distance pi(p, q) is a continuous function 
in Sj the relation lim —p implies the relation lim pi{pi, p^^^) 

M->CX> W->0O 

= pi{pi, p). Hence, the coordinate of the element <f>(p^^^^) 
approaches the coordinate of the element 0(^), for = 1, 2,. . . . , 
and so (from the property of the space E^) lim 4>{p^^^) = ^{p) • 

n-^ca 

The function (p{p) is, therefore, continuous in 5. 

Suppose now that for a certain sequence pn{n = l, 2, . . . ) of ele- 
ments of a set Sy and a certain element p of that set, we have 
lim From the property of tTie space and the 

n-^co 

definition of the function 0, we have, therefore, 

(10) lim Piipt, =Pi(Pi, P), for f = 1, 2, . . . 

n-^oo 

But 

Pi(p, p^”^) S p^ip. Pi) + Pi (/>,-, : 

hence, from (10) we have 

(11) lim pi(p>, p^’‘'>) 2pi(pi, p),ioTi = l,2, . . . 

M->0O 

In virtue of the property of the sequence (9), the number 2pi(^,-, p) 
can be made arbitrarily small for a suitable i\ the inequality (11) 
gives, therefore, 

lim pi{py =0, i,e, lim =p. 

W-^OO yj-^OO 

We have thus proved that the inverse of the function 4> is 
continuous in the set ^(5). The relation S <(>{3) is, therefore, 
proved. This gives 

Theorem 67. Every metric space which possesses a countable 
subset, everywhere dense, is homeomorphic with a certain subset of E^. 
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As previously shown (§ 47) the axiom of countability {vi) for 
a metric space is equivalent to the existence of a countable subset, 
everywhere dense. Hence, connecting Theorem 57 with the 
corollary to Theorem 51 (§ 49) and considering that the Hilbert 
space and the space jE„ both possess countable subsets everywhere 
dense, we conclude that the Hilbert space is homeomorphic with 
a certain subset of and conversely. From the definition of 
dimensional types (§ 12) and the above, we obtain, therefore, the 
following 

.Corollary. The Hilbert space and the space of Frechet have 
the same dimensional type. 

However, the question whether the Hilbert space is homeo- 
morphic with Fr4chet’s space is not as yet settled. 

Denote by E the set of all elements of E^, whose coordinates 
are all numerically ^ 1. 

It follows that jE is a closed, compact set. In fact, let 
pn{x-^'^\ . . . ) be a given infinite sequence of different ele- 

ments of £, where n = 1, 2, . . . The sequence (w = 1, 2, . . . ) is a 
bounded sequence of real numbers (since | ^ 1, for w = 1, 2, . . . ) ; 

there exists, therefore, an increasing sequence nk>l = 1, 2, . . . ) 
of indices such that the sequence = 1, 2, . . . ) is convergent, 

with limit Xi say (where, obviously, | xi | < 1). Similarly, since 
the sequence = 1, 2, . . . ) is bounded, there exists an infinite 

increasing sequence of indices ki>l (/ = 1, 2, . . . ) such that the 
sequence (Z = 1, 2, . . . ) is convergent, with limit x^ say. Simi- 
larly, we conclude in general the existence of an infinite, increasing 
sequence of indices l^> 1 2, . . . ) such that the sequence 

xz (w =1, 2, ... ) is convergent, with limit Xz say, and so on. 
It is easily seen that the infinite sequence pu pni, Pnk\^ . 

contains only different terms from the sequence pn in = 1,2, . . . ), 
and that it tends as limit to p{xi, x%, Xs, . . . )» which is an element 
of E, Hence, E is closed and compact. 

Furthermore, it will be shown that E^ is homeomorphic with a 
certain subset of the set E, namely with the set £i consisting of all 
the elements of whose coordinates are numerically <1. 
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To prove the above we note first of all that the set of all real 
nunmbers is homeomorphic with the set of all numbers which are in 
the interval ( — 1, 1) ; such a homeomorphic mapping may be estab- 

oc f 

lished by the function (i>{x) == — r say I here the inverse function 

1+ \x\ \ 

of is ^(y) == — — j ) . If now every element p(xi, X 2 , . . . ) 

1 — I y |/ 

of be correlated with the element /(^) =q{(^ixi), 4 >{x 2 )r • • •) oi Ei, 
then, as is easily seen, E^ hfEi. 

Since E is compact, the set EiCZE is compact. Hence: 

The space E^ is homeomorphic with a certain compact subset of 
itself. Hence, it follows also from Theorem 58 that every metric 
space, which posesses a countable subset everywhere dense, is 
homeomorphic with a certain compact subset of E^. 

Denote now (Fr^chet) hyH^^ the set of all elements of E^ whose 
coordinates are irrational. We shall prove that is homeomorphic 
with the set Hi of all irrational numbers. 

The set Hi is, as we know, homeomorphic with the set Ti of all 
irrational numbers in the interval (0, 1). It follows readily from 
this (in the same way as the relation E^^ hfEi previously obtained) 
that the set H^ is homeomorphic with the set T of all elements of 
with coordinates irrational numbers in the interval (0, 1). It 
will be sufficient, therefore, to show that T h Ti. 

Let p{xi, X 2 , . . . ) be a given element of the set T. The numbers 
Xi, X 2 , . . . . are, therefore, irrational and in the interval (0, 1) ; let 

.= 1 1 1 

be a development of the number x^ as a continued fraction. 

Employ the diagonal method to rearrange the double sequence 


ni , 

nz , 

nz , 

ni\ 

nf', 

nf' , 

ni"\ 




into the single sequence 

ni, Ml", Ms', Ml'", Ma", Ms', . . . 
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Put 


V+ ni'+ ^2'+ wi'" + 

It is easily seen that T h/Ti. It is sufficient here to base the 
proof on the property of sequences convergent in and on the 
following two properties of continued fractions: 1. For every 
irrational number and every positive integer k there exists a 
positive number e such that every irrational number Xy which 
satisfies the inequality | rx:— rco| < e, possesses a development as a 
continued fraction which is identical in the first k convergents 
with that of the number itself. 2. For every irrational number 
xq and every positive number e, there exists a positive integer k 
such that every irrational number x, whose development as a 
continued fraction has the first k convergents identical with the 
corresponding convergents in the development of xo, satisfies the 
inequality | x—Xq \ < e. 

The relation h Hi may, therefore, be considered as proved. 
Translations of the space Let 


CLif (l2i O'Zi • • • 

denote a given infinite sequence of real numbers. Correlate with 
each element p{xu ^C 2 , . . . ) of E^ the element 

( 12 ) = 5 (^ 1 +<3^1, :x: 2 +a 2 , Xs+as, . . . ). 

It is easily seen that EJi^<i>(E^. The transformation <t> is called 
a translation of the space E^ (by analogy with the m-dimensional 
space). As is easily seen (from (4)), a translation of E^ is an iso- 
metric transformation of E^ into itself. Since by a suitable trans- 
lation any element of E^ can be transformed into any other, we 
may say that E^ is not only topologically but also metrically 
homogenous. 

Let now N be any set of elements of E^ with potency less than 
that of the continuum. 

It will be shown that there exists a translation of E^ which 
transforms the set N into a certain subset of the set In order 

to prove this, we shall first establish the following 
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Lemma. If Q be a set of real numbers of potency less than that of 
the continuum, there exists a real number a such that for every number 
X of Q the number x-^a is irrational. 

Proof. Let tit denote the potency of Q; hence ttt<C. Denote 
by S the set of all real numbers of the form r—x, where r is rational 
and xeQ. Hence and so S<t (since tlt<C). There 

exists, therefore, a real number a, which does not belong to 5. 
Obviously, for xeQ, the number x+a will be irrational. (For 
in case x+a^r, where r is rational, we would have a = r—x, and 
so a e S, contrary to the definition of a.) The lemma is, therefore, 
proved. 

if now NCZE^, and N <t, then the set iV,* of all i^^ coordinates 
of the elements of N has potency < t, and, therefore, by the 
above lemma, there exists a real number a,- such that for every 
Xi € Ni, the number Xi+ai is irrational. Furthermore, it is obvious 
that the translation (12) transforms the set N into a certain subset 
of H,. 

From Theorem 57 and the relation H^hHi, the following theorem 
results : 

Every metric space of potency less than that of the continuum, 
which possesses a countable subset, everywhere dense, is homeomorphic 
with a certain set of real numbers. 

In case C = 5<i, the above theorem is obviously identical with 
Theorem 56. 

54a. Baire calls the set of all infinite sequences of integers, 
where the sequence C{ai, a^, az, . . .) is considered to be the limit 
of the sequence of sequences • • • ) (^ = 1, 2, 

. . . ), a ^-dimensional space, when and only when there exists for 
every integer k a number jjl such that 

=ai, for ^‘==1, 2, . . , n> ii. 

Baire’s space may be slightly generalized. Let P denote any 
countable set consisting of (different elements) pi, p%, pz, ... . In- 
stead of sequences of integers, consider sequences of terms which 
are elements of the set P, and define the limit as Baire does. We 
shall show that every space 11 thus obtained is homeomorphic with 
the set Hi of all irrational numbers. 
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The set Hi is, as we know, homeomorphic with the set Ti of 
all irrational numbers in the interval (0, 1) ; hence, it will be sufficient 
to show that Ti h H- For this purpose, correlate the irrational 
number 

J 1 1_ 

M2+ «3 + 

with the sequence 

fix) ipnii Pn2i * • • )• 

To prove that Ti 11, it will be sufficient to base the argument 
on a property of continued fractions, the definition of limit in the 
space n, and the fact that the equality = is equivalent to 
the equality m=n (since the elements of the set P are all different). 

Hence, in particular. 

The (^-dimensional space of Baire is homeomorphic with the set of 
all irrational numbers. 

It follows from the above that a metric can be established in 
the Baire space. Frechet establishes it directly, considering the 

number — as the distance between two different sequences {ai, oz, 

T 

as, ... ) and (&i, & 2 , bz, . . where r is the smallest index k such 
that akT^bk- (The proof, that the distance so defined satisfies the 
required properties of distance, and that it leads to a definition of 
limit equivalent to that adopted by Baire, is left to the reader.) 

We remark, finally, that if P consists of two (or a finite number 
of) different elements, then the space H thus obtained is homeo- 
morphic with a perfect point-set obtained from real numbers, as 
can be easily seen. Hence, in particular, a subset of the Baire 
space, consisting of all the infinite sequences formed with 0 and 1, 
has the same dimensional type as the whole Baire space. 



CHAPTER VII 


METRIC SPACES IN WHICH BOUNDED SETS ARE 
COMPACT 

55. We shall consider in this chapter metric spaces which 
satisfy the following condition 

(W) : Every hounded set is compact. 

The converse, as is easily seen, is true for all metric spaces, 
i.e. &oery compact set is bounded. In fact, if a compact set E is 
supposed to be unbounded, and if pQ be a given element of E, then 
for every positive integer n there exists an element pn of E such 
that p(^o> pn) > n. It is easily seen that £ 1 , a subset of £, consisting 
of the different terms of the sequence pi, p 2 , pz, is an infinite 
set without a limit element, from which it follows that E is not 
compact. In metric spaces satisfying (W) the conditions of 
being compact and bounded are equivalent. 

A metric space M which satisfies condition (W) is obviously 
semi-compact (but the converse is not necessarily true). In fact, 
let pQ be a given element of the space M; we shall then have ' 

M^KiPo, l)+K{Po, 2)+K{Po, 3) + . . . ; 

M is, therefore, the sum of a countable aggregate of bounded 
sets, which are also compact by condition (W) ; hence, M is semi- 
compact. As already mentioned in § 47, every semi-compact 
metric space satisfies axiom {vi), and all the theorems of chapters 
I-V are valid. Moreover, it contains a countable subset every- 
where dense {i.e. it is the enclosure of some countable set); it is 
therefore separable. 

From condition (W) and the definition of a compact set (§ 16), 
we obtain at once 

Theorem 58 (Bolzano- Weierstrass). Every infinite bounded set 
has at least one limit element. 
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On the other hand, a metric space for which Theorem 58 is 
true evidently satisfies condition (W). Hence, condition (W) and 
the Bolzano-Weierstrass theorem are equivalent. 


Theorem 59 (Cauchy). In order that aii infinite sequence of 
elements pi, ■p 2 , pz, . . . has a limit, it is necessary and sufficient that 
to every positive number e there exists an index n such that 


(1) p{Pn+ky pn) for «> jU, ^ 1, 2, . . . 

Proof. Assume that the infinite sequence pi, p 2 f pz, • . . of 


elements of the metric space considered has a limit a (§31), and let e 
denote a ^iven positive number. For the open set (which 

contains a) there exists an index jn such that for n> jjl we have 
pniK ^a, and so also « K ^a, ; hence, p(a, p«)< , 


and p(a, pn-\-k) > from which (by the triangle law) inequality 

(1) follows at once. The condition of the theorem is, therefore, 
necessary. 

Suppose now that a given infinite sequence pi, p2, pz, . . . satisfies 
the condition of Theorem 59. We shall consider next two cases. 

1 . Only a finite number of terms of the sequence pn{u = l, 
2, . . . ) are different. In such case a certain term of the sequence, 
a say, will occur an infinite number of times. Let e denote a 
given positive number. Since the condition of Theorem 59 is 
assumed to be satisfied, there exists an index jj, for which (1) is 
true. Let 7i be any index > jjl. Since a occurs an infinite number 
of times in the sequence, there exists an integer k (corresponding 
to the index 7i) such that p,i^k—a, and so from (1) 

( 2 ) p{a,pn)<€. 

Thus for every number €>0 there exists an index jl such that 
the inequality 7i> jx implies the inequality (2). This proves that 

lim p{a, pn) =0, 

71-^00 

and so, by Theorem 50, we get 

lim pn—a. 

7l->-CX» 
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2. There is an infinite number of different terms among the 
terms of the sequence = 1, 2 , . . . )• The set E consisting of 
all the different terms of the given sequence is, therefore, infinite 
and since, by condition (1), it is bounded, it is compact by con- 
dition (W) and so has at least one limit element, a say. Let En 
denote the set of all the different terms of the sequence 
Pn+ 2 ^ . . . ; then E^^E' (§ 15), and so tr is a limit element of En, 
Let 6 denote a positive number; by the condition of Theorem 59, 
there exists an index /z for which (1) is true. Let n be an index > jjl. 
Since a eEj,, there exists at least one element of the set En in the 
open set K{a, e); hence, there exists by the definition of the set 
En an integer k such that p^^k e), whence <€, and 

from (1) (and the triangle law) we have 

(3) p(a,pn)<2€. 

We have thus proved that to every positive number e there 
exists an index /x such that the inequality (3) holds for every n> /jl. 
This proves that lim p(a, pn) =0 and, hence, by Theorem 50, that 

lim pn=a. The condition of Theorem 59 is, therefore, sufficient. 

Hence, Theorem 59 is proved. 

Fr6chet calls a space complete when a metric can be established 
for it such that Cauchy’s Theorem is true. It therefore follows 
from Theorem 59 that a metric space which satisfies condition (W) 
is complete. But the converse is not necessarily true; for if a 
set N be infinite and the distance between any two different 
elements of N be always taken to be the number 1, then the metric 
space thus obtained wall obviously be complete, but will not satisfy 
condition (W). 

56 . The following corollary follow's immediately from con- 
dition (W), Theorem 41, and the fact that every compact set is 
bounded (§55): 

A continuous transform of a closed and hounded set is closed and 
hounded. 

Furthermore, we obtain easily the following: 
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Theorem 60 . A continuous transform of a set is a set 
Proof, Let E denote the given set F^. From the definition of 
sets F^ (§50), we have F =jEi+F 2H--E3+ . • where the sets 
En(n = l, 2, . . . ) are closed. Let po denote a given element, 
k a given positive integer, and the set of elements p of the space 
considered which satisfy the inequality p(^o, P)^k; the set P^ is, 
as is easily seen, closed (from Theorem 39 and the continuity of 
the function p) and bounded, and so the sets En-Pk are closed and 
bounded (for all integers n and k). But obviously 

oo oo 

£ = 2 S En.Pk-, 

n=l ^=1 

thus every set is the sum of a countable aggregate of closed and 
bounded sets. From this and the fact that a continuous transform 
of a closed and bounded set is closed, Theorem 60 follows at once. 

57. Let/(:^) be a function defined in a given set E and continuous 
in that set. Denote by T the set of all elements of E for which the 
oscillation of / in E is zero. By the corollary to Theorem 53, the 
set T will then be a set <^5, and PC P by Theorem 54. Let pQ be 
an element of the set T —E; since P C P, ^0 is a limit element of P, 
and so, by Theorem 39, there exists an infinite sequence pn{n = l, 
2, . . . ) of elements of P such that lim pn=po- It follows that 

M->-0O 

the sequence f{p?i) (w = l, 2, . . . ) has a limit. For, let e be a 
given positive number; since oj{po)—0y (po e T) and from the 
definition of oscillation (§51), there exists a number r> 0 such 
that for every two elements p and q of the set E.K (po. r) the 
inequality 

p(m.f(q))<e 

is satisfied. 

But, since lim pn^po, and from the definition of a limit (§ 31), 

«->oo 

there exists an index p such that pn € K{po, r ) , for n> }i. W'e have, 
therefore, 

p(APn+k), f{pn)) <6, for M> * = 1. 2, . . . 


^Analogous theorems for closed or open sets cannot be obtained without 
additional hypotheses on the space considered. 
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Hence, by Theorem 59, the sequence f{pn) (7Z=1, 2, . . . ) has 
a limit; denote it by h. 

The element h depends solely on the element pQ and not on 
the choice of the sequence pn of elements of E for which lim pn =po. 

n-^co 

In fact, let qn denote any sequence of elements of E such that 
lim qn=pQ‘ The sequence f(qn) (w = l, 2, . . .) will have a 

«->-oo 

limit, as proved above; let it be denoted by c. But, since lim pn 

n-^co 

—pQ, and lim qn —po, the sequence pi, qi, ^2, $2, • - • will also have 

n-^co 

for its limit po (§ 31), and so the sequence /(^ 2),/fe), . . • 
will have a limit, which we may denote by g. But, from property 3 
of a limit (§ 31), it follows that the sequences /(^>i), /(^2), . . . and 
/(gi), S{q^, - . . being subsequences of a sequence whose limit is g, 
must also have the limit g. We have, therefore, b=g, c=g, and 
so 

We have thus proved that to every element po of the set T —E 
corresponds a completely defined element b=<j>(po) such that, if 
pn ^ E, for n = l, 2, . . . and lim pn^po, then lim f{pn) =^4 >(Pq)> 

n-^QO n-^co 

The function 4>{p) is, therefore, defined in the set T —E, Next 
put 4>(p)—f(p), for p eE; the function (f>{p) is then defined in the 
whole set T. It will be shown next that the function (f>{p) is con- 
tinuous in the set T, 

For, let po denote a given element of the set T and e an arbitrary 
given positive number. Denote by o>{poj e) the upper bound of 
the set G of all the numbers 

p(/(^)./(2)). 

where p and q are any two elements of the set E.K{po, e), and by 
oiiipo, e) the upper bound of the set H of all the numbers 

pWP), <#>(2)). 

where p and q are any two elements of the set T.K(pQ, e). 

Let li be a number of the set H; there exist two elements p and 
q of the set T,K{po, e) such that 

(4) h = p{^{p), <^(^)). 

Since p e TCZE, there exists an infinite sequence pn (w = l, 2, . . . ) 
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of elements of E such that lim pn=^p, and since p eK{p^, e), then 

also pn € K{po^ e), for n> /i. Similarly, since qeT.K^Po, «), there 
exists an infinite sequence qn (w = l, 2, . . .) of elements of E 
such that lim qn — q, and e K{pQ, e), for 7 i> v. Hence, for 71 > m+v, 

n-^co 

the numbers 

p(f(pn),f{q«)) 

belong to the set G, and so, from the definition of cj}(por e), we shall 
have 

(5) p{f(pn), f(q«))^o>(po, «), for n>fi+v- 

But, since pn e E, qn e E, and lim pn —p, lim qn=q, we have 

M -^00 n-^co 

(6) lim fipn) =<t>(p), and lim f{q„) =4>(q)- 

n~^co n-^co 

(In case either p or qe T—E, the above follows from the definition 
of the function <l> in the set T—E, and if either p or qeE, the result 
follows from the continuity of the function / in the set E (Theorem 
40) and the fact that (^{p) —f(p), for p e E.) From (5), (6), and the 
continuity of the function p (§ 45), we find 

p{4>{p), <i>{q))^<^{poj «). 

i.e. from (4), h^oj(po, e). Since h is any number of the set H, it 
follows that the upper bound of that set, given by the number 
«), does not exceed o>(po, e). Hence 

(7) coi(po)=lim coiipQ, e) < lim w(^o, «) =^{Po)y 

€>0 €>0 

where (§ 51, (17)) o^(po) denotes the oscillation of the function / 
in the set E at the element po, and coiipo) (from the definition of 
the numbers o^iipo, e)) the oscillation of the function in the set T 
at the element pQ. But from the definition of the set T, and since 
€ r, we have co(^o)=0; hence, from (7), coi(^)o) =0, and so, by 
Theorem 54, the function <l> is continuous in the set T at the point po. 

Since po is any element of T, we have thus proved that is 
continuous in the whole set T. 

We have, therefore, proved the following: 
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Theorem 61. If f{p) ^ function defined in a set E and con- 
tinuous in that set, there exists a function 4 >(p) defined in a certain set 
T, which is a G 5 , containing E and contained in E, and this function 
is continuous in the set T and equals f{p) for each element p of E, 

This theorem is expressed by stating that a function continuous 
in a given set E may be extended, the continuity being preserved, 
over a certain set Gs containing E. Such a set could be chosen to 
be the set T of all the elements of E for which the oscillation of 
the given function in E is zero. It can be easily shown that, if a 
function f{p) defined and continuous in a set E can be extended 
with the retention of continuity over a certain set S' such that 
E(Z S(ilE, then SczT. It is also easily seen that a given function 
(continuous in E) can be extended, continuity being preserved, 
over every set 5 C T in one and only one way. 

68. Let now E and F be two homeomorphic sets. Then there 
exists a function / defined and continuous in E such that E hf F, 
and a function g, the inverse of/, continuous in F such that Fh^ E. 

By Theorem 61, there exists a function <i>{p) defined and con- 
tinuous in a certain set G^, T say, such that EcZT CZ E, and 4 >{p) 
^f(P)i peE. Similarly, by the same theorem, there exists a 
function p(q) defined and continuous in a certain set Gs, H say, 
such that FCZHCZ F , and =g(s), for q e F. 

Let M denote the set of all elements p oi T for which 4 >{p) e H, 
and denote by N the set of all elements q oi H for which p{q) e T. 
Then M h^ N. For, since M Cl T, and the function p is continuous 
in T, it is certainly continuous in M. Similarly, the function p is 
continuous in the set NCH. To prove the relation Mh^N, it 
will be sufficient to show that the function p (considered in the 
set N) is inverse to the function p (in the set M), or, in other 
words, that the relation 

( 8 ) peM,p{p)^q 

is equivalent to the relation 

(9) qeN,4/(q)=p; 

on account of the symmetry of these relations it will obviously be 
sufficient to show that (8) implies (9). 
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Hence, suppose that (for a given p) relations ( 8 ) are satisfied- 
Since p e M, we have <i>{p) e H by the definition of M, and so 
qeHhyiS). ___ 

Since peMdTcZE, there exists an infinite sequence pn 
(tz = 1 , 2 , . . . ) such that pn e E, for n~l, 2, . , and pn — and 
so, since p e T, EClT, and the function 4> is continuous in T, it 
follows that 4>{pn) — But, since pn e E (w = l, 2 , . . . ), and 
from the property of the function <^, we get (j>{pn) =^f(pn), for w = l, 
2, . . . ; since E hf F, and since the function g is the inverse of the 
function / in F, we shall get, on putting /(;j^w) for n — 1, 2 , . . , , 
qn^FCZH, and pn^g{qn)^ for n — 1, 2 , . . ., and so, from the 
property of the function p, we obtain pn—P(qn)i for w = l, 2 , - . . . 
This, on account of pn — ^p^ gives piqn) — But, since qn e H, 
for n = 1, 2 , . . . , and qe H, and the function p is continuous in H, 
we have Piqn) — ^P{q)j and this, on account of the relation p(qn) — ^P? 
formerly obtained, gives p(q) =p; since g € iJ, and ^ € T, it follows 
from the definition of the set N that qe N. Hence, relations (9) 
are established. 

We have, therefore, proved that M N. 

From Ehf F, E(ZT, F(Z 11, p{p) —fip ) , for p e E, and from the 
definition of the set M, we have EczM. Similarly, from FhgE, 
p(q) =g(q)j for q € F, and from the definition of the set N, we get 
FCN. It will be shown that M and N are sets Owing to 
the symmetry of the relations, it will be sufficient to prove that 
one of them, M say, is a set To that end, we shall first prove 
the following: 

Lemma. If a function p{p) he continuous hi a set T, which is a 
set Gs, and if V he aft open set, then the set S of all elements p of T for 
which p{p) 6 V, is a G^. 

Proof, Let p be an element of the set G. Since p is continuous 
in T and V is open, and since p{p) e there exists an open set 
U(p) such that p e U{p), and 

<p{q) e V whenever q e T.U(p), 

Denote by U the sum of all the sets U(p), where p ranges over 
all the elements of 5. Obviously, S^T.U, where U is open. 
But, since F is a Gg, the set G — F. 27 is a G 5 . 
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Corollary. If a function 4>{p) continuous in a set T, which 
is a Gs, and if the set H is a G^, then the set M of all elements of T for 
which 4>(p) € Hy is a G^, 

Proof, Since the set JT is a we may write iJ== Vi. 72 . F 3 . . - . 
where Vn(n = ly 2, . ) is an open set. Denote by Sn the set of 

all elements p of T, for which <h(p) e F„; the set Sn is a Gs by the 
above lemma. But, obviously M — Si.S 2 ^Sz . . . (For, if e ilf, then 
4>(p) eHCZ Vn, which gives p e Sny for n~l, 2, ... ) and if p e Sn, 
for w = l, 2, ... , then <l>{p) e 7„, for n = l, 2, . . . , and so (h(P) ^ H 
and p € M.) Since each set Sn(n = l, 2, . . . ) is a Gs, the set M is 
also a Gs. 

Collecting the results obtained in this article we may state the 
following: 

Theorem 62 (Lavrentieff).^ If E F, then there exist sets M and 
N, each of which is a Gs, such that M h^ N, where Ed. MCZ E, FdN 
dT, and (t>{p) ^f(p), for peE. 

In other words, the homeomorphism between two sets can always 
he extended to two sets Gs, which contain the corresponding sets and are 
contained in their enclosures. 

Furthermore, it can be shown that the extension of the homeo- 
morphism between the sets E and F to apply to the sets M and N, 
obtained above, is the best possible.® 

59. Let E denote a given set Gs', hence E^Ei.E^.Es . . . , where 
E„(n=l, 2, . . . ) is an open set. Let T be a set homeomorphic with 
the set E. Consider the sets M and N which satisfy the conditions 
of Theorem 62. Put Qn = M.En {n = l, 2, . . . ). Since En is open, 
the set M —En = M.CEn is closed with respect to M, and so, by 
Corollary 1 to Theorem 22 (§12), is transformed by the homeo- 
morphism between M and N into a set closed with respect to N; 
it may, therefore, be written in the form N.Fn, where Fn is closed. 
But, since from Mh^N, we have (M—En) h^N.Fn, it follows that 
M.En h^ {N—Fn), or, in other words, Qn h^ N. Un, where Z7« = CFn is 
open. But, from Ed M, E = Ei.E 2 .Ez . . . and Qn=^M.En, we have 


^Fund. Math., vol. VI, p. 149. 

’See Sierpinski, Comptes Rendus, vol. CLXXVIII, p. 545. 
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E ~ M .E Qi.Qs^.Qz ...» while the relation Qn N.Un gives (on 
account of Mh^Ny and QnCZMy for « = 1, 2, . . . ) Qi,Q 2 ^Qs . . . 

. yi.e. ^{E)==N,U^,U 2 .Uz, . . , and so T^NMi.U^.Uz 
. . . (since <1>{E) = T). Since the set iV is a Gs and the sets (w = 1, 
2, . . . ) are open, it follows that T is a set We have thus proved 

Theorem 63.^ A homeomorpMc transform of a set is a G^- 

A family F of sets will be spoken of as a topological invariant 
if every set homeomorphic with a set of the family F also belongs 
to F. 

Theorem 64. If a family F of sets is a topological invariant, 
then the family of sets, which are sums of a countable aggregate of 
sets belonging to F, is a topological invariant. 

For, let E=Ex-]rE 2 -\-Ez+ . . . , where En e F, for w = l, 2, . . . , 
and suppose that E hf T. From En C E, we get En hf Tn, where Tn 
is a certain subset of F (w =1, 2, . . . ), and so also (Fi+Fsd" • • • ) 
kf{Ti + T 2 + . . ,)y or EJtf{T,A-T 2 + . . . ) (since EhfT). But, 
from En e F and EnhfTn, we get Tn € F (since F is a topological 
invariant). Theorem 64 is, therefore, proved. 

Theorem 65. If a family F of sets is a topological invariant, and 
if the product of a set belonging to F and a set Gs belongs to F, then the 
family of all products of countable aggregates of sets belonging to F 
is a topological invariant. 

Proof. Suppose that E~Ei.E^.Ez • ^ , where En e F, and 

assume that E h^ T. There exist, by Theorem 62, two sets M and 
Ny each a G^, and for which M h^ N, Ed M, Td N, and <I>(P) =f{p), 
for p e E. It follows from the property of the family F that the 
sets M.En{n — ly 2, . . . ) belong to F and so also do the sets = 
4>{MEn), since they are homeomorphic with the sets M.En- But, 
from E = M.Ei.M.E 2 - . . , and the fact that 4> is biuniform in M 
(§ 9), we have T = 4>{E) = 4 >{M.Ei).ct>{M.E 2 ) . . . , i-e. T is a product 
of a countable aggregate of sets belonging to F, as required, 

•*This theorem was first proved by Mazurkiewicz in 1916 (Biuletyn Ah. I’m., 
1916, pp. 490-496). Another proof was given by the author in Fmid. Maih., 
vol. VIII, p. 135. 
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Theorem 66. If a family F is a topological invariant^ and if the 
product of a set belonging to F and a set G^, and the sum of a set 
belonging to F and a set always belong to F, then the family of all 
complements of sets belonging to F is a topological invariant, 

Proof. Suppose that E=CX, where X e F, and assume that 
E hfT. There exist, by Theorem 62, two sets M and iV, each a Gg, 
and such that Mh^N, ECZM, TCZN, and <j>{p) =^f(p) , for p e E. 
From X € F and the property of the family F, it follows that 
M.X € Fj and Q = <j>(M.X) e F. But from E^^CXczMf we have 
E==M-X, and so T =-<h{E) =^<t>(M - M.X) -4>{M.X) ^ 

X—Q (since is biuniform in M). Hence CT = Q+CiV, and so, 
since Q € F and CN is a set it follows from the property of F 
that CT € F. Theorem 66 is, therefore, proved. 

Theorem 67. If a family F of sets is a topological invariant, and 
if the product of a set belonging to F and a Gg again belongs to F, then 
the family of all differences of two sets belonging to F is a topological 
invariant. 

Proof. Suppose that Ei e F, E^ e F, £ 2 , EhT. There 

exist, by Theorem 62, two sets M and iV, each a Gg, and a function 
0 defined in M such that EC.M, TCZN, Mh^N, Eh^T. From 
E=^Ei—E 2 , and ECZM, we have E — M.E 1 —M.E 2 , where M.Ei 
and M.E 2 belong to F, owing to the property of F, and so the sets 
Ti and F 2 , which are such that M.Ei Ti and M.E 2 h^T^, belong to 
F. But the last two sets give {M.Ei — M.Ef) h^ {T 1 — T 2 ) (since <i> 
is biuniform in M), and so {slnoo E — M .Ei — M .Ef) d>{E) —Ti — T^', 
but (from E h^ T) <f>{E) — T, therefore, T = Ti — T 2 , where Ti e F and 
T 2 e F. Theorem 67 is, therefore, proved. 

60. Following HausdorfFs® notation, denote all open sets by 
Pb all closed sets by <2^ and employ transfinite induction to define 
the sets and <2“" for 1< a < 12 as sums and products respectively 
of a countable aggregate of sets Ei, Et, Eg, . . . , where is a set 
and a set respectively, and where < a, for n = l, 2, . . . . 
Hence, sets P^ are sums of a countable aggregate of sets ^.nd 
so sets P^ are sets F„ (and conversely). Sets are products of a 
countable aggregate of sets P^; hence, sets Q~ are sets Gg (and con> 


^Math, Zeitschrift, vol. V (1919), p. 307, 
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versely). Sets P® are sums of a countable aggregate of sets 
i.e. of sets hence, sets P® are so-called sets (and conversely). 
Sets are products of a countable aggregate of sets P^, ix. they are 
so-called sets ^ orS- 

We shall now deduce several properties of the sets P“ and Q^. 

Property 1. Every set P“ is at the same time a set for /3> a; 
every set Q" is at the same time a set Qf for ^ > a. 

Proof. For a> 1 property 1 follows directly from the definition 
of the sets P“ and <2“. For a == 1 it will be sufficient to show that 
every set P^ is a P^ and every set is a Q^. The first follows from 
Theorem 52a, since sets P^ are open and sets P^ are ; the second 
part follows from Theorem 52, since sets are closed and sets <2^ 
are sets Gg. Property 1 may, therefore, be considered to be proved. 

Property 2. The sum of a finite or countable aggregate of sets 
P"" is a set P“. The product of a finite or countable aggregate of sets 
is a set (2“. 

Proof. For a = l the above property follows from axiom (m) 
(§ 1) and Theorem 3, and for a> 1 it follows directly from the 
definition of the sets P“ and <2“. 

Property 3. The complement of a set P“ is a set (2“; the com- 
plement of a set 0°" is a set P^ 

Proof. From the definition of the sets P^ and (2h it follows that 
property 3 is true for a = l. Let now be an ordinal number 
such that 1</3<Q, and suppose that property 3 is true for all 
ordinal numbers a< Let P be a set P^. By the definition of 
the sets P“, we may WTite E , where En is a 

set and for n = l, 2, . . . . Since property 3 is assumed 

to hold for a <13, it follows that CEn is a set P^”, and since from 
P=Pi+P 2 + - - - we have CE = CEi.CE^ . . . and since for 

= 1, 2, . . . CE is, therefore, a set Q^. 

On the other hand, let E denote a set It follows from the 
definition of the sets <2“ that E=Ei.E 2 .Es . . . , where En is a set 
P^\ and for 7 i = l, 2, . . . Since property 3 is supposed to 

hold for a<^,it follows that CE„ is a set and since E —Ei.E^Ez 
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. . . , we have CE=^CEi + CE 2 + ...» where <iS, for = 1, 2, . . . 
and so CE is a set P^, 

Property 3 is thus established by transfinite induction. 

Property 4. The product of a finite number of sets P"" is a set 
P“. The sum of a finite number of sets is a set , 

Proof. It is obviously sufficient to prove property 4 for two 
factors and two terms respectively; the rest then follows by ordinary 
induction. 

Hence, let a be an ordinal number <Q, P and T two sets P®. 
We may suppose that a> 1, since for a = l property 4 is true (by 
Theorem 26). It follows from the definition of P“ that E =Ei-\-E 2 
-h . . . , T = Pi+P 2 + • • - > where En is a set (2^”, and where Tn is 
a set with and 77„<a, for w = l, 2, . . . ; hence, 

P.P= i S E^.Tn. 

fn=l n — 1 

Denote by greater of the numbers and ? 7 ,j (or their 

common value if they are equal) ; from for m = 1, 2, . . . and 

for w = l, 2, . . . , we have evidently ,j<a, for all integers 

m and n. The set Ej„ is a set and so by property 1, is also 
a set since by the definition of the number 

Similarly, Tn is a since 77„ The set E^.Tn is a product 

of two sets and so a set (2^”''^* by property 2. 

CO oa 

It follows, therefore, from E.T = S 2 E^.Tn, since 

tn = l n = \ 

for w = 1, 2, . . . , w = l, 2, , that E.T is a set P“. 

The first part of property 4 is, therefore, proved. Let now 
E and T be two sets Q"". The sets CE and CT are sets P'", and so 
from the first part of property 4, the set C{Ef-T)=CE.CT is a 
P“ : hence, P + P is a <2"^ by property 3. The second part of property 
4 is, therefore, established. 

Property 5. Every set P"^ is a set Every set Q" is a set 

Proof. If P be a set P°^ it is sufficient to write E in the form 
E — E.E.E . . . , and recalling the definition of sets it is seen 
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at once that JS is a set Similarly, if £ be a set 0“ it is 

sufficient to write it in the form E ~E+E+E+ . . . , and referring 
to the definition of sets it is seen that jE is a set 

From properties 5 and 2, we get at once 

Property 6. The sum of a countable aggregate of sets P“ is a 
set The product of a countable aggregate of sets is a set P^'^F 

From properties 3, 5, 1, and 2 and the relation P 1 —P 2 =Ei,CEk, 
we obtain at once 

Property 7. The difference of two sets P“, or of two sets Qf is 
both a set P“+^ and a set 

We shall deduce one more property found by Lusin, which will 
be made use of later: 

Property 8, 1/ a ^3, then every set P“ is the sum of a countable 

aggregate of mutually exclusive sets Pi, P 2 , P 3 , . . . , where En is a set 
and <a, for w = 1, 2, . . . 

Proof. Let P be a set P“, where 3. It follows from the 
definition of sets P“ and property 1 that we may write P = Pi + P 2 + 
P 3 + . . . , where P« is a set Q’n, and 2 ^ w = l, 2, . . . . 

Put 5 n=Pi+P 2 + . . . +P«, and denote by the greatest of the 
numbers 771 , V2i * • • j Vni since 2^7jn have obviously 2 :^ < a, 

for 72 = 1 , 2, . . . , and from properties 1 and 4 it follows that is 
a set for 72 = 1, 2, .. . 

Put further, Pi=*Si and R^+i —Sn^ for 72 = 1, 2, . . . ; we 

shall have P^+i for 77 = 1 , 2, .. . But CSn is, b^^ 

property 3, a set P^" ; we may, therefore, write CSn = Pm. 1 2 + . . - , 

where P,j, a* is a set <2^”' and ^ for ^ = 1,2,....® Denote 
by Lz.fc the greatest of the numbers 1 , 27 • • ■ . Sn, k'^ hence, 

in,k <SM> for ^ = 1, 2, ... , and so from properties 1 and 4 the set 
id"^ 7 ^ 2 + • • • '-^'Rn. k is a set for j^=l, . 

Put Pm, 1 = *S'^, 1 , and Rn. k—’^ri, k-i^ for ^=2, 3, . . . ; 

from the definition of the numbers ky it follows that k-i — ^n, ky 
for k =2, 3, . . . ; hence, from property 7, P„, is a set <2^”* for 
^ = 1.2...., and so, since ^ < 2«7 and as+I <f „7 is a set 


®This could not be ascertained if we had not > 2. We note that for a = 2 
property 8 is not true. 
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Since the set S^+i is a set and it follows form 

properties 1 and 2 that S^^i.Rn,k is a set for ^ = 1, 2,. . . 

But, as is easily seen, E is the sum of mutually exclusive sets 

-E = *S'i+ 2 2 ^n+l‘^n,ki 

»=1 ^=1 

where Si is a set and S„^i.Rn,k ^ set for ^ == 1, 2, . . . , 

k = l, 2, , . . , and where < a, for w = 1, 2, . . . Hence, this proves 
property 8. 

61. From the fact that a set is a set and from properties 
5, 1, and 4, it follows that the product of a set and a set is a 
set P“, for 3. Similarly, from the fact that a set is a set P- 
and from properties 1 and 2, it follows that the sum of a set P“ and 
a set Ptf is a set P"^, for a ^ 2. 

Theorem 68. sets P“ (2“ <?/ Hausdorff are a topological 
invariant for a ^2. 

Proof. Theorem 68 follows at once from Theorem 60 for sets 
P“, i,e. for sets and from Theorem 63 for sets i-e. for sets G^. 

Let now ^ denote an ordinal number such that ^ <Q, and 
suppose Theorem 68 to be true for every ordinal number a such 
that 2:^ a<(3. Let P be a given set P^ ; we may, therefore, write 
E =Pi+p 2 +p 3 + • • - , where En is a set (2^”, and ^ = 1, 2, 

. . . , and where, since /3 — 3, we may suppose from property 1 that 
2, for n = l, 2, . . . Let T be a set such that EhfT, Hence, 
EnhfTn^ where P„CP, and where P==PiH-P 2 + • • • But, since 
Ejt is a set where and from the supposition that 

Theorem 68 is true for numbers a, such that 2:^ a</?, we conclude 
from En hf Tn that Tn is a set Thus from P = T 1 + T 2 + ... , it 

follows that P is a set P^. 

Hence, the family of sets P^ is a topological invariant. But, 
since /3 ^ 3 and from the remark made at the beginning of this 
article, it follows that the product of a set P^ and a set and the 
sum of a set P^ and a set F^ are sets P^ . The family of sets P^ 
satisfies, therefore, the conditions of Theorem 66; hence, the family 
of the complements of the sets P^, i.e. the family of sets (by 
property 3) is a topological invariant. 
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Theorem 68 is, therefore, proved by transfinite induction. 
Theorem 68 is not true in case of sets and unless special 
assumptions are made with respect to the space considered. 

From Theorem 68 we get at once 

Corollary 1. A family of sets^ each of which is both a set JF" and 
a set ^ topological invariant. 

Sets which are not sets for any f <a, are Lebesgue’s 

sets O of class a; similarly, sets which are not for any 

|<a, are Lebesgue’s sets F of class a. (Lebesgue’s definition of 
sets 0 and F of class a is different but yet equivalent to the above.) 
From Theorem 68, we get immediately 

Corollary 2. Lehesgue's sets O and F of class a (1^ a<9f are 
topological invariants. 

62. Denote by B the family of all sets P“ and Qf, for 
Sets which belong to that family are called sets measurable in the 
Bor el sense or simply sets B. It follows from the properties of the 
sets P® and deduced in § 60, that the family B satisfies the 
following conditions : 

1) Every closed set belongs toB; 

2) The sum of a countable aggregate of sets belonging to B, belongs 
to B; 

3) The product of a countable aggregate of sets belongmg to B, 
belongs to B. 

Condition 1) follows from the definition of the sets <2^ and the 
family B. 

Let now E EiA-E^+Ez-f- . * . , where En (w = l, 2, . . . ) belongs 
to B. We may always suppose, by property 5 (§ 60), that En is 
a set where is some ordinal number <0. It is known that, 
to an infinite sequence of ordinal numbers = 2, . . . ) which 

are less than 12, there exists an ordinal number a <12, such that 
for w = l, 2, . . . The expression P=Pi+P 2 + • - • proves, 
therefore, that P is a P“ and so belongs to B. Hence, the family B 
satisfies condition 2). Similarly (referring to property 5 and the 
definition of sets it may be proved that the family B satisfies 
condition 3). 
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We shall now show that the family of all sets and (1— a 
<0) is the smallest family B, which satisfies conditions 1), 2), 
and 3). In other words, we shall show that if a certain family B 
satisfies conditions 1), 2), and 3) then every set P'" and every 
set (2“ belong to B, for 

Hence, let B denote any family of sets (contained in the metric 
space considered) which satisfies conditions 1), 2), and 3). 
The sets belong to B by condition 1). It follows at once from 
conditions 1) and 2) that the sets P^, i.e. the sets P^ belong to B; 
from this and property 1 (§ 60), it follows that the sets P^ belong 
to B. 

Let now a denote a given ordinal number such that 1< a < O, 
and suppose that all sets P^ and belong to B, where <a. 
Let P be a given set P“ ; since a > 1 , we may write P +P 2 + . . . , 
where En is a set (3^”, and J«<a; hence, by hypothesis, the sets 
P«(n = l, 2, . . . ) belong to B, and so, by condition 2), the set E 
belongs to B. Similarly, if P be a set Q", we may write P =Pi.P 2 .p 3 
. . . , where En is a set P^” and {„ < a; by hypothesis, the sets Pn(^ = 1, 
2, . . . ) belong to B, and so, by condition 3), the set P belongs to B. 

We have proved, therefore, by transfinite induction, that all 
sets P“ and (2°' belong to B, where 1 a < 0. We have thus proved 
that 

The family of all Bor el sets is the smallest family B which satisfies 
conditions 1), 2), and 3). 

Borel sets may, therefore, be defined without the aid of ordinal 
numbers (and transfinite induction) as sets belonging to the 
smallest (or, if we like, every) family B of sets satisfying conditions 
1), 2), and 3). 

It follows from properties 3 and 7 (§ 60) that the family B of 
all Borel sets satisfies also the following conditions: 

4) The complement of a set belonging to B, belongs to B ; 

5) The difference of two sets belonging to B, belongs to B. 

The definition of Borel sets and Theorem 68 lead at once to 

Theorem 69. A set, which is homeomorphic with a Borel set, is a 
Borel sety 


^W. Sierpinski, C'Omptes Rendus, vol. CLXXI (1920), p. 24. 
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We shall also prove the following property of Borel sets: 

If a family F of sets satisfies the following three conditions: 

1] Every open set belongs to F; 

2] The sum of a countable aggregate of mutually exclusive sets 
belonging to F, belongs to F; 

3] The product of a countable aggregate of sets belonging to Fj 
belongs to F; 

then every Borel set belongs to F. 

Proof. It follows from conditions 1] and 3] that every set 
i.e. every set belongs to F; hence, by properties 1 and 5 of sets 
and (2*^ (§ 60), the sets and P^ belong to F; from condition 2] 
and property 8 ( § 60) , it follows that sets P® belong to P, and so 
by property 1, the sets P^ belong to F. 

Let now a denote a given ordinal number such that 3^a<0, 
and suppose that all sets P^ and belong to P, where g<a. It will 
follow from condition 2] and property 8, that every set P°^ belongs 
to P and from property 3] and the definition of sets that every 
set belongs to P, We have thus proved by transfinite induc- 
tion that all sets P“ and Q”, 1:^ a< Q, i.e. all Borel sets, belong to P. 

We note further that as a result of the property proved above, 
we find immediately that the family of all Borel sets is the smallest 
family F which satisfies conditions 1], 2], and 3]. 

63. We shall consider now a generalization of Borel sets. To 
arrive at this generalization in a natural way, we consider sets P^^, 
i.e. products of a countable aggregate of sets P^. Let P be a given 
set P^ 3 . Since every set P^ is the sum of a countable aggregate of 
closed and bounded sets (§ 56), Ave may write the set E in the form 

(10) £= n +£2 +-Et + -■•)= n s 

= l A = 1 71 = 1 

where pj (^ == 1, 2, . . . ; = 1, 2, . . . ) are closed and bounded sets. 

(10) gives evidently 

(11) P= S 

(« 1 . «2 ) 

where the summation ranges over all infinite sequences of positive 
integers ni, n-z, n-s, . . . 


10 
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Put (for every finite combination of indices nu • • • , 

( 12 ) En, ; 

these sets will obviously be closed and bounded (or may be null). 
On account of (12), (11) may be written in the form 

(13) Si ~ S ^ni' ^ni, 112 * ^ni, ni, n$ • * * 

(mi, nj,....) 

Every set E of the form (13), where nk closed and 

bounded is called an analytical set, briefly a set (A), or the nucleus 
of the system The system is known if, corres- 

ponding to every finite combination of indices wi, . . . , an asso- 
ciated set Enj_ nk i® known. 

We have, therefore, proved in this article that every set is 
a set (A). 

64. Suppose now that to every finite combination of indices 
wi, « 2 , . . . 1 there is assigned a certain set nk 'whose ele- 

ments may be any objects (not necessarily elements of some 
metric space). We then say that a system SlEn^^ cf sets is 

given, and the set 

2 -^Ml ■ ^ni, 7ti • -^Ml, m, Ms • * • » 

(mi, Ml,....) 

where the summation ranges over all infinite sequences of the 
positive integers ni, ^ 2 , nz, . . . is said to be the nucleus of the 
system S. 

If all the sets jE^.^i nk belong to a certain family F of sets, 

then the nucleus of the system is called the restiU 

of the operation A performed on the sets of the family P. 

Lusik’s Sieve. Denote by W the set of all rational numbers between 0 and 
1. If to every number w of the set W there be assigned a certain set (of any 
elements) we then obtain a sieve \Ew\. A set sifted throng^h a sieve [Eu*] is a set of 
all elements p for which there exists a certain (dependent on p) infinite decreasing 
sequence of numbers of the set W, i.e. 


such that 


Wi>1V2^ZV-^> . . . , 

t> € Eu’j^r for == 1 , 2, . . . 



VI I . Analytical Sets 


137 


We shall show that a set sifted through a sieve may be considered to be 
the result of the operation A performed on the sets constituting the sieve. 

Hence, denote by 

(R) ri, rs, rs, . . . 

the infinite sequence consisting of all (different) numbers of the set 
Put Efi — for n = l, 2, . . . 

Let now ^ be a given integer and suppose that we have already defined all 

sets Eni, where «i, ni, . . . , fik is any combinaton of k integers and where 

the sets Em, na belong to the sieve Let , nje, denote a 

combination of 1 integers. Hence, by hypothesis Em, ns, . . . , where 5 

is a certain positive integer. Put£„i, » where fq is the 

term of the sequence (R) satisfying the inequality <irs (such a term 
exists on account of the property of the set W), 

The sets Em, nj^ a.re thus defined by induction. We shall show that the 

set P sifted through the sieve [Ew\ is the nucleus Q of the system nj^. 

Suppose that p e P, Hence, there exists an infinite sequence of indices 
ffii, m 2 , mz, . . . such that 

(t) 

and 

(tt) p€Er^,, for f = 1, 2, . . . 

Put ni=mi; from the definition of the sets En (for n an integer) we get 
From and the definition of the sets Em, m 2 » we have — 

-Ewi, W 2 J f<^r a certain integer « 2 . Furthermore, since r^a<r^ 2 » there exists an 
integer Ws such that Er^^^Eni,ni, «s- Continuing this argument, we obtain, on 
account of (tt)r a-n infinite sequence of integers wi, n^, « 3 , . . . such that 

p e Em, for ^ = 1 , 2, . , . , and so pe Q. 

On the other hand, suppose that p eQ. There exists, therefore, an infinite 

sequence of integers wi, n^, nz, , such that p € Em, for ^ = 1,2,... It 

follows easily from the definition of the sets Em, m nj^ that there exists an 

infinite sequence (t) of numbers of the set IF such that „2 nj^—Er^^, for 

k = l, 2, . . . , and so, from (ft) and the definition of the set P, it follows that 
p € P. We have, therefore, P = Q, and this proves our theorem. 

We note that conversely, it may be proved that the result of the operation A 
on sets of a family F may be considered as a set sifted through a sieve [£^-1, where 
Ew (for w e W) is a set of the family F.^ The investigation of Lusin’s sieve is, 
therefore, equivalent to the investigation of the operation A. 

Theorem 70. If every one of the sets is the result of the 

operation A performed on the sets of a family F, then the nucleus of 


^See Fund. Math., vol. XI, p. 16 . 
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the system S[E''^' ] is also the result of the operation A performed 

on the sets of the family F, 

Proof. All different pairs {p, g) of integers may be arranged, 
as is well known, as an infinite sequence 

(14) (ply qi), (p2, 52), (p3f 23), ‘ • 

Put 

<l>(k) =Pky for ^ = 1, 2, . . . 

Every pair (^, q) of integers occurs, and that once only, in the 
sequence (14); hence, to each pair corresponds a definite index k 
such that p—pk and q—g.k \ k—v(py q). 

We have, therefore, as is easily seen, 

(15) v(4>(k)y rp(k))^ky for ;fe = l, 2, . . . , 
and 

(16) <h(v(py q))==p, H^(P. q))=qy fori> = l, 2, . . . ; 2 = 1, 2, . , . 

By hypothesis, every set is the result of the operation 

A performed on the sets of the family F. Hence, corresponding 
to every combination fi, ^2, . . . , r, of indices, there exists a system 

[E^nunl'Z’l»k^ sets of the family F, whose nucleus is the 

set . For every finite combination of indices ni, 7^2, 

put 

p _p4>0ti).<t>M 

-^nuHir nk ^K(2, Hk)))y ^(np{4>{k'), ypik))) ’ 

the sets so defined will, therefore, belong to the family F. 

It will be shown that the nucleus of the system ] 

is the nucleus of the system 

In fact, let x be a given element of the nucleus of the system 

^[Eni.n 2 ,....,n^' Hence, there exists an infinite sequence of indices 
riu W2, nzy , . , such that 

(18) X € , for =1, 2, . . . 

Put 

(19) ^=0(^5), for 5 = 1, 2, , 


and let 5 be a given integer. Put 

(20) jh =0(w,(;,,,)), for ;^ = l, 2, . . . 
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From (17), (19), and (20), we obtain 

Enun. =E^t::Z , for A = l, 2, . . . 

(since from (16) ypiyQi, 5 )) = 5 , and cf>{vih, s)) =/z) and so, on account 
of (18), 


^ « ^7u7zz7h , for ^ = 1, 2, . . . 


i.e, X belongs to the nucleus of the system 5^‘**'** ''•s. We 

have, therefore, 

(21) , for 5 = 1, 2, , 

from which it follows that x belongs to the nucleus of the system 



Suppose now that x belongs to the nucleus of the system 



Hence, there exists an infinite sequence of integers ri, rs, rs^ • • . 
such that (21) is true. But £»*»• »'*' '''5 is the nucleus of the system 
5 [ corresponding to every integer s there exists, 

therefore, an infinite set of indices mZ\ , mz'^Z . . . such that 


( 22 ) 


WI 

X eE 




.,,rs 


k — ly 2 , . . . 

k 


Put 

(23) w* =J'(j'A, for A = 1, 2, . 

From (23) and (16) we obtain 


s = l, 2,... 


4>(n,,)=rh, , for A = 1, 2, . . . , 

and so for h = v(i, we have 

for f = 1, 2, . . ^ = 1, 2, . . . . 

since, on account of (16), ^(k))) =f, and ^(k))) =\p(k); 

hence, it follows from (17) and (23) that 

for A = l, 2, . . . , 


and so from (22) 

X € » for k 1,2, - . . , 

this proves that r belongs to the nucleus of the system 



140 


General Topology 


We have thus proved that the systems 

’•-] and S[E„„^_ ,J 

have the same nucleus. 

But the sets belong to the family F by (17) ; Theorem 

70 is, therefore, established. 

Corollary. The sum and product respectively of a countable 
aggregate of sets which belong to a family F are results of the operation 
A performed on the sets of F. 

Proof l{E=^Ti+T 2 +TsA- • * - , where Tn c F, for w = l, 2, . . . , 
then for every finite combination of indices ni, W 2 , . . , , n^, put 

T'ni* 

It is easily seen that E is the nucleus of the system . 

If E = Ti.T 2 .Tz ...» then put 

for every finite combination of indices n^, * y 

It follows again that E is the nucleus of the system . 

Let jP be a given family of sets and let A (F) denote the family of 
all sets which are results of the operation A performed on the sets 
of F. Theorem 70 may clearly be expressed by the relation 

(24) A(A(F))^A{F) 

(for every family F of sets). 

If now we denote by S{F) and P(F) the families of all sets which 
are sums and products respectively of a countable aggregate of 
sets which belong to F, then the corollary to Theorem 70 can be 
expressed, as is easily seen, in the form 

(25) 5(F) C^(F) and P(F)aA(F). 

Relations (24) and (25) hold for every family F of sets. 

From these relations we get immediately 

(26) FaA(F) 
for every family F of sets. 

We shall next prove the following property of the operation 
A{F). 
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If a family F is a topological invariant and if the product of every 
set belonging to F arid a belongs to F, then the family A (F) is a 
topological invariant. 

Let E denote a set belonging to the family A{F). 

Hence 

(26a) £ =S 

where the sets JSni.wa belong to F and the summation ranges 

over all infinite sequences of the indices nu nt, . . . 

Further, let T be a set such that EhT, By the theorem of 
Lavrentieff, there exist two sets P and Q, each of which is a set 
Gsj and a function / defined in P such that EC P, T C Q, P hf Q, and 
f(E) = T. 

Put P.Eni, m = Fwi. m wjfe y these sets will belong to F (since 

they are products of a Gs and sets which belong to F), and from 
(26a) and ECP, we get 

F = S ^ni, W2. ns • • • • 

and so, since / is biuniform in ECPf 

this proves that T belongs to the family A(F), since the sets 

/(F„, nk) belong to F (F being a topological invariant). The 

theorem is, therefore, proved. 

66. Let now C denote the family of all closed and bounded sets 
(in the metric space under consideration); it follows from the 
definitions of analytical sets (§ 63) and the operation A{F) (§ 64), 
that A(C) is the family of all analytical sets. From (24) we obtain 

A(A{C))^A(C); 

hence, we have 

Theorem 71. The result of the operation A performed on 
analytical sets is an analytical set. 

From (25) and (24) we get 

5(^(0) C^(^(C))-4[(0, and P{A{C))CA{C), 
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and so the sum and the product of a countable aggregate of analytical 
sets are themselves analytical sets. 

Finally, from (26) 

CaA(C), 

i.e. every closed and hounded set is an analytical set. 

The family A of all analytical sets is, therefore, one of the 
families B which satisfy the conditions 1), 2), 3) of § 62, and since 
everyone of the families B contains the family of Borel sets (§ 62), 
we have 

Theorem 71a. Every Borel set is an analytical set. 

66. A system where is a closed set 


satisfying the conditions: 


(27) 



(28) 

■^Mi, ns,.... 


(29) 




for every finite combination of the indices ^i, will be 

called regular. We shall prove 

Theorem 72. Every analytical set, which is not null, is the 
nucleus of a certain regular system. 

Let jE be a given analytical set, not null. It follows from the 
definition of analytical sets (§ 63) that E is the nucleus of a certain 
system where are closed and bounded sets. 

It was shown in § 47 that every compact set can be divided into 
a finite number of sets of arbitrarily small diameters. Hence, if <i> 
be a closed and bounded set and so by condition (W) (§ 55) also 
compact, then corresponding to every e >0, we can write 
$ 2 + • • • where S(^,) <e, for i — 1, 2, . . . ,m; but is closed and, 

therefore, =4>i+<i>2 4‘ - . • +^mi where 6 (<!>,•) <e, since 5(«I>) < €(§ 47). 
Hence, every closed and bounded set is the sum of a finite number 
of closed sets of arbitrarily small diameters and so certainly the 
sum of an infinite series of such sets (since the missing terms may 
be replaced by null sets). We may, therefore, write (for every 
combination of indices Wi, n 2 , ... , njf) 
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(30) F'nunz nk—^^unz + • • • , 

where are closed sets, and where 


(31) 


KF^l 


nn,....,nk 


)< 


1 

2y^+2’ 


for all integers ni, n 2 , . . . , and i. 

The metric space M under consideration is, as we know (§ 55) 
the sum of a countable aggregate of bounded sets. If we consider 
their enclosures, it follows at once that M is the sum of a countable 
aggregate of closed and bounded sets and so (from the property of 
the latter), M is the sum of a countable aggregate of closed sets of 
arbitrarily small diameters. We may, therefore, write 

(32) M=Ei+£2+jE3+ . . . 
where jE„(?z = 1, 2, . . . ) are closed sets, and where 

(33) 5(£J< 4, for >2 = 1, 2, . . . 

Put for all positive integers n\ and n 2 


(34) 


Fnu m 


and for ^ > 1 and every combination of positive integers Wi, >/ 2 , • • • » 


(35) 


' ->hk- 






Fi^zk-x) 

M2. 


From (33), (34), (35), and (31) it follows that condition (27) 
will be satisfied (for every finite combination of indices ni, , rij^. 

It will be shown that the set E is the nucleus of the system 

S „2 ' 

In fact, suppose that .y € E. Since E is the nucleus of the system 
wfel’ there exists for every element x a certain infinite 
sequence of indices Wi, ni 2 , ws, . - • such that 


(36) oc € ^ 1, 2, . . . 

It follows from (30) and (36) that there exists for every integer 
k an index ik such that 


(37) 


a: f .«*' for ^=1, 2, . . . 
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Finally, from (32) (and the fact that x is an element of the 
space M), we conclude the existence of an index to such that 

(38) xeEi,, 

Denote by ni, ns, . . . the successive terms of the infinite 
sequence 

io, ntu fri2y H, mzy Hy - . - ; 

we shall have from (38), (33), (34), (37), and (35), as is easily seen, 

(39) X e for Jb==l, 2, . . . , 

and so 3c belongs to the nucleus of the system „ J . Sup- 

pose, on the other hand, that x is an element of the nucleus of the 

system S[E„^^n 2 ,nj- Hence, there exists an infinite sequence 

of indices Ui, n^y nz, ...» for which (39) holds. We have, therefore, 
from' (39), (35), and (30) 

for ^=2, 3, , 

from which it follows that x belongs to the nucleus of the system 
J and so to the set E. 

We have thus proved that the set E is the nucleus of the system 

»*]• We have, therefore, shown thus far that every 

analytical set E is the nucleus of a certain system 

where are closed sets which satisfy condition (27). 

If now we put for every finite combination of indices nun^y ^ . yn^ 


X. 


m, ni,...., 


Em - . . . -E^i, 


then the sets X, 

(40) 


Ml, Ms, 


will be closed. 


^(-^«i, Ws,..-., «&) 


1 


(from (27)), and 

(41) X, 




the set E will then obviously be the nucleus of the system 

J. 

If now E is not a null set, there exists an element Xq of E. 
Corresponding to a given finite combination of indices ri, r 2 , . . . , 
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put 

(42) 


(Wl, 




..X, 


m, Iff, Ka * * * 


where the summation ranges over all infinite sequences of integers 


ni, ^3, . . . 

If for a given set of indices n, ^ 2 , , . . , the set (42) is not null, 

then denote, one of its elements by r I account of (41) 

and (42) this will be an element of E. 

We shall define now for every finite combination of indices 
ru ^ 2 , . . . , sets as follows: 

If then F,,. . 

If and X''^ = 0,'then r,^{xo) (where {x&) 

is the set consisting of the single element xo). 

If X^^’ =0 and X''* ?^0, and if ^+1 is the smallest index such 

that =0 (hence 0<p<s, and X^^’''*” ’’'^=?^0), then put 

^ri,ri, ....fTj. “ ri, • 

It follows from (42), (41), and (40) that the sets Vn.ra 

satisfy the conditions 


and 


HYn 




> 4 ' 


V C" V 

Ml, n2,....>nj^, 'nk-\-l ^ 






for every finite combination Furthermore, it 

follows easily from the definition of the sets Yr^^rt from (42), 

(41), and from the fact that E is the nucleus of the system 

njt that E is the nucleus of the system 

Theorem 72 may, therefore, be considered as proved. 


67. Theorem 73. In order that a non-null set E be an analytical 
set, it is necessary and sufficient that E be the set of values of a certain 
function fix) of a real variable^ defi7ied and continuous in the set of all 
irrational numbers. 

Proof. Let £ be a given analytical set not null. Hence, by 
Theorem 72, £ is the nucleus of a certain regular system 
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where E„„„, are closed sets, which satisfy con- 
ditions (27). (28), and (29). 


and 

(43) 


Let X be a given irrational number, [x] the greatest integer jc, 
111 * 


x — [x]-{- 


fli-h ^ 2 + ^3 + 


the development of 5c; as an (infinite) continued fraction. Put 
(44) F{x^ • -Ewi, M2, • • * 

It follows from (27), (28), and (29) that the set (44) is a product 
of an infinite decreasing sequence of closed and bounded (and, 
therefore, by condition (W), § 55, also compact) sets which are 
not null. Hence, by Theorem 27, the set (44) is not a null set. On 
the other hand, (44) gives F(x) CZ for ^==1, 2, , 

and, therefore, from (27) b{F{x)) < — , for ^=1, 2, . . . , and so 

k 

5(F(x))=0; this proves that F(x) consists of one element only 
(«ince F{x) 9 ^ 0 ), Denote this element by/(x). The function /(x) 
will thus be defined for every irrational x and, as follows immedi- 
ately from the definition of the function /(x) (and the set E) , its 
values will be elements of the set E. On the other hand , it is easily 
seen that every element of E is one of the values of the function 
f(x) for an irrational x. For if p be an element of E, there exists 

an infinite sequence of indices ni, n 2 , Wa, . . . such that p € 

for ^ = 1, 2, , and so, if x be a real number defined by (43), 

we conclude (on account of (44)) that p e F(x ) ; but from the defi- 
nition of/(x), since F(x) consists of one element only, it follows 
that p —fix ) . 

We have, therefore, proved that E is the set of all values of a 
function /(x) for an irrational x. 

We shall now show that fix) is continuous in the set of the 
irrational numbers. 

Let 

111 


(45) 


^0 = [i^o] -I 


^i®-h ^2^4- 
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denote a given irrational number, and e a given positive number. 
Let k be an integer such that 

(46) - <e. 

k 

It follows, as is well known, from the properties of continued 
fractions that, corresponding to the numbers Xq and k, there exists 
a positive number 7 ; such that every irrational number rc which 
satisfies the inequality 

(47) |x— a:ol<i?‘ 

may be expressed as the continued fraction (43) such that 
ni=ni^y for i = 2 , . . . , 

and, therefore, 

But, from the definition of/(^c) and from (43) and (45), we have 

j(x) € /(■Vo) e 

hence, from (48), (27), and (46), we obtain 

(49) p(J{x),fixa))<e. 

We have thus shown that, corresponding to every irrational 
number Xo and every positive number e, there exists a positive 
number rj such that the inequality (47) implies the inequality (49) ; 
this proves that the function /(x) is continuous in the set of all 
irrational numbers. 

The condition of Theorem 73 is, therefore, proved to be neces- 
sary. 

Let now /(x) be a function of a real variable defined and con- 
tinuous in the set of all irrational numbers with its values the 
elements of a metric space satisfying condition (W) (§55). We 
shall show that the set of all values of / (x) for x irrational (a set 
which is obviously not a null set) is an analytical set. 

Since, as was shown in § 65, the sum of a countable aggregate 
of analytical sets is an analytical set, it will be sufficient to show 
that the set E of all values of the function f(x) is an analytical set 
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for all irrational values of x in the interval {k, ^ + 1), or in the 
interval (0, 1) say. 

Let ni, n 2 , . . . fifs denote any finite sequence of positive integers. 

Denote by the set of all irrational numbers x in the 

interval (0, 1) whose developments as continued fractions have 


__1 1 1 

%-i+ % 

for their convergent, and put 


...oWjfe ~S(Xnx, nt J 

these will be closed sets (not necessarily bounded). It follows that 
E is the nucleus of the system .... • 

In fact, let peE; then by the definition of the set E there 
exists an irrational x in the interval (0, 1) such that/(^c) ^p\ let 


Wl+ ^3 + 

be the development of a; as a continued fraction. It follows, from 
the definition of the sets that 


„ ^ ^ -^ni, «2, for k 1, 2, . . . 

and so, from (50), certainly 

f (pc) 6 j for ^ = 1, 2, ... j 

hence, the element p ==/(x) belongs to the nucleus of the system 

Ms 

On the other hand, let p denote an element of the nucleus of 
the system 

There exists, therefore, an infinite sequence of indices 
, . . such that 


( 51 ) 

Put 


P € „^o, for ^ = 1 , 2, . . . 

1 1_ 


(52) 


Xo~ 
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this will be an irrational number of the interval ( 0 , 1 ). Let e 
denote a given positive number. Since the function f(x) is con- 
tinuous in the set of irrational numbers, there exists a positive 
number 77 , depending on xq and e, such that the inequality 

(53) xol<77 
implies the inequality 

(54) p(f(x),f(xQ)) < €, 

for an irrational x of the interval ( 0 , 1 ), 

Moreover, it follows from the properties of continued fractions 
that, corresponding to every Xq and tj, there exists an integer k such 
that every irrational x whose convergent is the same as the 

convergent of (52) , i.e. every number of the set 

satisfies the inequality (53) and, therefore, also the inequality (54). 
Hence 

8(f (X^jO, M 20 ,.„„„^o)) ^ €, 

and, therefore, from (50) also 

(55) 6 (£„.«,n,o 

But from (52) and the definition of the sets (50), we have 
evidently 

f(xo) € -Ewi®, Ws®, nf^a* 
and so, from (51) and (55), 

piPyfM) <€, 

and, since e is an arbitrary number, this gives p =/(xo) ; hence, 
p e E. We have, therefore, proved that E is the nucleus of the 

system where nf, closed sets. Hence, E 

is a result of the operation A performed on closed sets and so, by 
Theorems 72 and 71, is an analytical set. 

The condition of Theorem 73 is thus seen to be sufficient. 

68. Theorem 74. A continuous transform of an analytical set 
is an analytical set. 

Proof. Let E be an analytical set, and T its continuous trans- 
form. Hence, there exists a function fiP) defined and continuous 
in E such that T But, by Theorem 73, there exists a function 



150 


General Topology 


defined and continuous in the set of all irrational numbers 
N such that = For an irrational x put ^(x) ; 

by Theorem 19, ^{x) is continuous in N, and obviously T = 4^(N), 
Hence, by Theorem 73, T is an analytical set. 

Theorems 72 and 74 lead immediately to 

Corollary 1. A continuous tra7tsform of a Bor el set is an 
analytical set. 

From Theorem 74 we get further 

Corollary 2. The property of being analytical of a set is a 
topological invariant. 

Let now A denote the family of all analytical sets (contained in 
the metric space under consideration). The sets and G 5 , being 
Borel sets, belong to the family A (by Theorem 71a). Further- 
more, since the sum and product respectively of two analytical sets 
are themselves analytical sets (§ 65), and on account of Corollary 2 , 
the family A satisfies the conditions of Theorem 66 . It follows, 
therefore, from Theorem 66 , that the family of all complements of 
the sets which belong to A is a topological invariant. We have thus 

Theorem 76.® A set which is homeomorphio with the complement 
of an analytical set is itself the complement of an analytical set. 

We note, however, that a continuous transform (even when 
biuniform) of the complement of an analytical set may not itself 
be the complement of an analytical set. 

69. Theorem 76. If f{x) he a function of a real variable x, the 
values of which are elements of a metric space ^ then the set of all values 
of X for which the function is continuous on one side only, is countable 
at most.^'^ 

Fro of. Let Xo denote a real number for which /(x) is continuous 
only on the left. Since the function /(x) is not continuous on the 
right for the value Xo, then it is not true that, corresponding to 
each positive e, there exists a positive number 7 ] such that 
p(f(x)ff(XQ)')<€, for .Vo<X<Xo-f7]. 

Alexandroff, Fund. Math., vol. \', p. 164; M. Lavrentieff, Fund. Math., 
vol. VI, p. 154. 

^oMazurkiewicz, Fund. Math., vol. X, p. 172. 

^^Sierpinski, Functions representable analvtically (in Polish), Lwow, 1925, 
p. 13 (Th. 8). 
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It follows, then, that there e.xiists a positive rational number u 
such that the inequality 

(56) p(f(x), J{xq)) <2u, for a*q<.v <XQ-f^ 

is not satisfied for any positive 77 , 

On the other hand, since f(x) is continuous on the left at xo, 
there exists a rational number v<Xo such that 

(57) p(/(^),/(^o)) <‘W, for v<x<Xo, 

The numbers u and v may be taken to be the first terms of a 
certain infinite sequence of all rational numbers such that u does 
not satisfy (56) for any positive 77 , and v (after u has been selected) 
satisfies (57). In this manner, to every element of the set E of 
all real numbers for which the function /(x) is continuous only on 
the left, there will be assigned a certain pair of rational numbers 
(Uy v). It will be shown that to different elements of E there will 
always be assigned different pairs. 

To prove this, suppose that the same pair is assigned to the 
number Xi> Xq and xq. We then have (57) and 

(58) p(/(^)> /(^i)) for v<x<xu 

where v<xi. Since y<Xo<x:i, we may assume in (58) which 

gives p{f(xo),J{xx))<Uy and so, from (58), 

P (fix),f{xo)) ^ p (f(x),f(xi)) ~{-p(f(xi)yf(xo)) <2Uy 

for v<x<xi, and certainly for Xo<x<Xi. If we put 77 =Xi— Xo, we 
would have a positive 77 and (56) satisfied, contrary to the definition 
of the number -zl Hence to different elements of E correspond 
different pairs {iiy v) of rational numbers, and (since the set of all 
pairs of rational numbers is countable) the set E is countable at 
most. Similarly, it could be proved that the set of all values of x 
at which a function J is continuous on the right only, is countable 
at most. Theorem 76 may, therefore, be considered as proved. 

Theorem 76 will obviously remain true if the function f{x) be 
defined in a subset of the set of all real numbers. 

Theorem 77. 1 71 order that a non-7i%ill set E be an analytical sety 

it is necessary and siifficiejit that E be the set of values of a function of 


11 
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a real variable, which is continuous on the left in the whole set of real 
numbersy^ 

Proof. Let E denote a given analytical set not null. Hence, 
by Theorem 72, E is the nucleus of a certain regular system 

.« Jr where are closed sets satisfying conditions 

(27), (28), and (29). 

Let a: be a given real number. Corresponding to every real 
number x there exists, as is well known, a definite infinite sequence 
Ws, . . . of positive integers such that 


(59) 

Put 




2«i 



1 




+ 


E(j)c) * ^ni, nz ' ^ni, m, n%. 


As in Theorem 73, we show that F{x) consists of one element 
only, and if this element be denoted hy f(x), then E is the set of 
ail values of the function /(:x:) for x real. 

We shall now prove that the function /(x) is continuous on the 
left in the set of all real numbers. 


Let 

(60) 


Xq- 


= [xo] + 




denote a given real number, and e an arbitrary positive number. 
Denote by ^ a positive integer such that 


( 61 ) 

and put 
(62) 


1 

k 


<e. 




1 




+ 


+ 


1 


2^1°+ 7Z2°+ . . . .+ 


obviously, on account of (60), Xi<xo. 


12C/. N.Lusin, Fund. Math., voL X, pp. 12-15; W. Sierpinski, Fund. Math 
vol.X, pp. 169-171. 
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Let now ^ be a real number such that 
(63) xi<x<Xoj 

and let (59) be the development of x (as a binary fraction, actually 
infinite) . 

It follows easily from (59), (60), (62), and (63) that 
for ^‘ = 1, 2, . . . , 

whence 

(^^^ fit, njg 

But from the definition of the function f(x) and from (59) and 
(60), we have 

f{x)€E 

ni, J(xo) 

, ns®, 

and so, from (64), (27), and (61), 

(65) p(/(^),/(^o)) <e. 

We have thus proved that, corresponding to every real number 
Xo and every positive number e, there exists a number Xi<Xq such 
that the inequality (63) implies the inequality (65), and this 
proves that the function f(x) is continuous on the left in the set of 
all real numbers. 

The condition of Theorem 77 is, therefore, necessary. 

Let now f(x) denote a function of a real variable, continuous 
on the left for every real value of x, and such that its values are 
elements of a metric space satisfying condition (W) (§ 55). Denote 
by E the set of all values of the function f{x) for .v real ; we shall 
show that E is an analytical set. 

Let Af be the set of all values of rr for which / is continuous (on 
both sides), and N the set of all remaining values of .x, hence of 
those, for which / is continuous on the left only. The set iV is 
countable at most by Theorem 76; it is, therefore, in any case, a set 
F^, and so M is a set Gs and, therefore, a Borel set. The function 
f is obviously continuous in M; hence, /(ili”) is a continuous trans- 
form of a Borel set, and so, by Corollary 1 to Theorem 74, an 
analytical set. The set f{N) is countable at most (since N is 
countable at most) ; it is, therefore, in any case, a set and so 
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an analytical set. The set E=f(M+N) =f(M) +f(N) is, therefore, 
the sum of two analytical sets and hence an analytical set (§ 65). 

The condition of Theorem 77 is, therefore, sufficient. This 
proves Theorem 77. 


70. Lemma. If E he a given set, and K an open sphere such that 
the set E.K is not countable, then there exist open spheres Kq and Ki 
of arbitrarily small radii and such that KqCZK, KidK, 
and the sets E,Kq, E.Ki are not countable. 

Proof. The set E.K, not being countable, contains, by the 
corollary to Theorem 29 (§22), a non-countable aggregate of 
elements of condensation; let pa and pi be two of them. Since 
pa ^ K and pi e K, and since K is open, we shall have for tq and ri 
sufficiently small (§ 44) Ko = K(Po, rf)c:.K, and Ki=K{pi, rf) CZK, 
where it may be supposed that ra+ri<p{pQ, pf), which results in 
i^o.i^i==0. Finally, since Kq and Ki are open sets, and p^eKa, 
pi eKu we conclude from the fact that p^ and pi are elements of 
condensation of the set E.K, that the sets E.Kq and E.Ki are non- 
coun table. The lemma is, therefore, proved. 

Let now jE be a given non-coun table, analytical set, i.e. the 

nucleus of a regular system 

For every finite combination of indices n, . . . , put 


( 66 ) 


77 77 

• -^ri, r2,. -. Ml* ■^ri,rz, ... 


where the summation ranges over all infinite sequences of positive 
integers ni, n^, nz, . . . 

It follows at once from (66) that 


(67) 




and for every finite combination of indices ri, r^, . . . , r^ we get 

(68) ^ ^ ^ . 


With every finite combination ai, a 2 , . . . , consisting of the 
numbers 0 and 1, let there be correlated a Sphere and 

an integer in such a manner that the following con- 

ditions are satisfied: 



Analytical Sets 


155 


(69) 

(70) 

(71) - Kai,a2 a;^_l,0 * -^“1, 02, “jfe— 1*^”^’ 

(72) the set "'“u “2 "^«i, 02 , ^k.Ka^^a^ is non-countabie. 

We shall show that such a correlation is possibles. 

Since E is non -countable, it contains an element of condensation 
p. Put K=K{pt 1); the set E,K will be obviously non-coun table; 
we may, therefore, apply to it our lemma. Hence, there exist 
spheres iTo and Ki such that = 0, 8(Kq) < 1, 8(Ki) <1, and the 

sets E.Ko and E.Ki are non-countable. But from (67) 

E.Ko==^EKKo+E^.Ko+EKKo+ . . . , 

and, since E.Kq is non-countable, there exists an index Wo such that 
E '^° . Kq is non-countable. Similarly, we deduce the existence of 
nil such that the set E^\Ki is non-coun table. 

Let now ^ be a given positive integer, and suppose that we have 

already defined all spheres iTai.aj and all integers Wai.aj, aj^ 

(where ai, a 2 , . . . , is any combination of k numbers, every one of 
which is either 0 or 1) so as to have conditions (69), (70), (71), 
and (72) satisfied. Let ai, a 2 , . . - , be any combination of h 
numbers consisting of O's and I’s. It follows from (72) and our 

lemma, that there exist two spheres Ka^^a^, ^^d ,aj^. 1 

such that 



Kai, ca. 

. ,ajL, 0 -^a,, 

1 — ‘ , °'2,. • 



0 • 

-.. 1 = 0 - 


SiKa,. 

^ k-hl 

i) <•—. 

^• + 1 

and the 

sets 






> Afti, 02. Oj^, 0 

and 






ay 0.2* — a,, ,a^ 

-^01,02, 1 


k = l, condition (70) does not come under consideration. 
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are non-countable. From this last property and from (68), we 

deduce easily the existence of indices a^, o and Wa,,a 2 i 

such that the sets 


^0.1, *^2’" 

a,,... ..at, 0 K„ „ „ n 

“2*" 

1 "pr _ 

R. . .iVajj 1 


are non-countable. 

The spheres and the integers nia, which satisfy 

conditions (69), (70), (71), and (72) are thus defined by induction 
for every finite combination of indices ai, tt 2 , . . . , consisting of 
the numbers 0 and 1. 

Denote now by for every integer h, the set 

(73) - S •••' * “= . Xa,. aa, ..... 

(ai, aa, 

where the summation ranges over all combinations of k numbers 
ai, a 2 , . • • , ttfe, each of which is 0 or 1. (Hence, the sum (73) 
consists of 2^ terms.) The sets are obviously closed and bounded 
(since they are sums of a finite number of closed and bounded sets) , 
and from (68) and (70) it follows easily that 

(74) 5,+aC5^, for ^ = 1,2, . . . , 
whereas from (72) 

(75) Sk^^, for = 2, . . . 

The sequence 5i, 52, Sz, . . , is, therefore, a decreasing sequence 
of bounded, closed, and non-null sets; hence, by Theorem 27 (and 
condition (W) of § 55), the set 

(76) 5 = 5i.52.53 . . . 

is not null and is closed by Theorem 3. 

Let p denote a given element of the set 5. From (76) p e Si 
and from (73) 

where i^o-i^i==0 by (71). Since p e Su we have either p e 
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or p€E^\Ki\ in the first case put i3i=0, in the second A=l. 
Hence, 

(77) 

Furthermore, p e S 2 from (76), and from (73) we have 

S, o+E’”"’ 1 

where, on account of (71) and (70), the terms of the sum St are 
mutually exclusive. The element p e St and so belongs to only 
one of the four terms, and, by means of (77) and (70), it may be 
easily deduced that this term has the form where 

P 2 is one of the two numbers 0 and 1. 

Again from (76) we have p e Ssr whence, arguing as before, we 
deduce from (73), (71), and (70) that, for a certain ft which is 
either 0 or 1, we have p e 

Continuing in this manner we obtain an infinite sequence 


ft, ft, ft, . . . 


the terms of which are the numbers 0 or 1, and which is such that 


(78) p e E^^^' for ^ - 1, 2, . . . 

Let now € denote an arbitrary positive number. Denote by 5 
an integer such that 

(79) — <6, 


and put Ps+i =1 ““ft+i ; this will be one of the numbers 0 or 1, and 
and so, from (71), 

(SO) + 1 

Put 

(81) ft' =ft-, for i<s, ft-' -0, for i ^ ^+2. 


From (68), (69), (70), and Theorem 27 we conclude that the 
product 

(82) P = n -5/ “ff.'. . K0,,, e,' .0^' 

k=-l 


is not null and from 


(69) that 5(P) < - , for ^ = 1, 2, . . , , and so 
k 
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5(P)=0; this proves that the product P consists of one element 
only, which we shall denote by q. From (82) and (73) we find 
q € Sk, for ^ = 1, 2, . . . (since g e P), and so q e S from (76). 

From (78), (80), (81), (82), and the fact that /S'+i we find 

that 

Finally, on account of (78), (81), and (82) (since q e P) we have 

P ePT/ji.is. ’ 

and so, from (69) and (79) (since S(<2)=2(0 for every set 0, 

p(P» 5)<e- 

We have thus proved that, corresponding to every element p 
of the set S and every positive number e, there exists an element 
q of 5, different from p and such that p(py q) <€. Hence, p is a 
limit element of the set 5 (§43). Every element of the set 5 is, 
therefore, a limit element of S; the set 5 is, therefore, dense-in-itself 
and being closed, it is perfect. 

Clearly, from (77), (73), (68), and (67), the set SaE. The 
set 5 is, therefore, a perfect, compact, and non-null subset of E. 
We have thus proved 

Theorem 78. Every analytical, 7i on- countable set contains a 
perfect’ (and compact) subset, which is not nullP 

From Theorems 78 and 71a we get at once 

Theorem 79. Every 7ion-countable Borel set coiitaijis a perfect 
subset, which is not nnllP 

From Theorems 78 and 45 and the fact that the metric space 
under consideration has potency equal to or less than that of the 
continuum (Corollary 3 to axiom (yi), § 21) we get at once 

Corollary 1. Every non-countable analytical set has potency t. 

From Theorem 72 "we get 


^^This theorem was obtained by Souslin in 1916; see N. Lusin, Comptes 
Rendus, note from Jan. 8th, 1917 and Fund. Math., vol. X, p. 25. 

HausdorfT, Math. Annalen, vol. LXXVII, p. 430. See also Fund. Math., 
vol. V, p. 166. 
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Corollary 2. Every non-coiintable Borel set has potency 

71. Two sets P and Q are said to be exclusive B, if there exist 
two Borel sets M and N such that 

(1) P C d/, Q C .Y, and J/..Y -0. 

Lemma. If 

(2) P-P1+P2+P3+ . . . , Q=-Qi+Q 2 ^Qz+ . . . , 

and if P and Q are not exclusive P, there exist indices p and q such that 
the sets Pp and are not exclusive P. 

Proof. Suppose, contrary to the lemma, that the sets Pp and Qg 
are exclusive P for all integers p and q. Hence, for every pair of 
integers p and q there exist two Borel sets Mp^ ^ and Np^ ^ such that 

(3) Pp C Mp^ g, QgC Np^ g, and Mp^ g . g = 0. 

Put 

00 GO 00 00 

(4) M= s n -14,,, -v= s n N,,,. 

p = l q=l 5-1 ^=1 

It follows from the properties of Borel sets (§ 62) that ill and N 
are Borel sets, and from (2), (3), and (4) we conclude readily that 
(1) is satisfied, contrary to the hypothesis of the lemma that P and 
Q are not exclusive P. The lemma is, therefore, proved. 

Theorem 80. Tu'o mutually exclusive analytical sets are 
always exclusive B. 

Proof P Let E and T be two analytical sets and 

and ^[Pni, W 2 corresponding regular systems generating 

these sets. Let the sets be defined by (66) (§70) for 

every finite combination of indices ri, ^ 2 , • • * , r^ and the sets 

in an analogous manner (i.e by the set obtained from (66) on 

substituting T for E). We shall have (67) and (68) and analogous 

relations for the sets T and . 

Suppose that E and T are mutually exclusive but not exclusive 
P. Hence, it follows from (67), from the analogous relation for P, 

Alexandrotf , Com pics Rendus, vol. CLXII, note of Feb. 22nd, 1916. 

'"This proof is due to Lusin. 
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and from our lemma, that there exist indices pi and such that 
the sets and are not exclusive B, 

From (68) and the analogous relation for , we have 


, 


2^01 _ 2^gt. 1 I J'QU 2 I 'pQ.i, 3 _|_ _ ^ 

from which, since and are not exclusive B, we conclude, 
from our lemma, the existence of indices and q^, such that 
and are not exclusive B. 

Proceeding thus indefinitely we obtain two infinite sequences 
of indices 

Pu p 2 } pZi * > > and qu q^y ^ 3 > • • * 

such that the sets 

and (^ = 1, 2, ... ) 

are not exclusive B, 


But from (66) 


(5) 

^Pl,Ps>. 

p. 

and analogously 



(6) 

J'Q.i, 92,.. 

■ ITji.j, . 


If the sets on the right of (5) and (6) were mutually exclusive, 
then, since they are closed and so Borel sets, it would follow that 
the sets on the left of (5) and (6) are exclusive B, contrary to the 
conclusion we have arrived at above. 

Hence 

C^) ~^px,p2, Pj^’ ^qirQ2. ^ =1, 2 , . . . 

But the systems J and „*] are regular, 

and, therefore, we have (§66, (28)) 

^pl, p2,-^-,Pk'^ Pk> Pk+l '^QuQ'i 

for ^ = 1, 2, ... , and so Pk'^ P fe-fi from (7) ; moreover, the sets P^ 
are closed and bounded on account of (7) ; hence, they are compact 
by condition (W) of § 55. 
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By Theorem 27, the set P1.P2-P3 ... is not null. Hence there 
exists an element X€ P^, for = 1, 2, . . . , i,e. from (7) 

X e and x e '^qi,q> lor ^ — 1, 2, , 

and so x belongs to the nucleus of the system and 

to the nucleus of the system *S'[P„j J ; it is, therefore, a common 

element of the sets E and P, contrary to the supposition that 

£.r=o. 

The assumption that Theorem 80 is not true leads to a con- 
tradiction. Theorem 80 is, therefore, proved. 

Suppose now that E is an analytical set and that the comple- 
ment of £, i.e. the set T = C£, is also an analytical set. Since, 
obviously, £.P = 0, we may apply Theorem 80 to the sets E and T. 
According to this theorem, there exist two Borel sets M and N 
such that Ed. My TdNy and ilPiNr^O, and so certainly ilf.P = 0, 
i.e, M d CT =E; but Ed M and MdE give E == M, and this proves 
that £ is a Borel set. We have thus proved that, if the comple- 
ment of an analytical set £ is an analytical set, then £ is a Borel 
set. On the other hand, if £ be a Borel set, then, by property 4 
(§ 62) of Borel sets, the complement of £ is also a Borel set, and 
so, by Theorem 72, the sets £ and CE are analytical sets. 

We have thus proved 

Theorem 81 (Souslin) . In order that a set E he a Borel set, it is 
necessary and sufficient that the set E and its coynplement he analytical 
sets. 

From Theorem 81 we get the immediate 

Corollary. In order that ayi analytical set he a Borel set, it is 
necessary and sufficient that its coynplement he an analytical set. 

We note that Theorem 80 may be easily generalized as follows: 

Theorem 80a. If Pi, P2, P3, • • . be an infinite sequence of 
mutually exclusive analytical sets, there exist Borel sets Mi, Mu iV/3, • • • 
such that 
(8) 
and 
(9) 


PkdMkffior 2 , . . . , 

for p^q. 
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Proof. Let p and 5 be two different positive integers. Since 
the analytical sets Pp and P^ are mutually exclusive, there exist, 
by Theorem 80, Borel sets Mp^q and Mq^p such that 

( 10 ) PpdMp^q, PqdMq^p 

and 

( 11 ) 

But ( 10 ) and ( 11 ) hold for every pair of different integers p and q. 
Put (for every integer k) 

( 12 ) ii 4 =n 

where the product II ranges over all positive integers n different 
from k. It follows from the properties of Borel sets (§ 62) that the 
sets ( 12 ) are Borel sets. 

From (10) and ( 12 ) we easily obtain ( 8 ), and from ( 11 ) and ( 12 ) 
we get (9) (since from (12) for p 9 ^q we have Mpd Mp^ q and 

MqdMq^p). 

Theorem 80a is, therefore, proved. 

72. We have shown in § 67 that a continuous transform of the 
set of all irrational numbers is always an analytical set. We shall 
prove now 

Theorem 82. A biuniform and continuous transform of the set of 
all irrational numbers is a Borel set. 

Proof. Since the set of all irrational numbers is homeomorphic 
with the set E of all irrational numbers in the interval ( 0 , 1 ), it 
will be sufficient to show that, if / be a function defined in jE, taking 
different values for different elements of E (these values being 
elements of a metric space satisfying condition (W) of § 55), and 
continuous in E, then T =f(E) is a Borel set. 

For every finite combination ni^ ^ UkOi positive integers 

denote by £,^ 1 ^ ^ 2 , ^ the set of all irrational numbers in the interval 
( 0 , 1 ) whose convergent is 

J. ^ 1 1 

ni+ ^ 2 + Hk 
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Each of the sets is, as can be easily seen, homeo- 

morphic with the set of all irrational numbers; hence, by Theorem 
73, the sets 

(13) =/(-Em. K2 «;,) 

are analytical. 

Let k denote a given integer. It follows readily from the 

definition of the sets that, if pi, p 2 ,- • - tpk and qi, q 2 , , . . , 

are two different sets of k integers, then 


(l^l) ^Pi, 

and so from (13), since /is biuniform in T, 

( 1 ^) "^Pu pi ,Pk ' 52 , Qk ~ 

Furthermore, 

(16) £ = S 

(ni, 


where the summation ranges over all combinations of k integers. 

Finally, for every finite combination ni, ^ 2 , ...» n^j^i of positive 
integers we have 

^ni, n2,....,n^, ^ni,nz » 

hence, from (13) 

(1*^) W2 flfg, ^ nz, * 

With every finite combination Wi, n 2 , . . . , of integers, let there 


be correlated a 

conditions are 

certain Borel set such that the following 

satisfied : 

(18) 

T d M dT 

ni, ^ ^ wi, wa 

(19) 

M d M 

■‘■*■*■711, nz, ..... nfi ^ ■‘^*■*711, 7lz, ..... 71 1 » 

(20) 

^^Pi, Pi, Pk * *^^51* 5jfe 6 


for different combinations pi, p 2 i • * • ^ Pk and qi, q^, . . . ,qkOik integers 

(fe = l,2, ...)• 


*For ^ = 1, condition (19) does not come under consideration. 
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We shall show that such a correlation is possible. 

The sets Tu To, Ts, . . . are mutually exclusive by (15), and 
since they are analytical, there exists, by Theorem 80a, a Borel set 
Mn, for every integer n such that 

Tn C Mn, for ?? = 1, 2, . . . , 

and 

for 

where it may be supposed that 

MnC:Yn. 


for otherwise it would be sufficient to replace Mn by the set Mn.Tn, 
which is also a Borel set. 


Relations (18) and (20) are, therefore, true for ^ = 1. 

Let now ^ be a given integer, and suppose that all sets 

(where Uu is any combination of k positive integers) are 

already defined and so that conditions (18), (19), and (20) are 
satisfied. 


Since the aggregate of all sets of ^ + 1 integers is countable, 
from (15), and from the fact that the sets (13) are analytical, 
we conclude, by Theorem 80a, the existence of a Borel set 
^num, f<^^ every combination of ^ + 1 integers such that 

(21) T dN 

^ ni, m ^ 

and 


(22) 


^2...... ■ 


for different combinations piy ^2, . . . , Pk+i and qu $2, . . • , gk+i of 
^+1 integers. Put 

(23) ^ 222i....»W^ * T^i, • ^Hl, «2, » 

these will be Borel sets (being products of three Borel sets), and 
from (17), (18), (21), and (23), we find 

T d M d^ 

ni, ^ m, * 

Moreover, (23) gives immediately 
M dM 

712 ,...,, ^ » 
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finally, from (23) and (22), we get 

+ l 

for two different combinations pu p 2 , • ••■, Pk+i and 52, . . • , qk+i of 
k+1 integers. 

Hence (18), (19), and (20) remain true if we replace in them 

k by ^+1. The Borel sets ,nk which satisfy (18), (19), 

and (20) , are thus defined by induction (for every finite combination 
flu f22, • • . , % of positive integers). 

Put 

(24) = S 

( mi , m, n^) 

where the summation ranges over all combinations Ws, . , . , 
of k positive integers. The sets (24) are obviously Borel sets, for 
^ = 1, 2, . . . (since they are sums of a countable aggregate of 
Borel sets, § 62), and so the set 

(25) S = Si.So.Sz . . . 

is a Borel set. It will be shown that T =fiE) ==5. 

From (16), (13), (18), and (24) we get easily /(E) C 5;^ for 
^=1, 2, . . . and so, from (25), /(E) C 5. It will, therefore, be 
sufficient to show that 5C/(E). 

Hence, let y denote an element of the set 5. From (25) ye Si 
and so, from (24), y is an element of the sum i/i+il/2+* - • , 
y € for some integer mi. 

Similarly, y e S 2 from (25), whence we conclude by means of 
(24) that y e for certain indices wh' and W2. But, ^ 

from (19); hence, y e and, since y € we conclude 

from (20) that Wi' = 'nzi. 

Similarly, starting with y e &, we might conclude the existence 
of an index such that y e ,„3 . Proceeding thus in- 

definitely we obtain an infinite sequence of indices mi, m 2 , mz, . . . 
such that 

( 26 ) y e m2...... nif. 


, for ^ = 1,2 ,... 
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1 1 1 

X = . . . ; 

wiT wsH- 

this will be a number of the set E. 

Let € be an arbitrarily given positive number. Since the func- 
tion / is continuous in E, there exists, corresponding to e, a number 
? 7 > 0 such that the inequality 

(28) Irr — x'l <?? 
implies the inequality 

(29) p(fix),jXx')) <e, 
for all numbers x' of E. 

From (27) and the properties of continued fractions, it follows 
that, corresponding to the number y), there exists an index k such 
that every number x' of E whose convergent is the same as 
the convergent of the number (27), i,e. every number of the 

set satisfies the inequality (28) and, therefore, also the 

inequality (29). 

On account of (13) we may say that every number t of the set 
,mk Satisfies the inequality 

pifix), t) <€, 

and so every number t of the set satisfies the inequality 

(30) p(f(x),t)^^. 

But, from (26) and (18), we have y e Tnn,m 2 ,....,nik * may, there- 
fore, put in (30), which gives 

p(/(^), y)^€. 

Since e is an arbitrary number it follows that p(/(x), y) =0, 
i.e. y=/(x). We have, therefore, proved that 5C/(£). 

Theorem 82 is, therefore, proved. We shall deduce some im- 
portant results from this theorem in one of the following articles. 

73. Theorem 83. Every closed and compact set not mill (con- 
sisting of elements of a metric space) is a continuous transform of 
a certain closed and hounded set of real numbers. 


Put 

(27) 
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Proof. Let T be a given closed and compact set. Hence, T is, 
by Theorem 48 (§ 47 ), the sum of a finite number of sets of arbi- 
trarily small diameters; we may, therefore, write T = 

. . . where ^ 1, for = 1, 2, . . , , 5i, and where Mi may 

be supposed to be not null. Put T,- = Mi ; T,- is closed and compact 
(being a subset of the compact set T), for ^* = 1, 2, . . . , 5i and, as 
is easily seen, 

(1) r^Tx+n+.-.+r,,, 

(2) for^* = l, 2, . . . ,Si, 


( 3 ) 


b{Ti) ^ 1, for — 1, 2, . . . , 5 i. 


Similarly, each of the sets = 2, . . . , .Ji) may be represented 

as the sum of a finite number of closed and compact sets 


— ♦ • * d" T,-. . , 

where 

Ti ^ fori = l, 2, . . . , 52,,-, 

and 

KTi,j)^ i, fori = l, 2, . . . , ^2,,*. 

Denote by S2 the greatest of the numbers ^2, i, ^2,2,..-, -^2’ J 
letting Tij — T,-, j, for .Sg. we shall have, for ^’ — 1,2,... , Si, 

Ti — Ti, 1 + T“,-, 2 + • • ssy 

for j = l, 2, ...» 52, 

and 

5 {T,,j)< I, fori = l, 2, . , . , 52. 

Carrying on this argument indefinitely we obtain an infinite 
sequence 5i, 52, 53, ... of positive integers (where 5^> 1, for 1), 
and for every finite combination Wi, 712^ . . . , W/. of indices such that 

( 4 ) 7 ii^Si, for i = l, 2 , . . . , ^ 

we have a closed and compact set 


12 



168 

General 

Topology 

( 5 ) 


..... 77 ^ ^ 0 , 

where 



(6) 

HTnr.n. 

)< JL 

k 

and 



( 7 ) r,. 

... 71]^ '^Vl, 772 ,...., 77 ^, 1 772 ,...., 2 “ 1 “ 




”'•^2 • 


We shall define now for every finite combination ni, n2, , , . , 
of indices satisfying condition ( 4 ), an interval as follows: 

Divide the interval (0, 1 ) into 251 equal closed intervals. Denote 
successively by Ei, , Esx every second of these intervals. In 

general, having obtained the interval where , nj, 

is a combination of indices satisfying ( 4 ) , divide it into equal 

closed intervals and denote successively every second of these 
intervals by 

Put 

(8) = 2 Elnun^ njfeJ 

( mi , nz ,n0 


{ork = l, 2, . . . , where the summation ranges over all combinations 
fii, n2, . . . , of indices which satisfy ( 4 ). The sets (8) will be 
closed and compact (being sums of a finite number of closed and 
compact sets) and obviously not null; also C 5 ;^, for = 1 , 2 , . . 

since, from the definition of the intervals 7/2 ,71^7 we obtain at 

once 

( 9 ) 

« 2 , Mj^, n ^ -^« 1 , 772 for ^ = 1, 2, ... , Sk^i. 

Hence, by Theorem 27 , the set 

( 10 ) . . . 


is closed, compact, and not null. (From the fact that 1 for 1, 
it can be easily deduced that £) is a perfect, nowhere dense^^ set of 
numbers of the interval (0, 1).) 

set E is said to be nowhere dense if there exists no open set in which it 
is everywhere dense. 
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Let now x be a given element of the set E. Hence a* € Si by (10), 
and so X€jEi+JS 2 + • • - by (8). It follows, however, from 

the definition of the sets En(w = l, 2, . . . , 5i) that the terms of the 
above sum are mutually exclusive; there exists, therefore, a perfectly 
definite index ni:^Si such that x e On account of the exclusive- 

ness of the terms of the sum (8) and on account of (9), we conclude 
from the above the existence of a definite index such that 

X 6 Ej^^^ ^^2 . 

Proceeding in this manner, we obtain for the number a of the 
set E an infinite sequence of indices ^ 2 , ns, * completely deter- 
mined (by the number x) such that 

(11) Hi ^ Si, for ^ = 1, 2, . . . 
and 

(12) A € E,,,^ for ^ = 1, 2, . . . 

Put 

(13) F{x) = nt, n, • • • ; 

this will be a subset of T, determined completely by the number x 
of the set E, 

The set (13) is, by (5) and (7), the product of a decreasing sequence 
of closed, compact, non-null sets; hence, F(x) is not null by Theorem 

27, But, from (13) and (6), we have 5(i^(x)) , for ^ = 1, 2, . . . , 

k 

and so S(F(x)) = 0; the set F{x) consists, therefore, of one element 
only, which we shall denote by/(x). From (13) and (1) we get 
/(x) € F{x) C C T ; hence /(x) is an element of T. 

We have thus correlated with every number x of ,5 a definite 
element /(x) of T. 

It will be shown that f{E) = T. From the definition of the 
function/, we get at once f(E) C T ; it will, therefore, be sufficient to 
show that T Clf(E). 

Let, therefore, y denote a given element of T. There exists, by 
(1), at least one index Ui^Si such that Similarly, by (7) 

(for k = l), there exists at least one index ^ 22 =^ ^2 such that y e 
Proceeding in this manner indefinitely, we obtain an infinite 
sequence of indices ?/i, ho, ws, - - - , satisfying (11) and such that 
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(14) y 1, 2, . . . . 

Put 

(15) ^{y') ~^ni * W2 • -®ni, n^, 7^3 * * * * 


It follows at once from the definition of the sets that 

the set (15) is the product of an infinite decreasing sequence of 
closed, compact, non-null sets, where 

^ {En,, m — 

Hence, by Theorem 27, the set (15) consists of one element 
only, i.e, of x = (f)(y). From (10) and (8) we get x eE, and, moreover, 
from (14), (13), and the definition of the function /(r»t:), we find im- 
mediately that y=f(x) and so (from xeE), yeJ{E). We have thus 
proved that T CZf(E ) . 

To complete the proof of Theorem 83 it will be sufficient to 
show that the function /(x) is continuous in the whole set E. 

Let :x: denote a given element of Ey and e a given positive number. 

Choose a positive integer p such that — <€. There exists, as we 

P 

know, for the number xeE s. completely determined infinite sequence 
TLiy 712, ns, . of indices satisfying conditions (11) and (12). 

Put 

( 16 ) = 

this will be a definite positive number. 

Let now x' be a number of the set E such that 

(17) |x— a;'|<77. 

It follows readily from the definition of the intervals 
on account of (16), (17), (10), and (8), that 

X^ £ /y* 

C «2 Ttp 1 

and so, from the definition of the function/, we find easily 

( 18 ) 
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also from (6) and the fact that — < €, we Ret 

P 

( 19 ) 

But aiso/(x) € hence, (18) and (19) give 

(20) P(f(x)j(x')) < 6 . 

We have thus proved that, corresponding to every number x 
of the set and every number € > 0, there exists a number n > 0 
such that the inequality (17) implies the inequality (20) for all 
numbers x' of the set E, which proves that the function / is con- 
tinuous in E. 

Theorem 83 may, therefore, be considered as proved. 

Let now E denote a closed and bounded (and, therefore, com- 
pact) set of real numbers and/(x) a function defined and continuous 
in E, whose values are elements of a certain metric space. Let y 
be an element of the set T —f{E); there will be, as is easily seen, 
among the numbers x of E for which f(x) ==y, a greatest. In fact, 
let <f>(y) denote the upper bound of the set P(y) of all numbers x 
belonging to E for which /(x) =y. Since the set (y) (i.e, consisting 
of the single element y) is closed, it follows from the corollary to 
Theorem 20 (§ 10) that the set P(y) is closed, and so it contains 
its upper bound 4>{y) (which is a finite number, since P(y)C£, 
and E is bounded). From <^(y) e P{y), we have f((l>{y)) =y, and so, 
from the definition of the number <f)(y), it follows that it is the 
greatest number x of the set E for which /(x) =y. 

Denote by X the set of all numbers 4>(.y) for which y e T ; 
obviously, XCZE, f{X) =T, and the function / is continuous and 
biuniform in the set X. The set T is, therefore, a continuous and 
biuniform transform of the set X. 

It will be shown that the set X is a Since E is closed, it 
will obviously be sufficient to show that the set E—X is an 

It follows readily from the definition of the set X that -Y is the 
set of all numbers x of E for which f(x) for all numbers x' 

belonging to E and greater than x*. Consequently, if x is a number 
of the set E — X, there exists a number x'>.r, which belongs to E 



172 


General Topology 


and such that/(x) =/(-%-'). Denote by Fn the set of all numbers x 
of E for which there exists a number x' of E such that x + 

n 

and /(x) =/(x0; clearly, E—X^Fi + F%'{-Fz+ To prove that 

the set E—X is an F^, it will be sufficient to show that the sets 
2, . . . ) are closed. 

Let n denote a given integer and Xo a limit element of the set 
Fn. There exists, therefore, an infinite sequence x^ (^ = 1, 2, . . . ) 
of numbers of the set Fn such that lim =xo. On account of 

Xk € Fn, for = 2, . . . , and the definition of Fn, there exists for 

every integer k a number x^' of the set E such that ^ x^ + — , and 

n 

f(xk) =/(xjfe')- The infinite sequence of the numbers Xk'(k = 1,2,...) 
is bounded (since the terms of the sequence belong to E, which is 
bounded); consequently, it contains a convergent subsequence 
x^. (j = l, 2, . . . ). Put lim x^^. =Xo'; since e £, for j= 1, 2, . . . , 

and since E is closed, xo^ is an element of E. But, from Xj^'~Xfe + 

— > fi^k) continuity of the function / in E, we shall 

^ 1 

have .To' ^ Xo + — , and /(xo) ==/(xo') (since lim Xj^ =Xo, and 

71 k-^co 

lim x^.=Xo'); hence, Xo e Fn. The set Fn is, therefore, closed. 

j-^co 

We have thus proved that, if be a closed and bounded set 
of real numbers, and/(x) a function continuous in E, then the set 
T =f(E) is a continuous and biuniform transform of a certain set 
Gs contained in E. In connection with Theorem 83, this leads 
immediately to 

Theorem 84. Every closed and compact set (of elements of a 
metric space) is a continuous and hiuniform transform of a certain 
set Gs of real numbers. 

Let G denote an open and compact set contained in a given 
metric space. Put E=^G; this will be a closed and compact set 
(for, as shown at the close of §47, the enclosure of a compact set 
is compact). Hence, there exists, by Theorem 84, a set P of real 
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numbers, which set is a and a function / continuous and biuni- 
form in r and for which /(r) =E. Denote by Fi the set of all 
numbers of F for which f(x) e G; since GCZG^E, we shall evi- 
dently have /(Fi) =G, and since FiC F, the function / will be con- 
tinuous and biuniform in the set Fi. But the set F is a we may, 
therefore, apply to it the lemma of § 58, from which it follows that 
the set Fi is a G^. We have thus proved 

Theorem 84a. Every open and compact set (of elements of a 
metric space) is a continuous and hiuniform transform of a certain set 
Gg of real numbers. 


74. Theorem 85 (Mazurkiewicz). Every set G^ of real numbers 
is the sum of two sets^ one of which is a null set or a set homeomorphic 
with the set of all irrational numbers^ and the other is a set countable 
at most. 

We shall first prove the following 


Lemma. If U he an open set of real ntimhers containing a non- 
countable set iV', and n be a positive number^ then there exists an 
infinite sequence of non-abutting open intervals Diy Dg, • • • , 

Dn of length < 7] j each Z>nC U, and each N.Dn non-countable, and 
where the set N ...) is countable at most. 

Proof. Let U be an open set of real numbers containing a 
non-coun table set N, and let 77 be a given positive number. The 
set TV, since non-countable, contains an element of condensation x, 
and since NCZ U, we have x e U. Since U is open, there exists a 


positive integer k such that the interval P^ — 




is 


contained in U, end-points included, where it may also be assumed 


that It is easily seen that the interval P^ differs from the 

^ . 1 . 1 
sum of all the open intervals = I x ' 

1 1 ^ ^ 


and Rn = 


— - , .V, I 

n-{~l 

by a countable aggregate of points, where the 

summation ranges over all positive integers n ^ s. Again, the inter- 
val P, contains a non-countable aggregate of elements of N, since it 


n + lj 
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contains an element of condensation of N, as an interior point. 
Hence, we conclude that, for every integer 5 , there exists an integer 
n^s such that at least one of the intervals Qn and Rn contains a 
non-countable aggregate of elements of N. Consequently, an 
infinity of open intervals Qn and Rny for n'^k, contains a non- 
countable aggregate of elements of N; let these be the intervals 
Hu Hz, . . . The set N.Fk — (^i+^2+ ... ) is clearly countable 
at most. Furthermore, since HnClPkf for n==l, 2, . . . , and the 
interval Fkj end-points included, is contained in U, and the length 
of the interval Fj^ is < 77, it follows that HnC: U, for = 2, . . . , 

also that the length of the interval Hn is <rj, for n = l, 2 , . . . , and 
finally that the sets Hn-N are, by the definition of the intervals Hn, 
non-countable, for == 1, 2, . . . . 

The set U--Fk is open, and so may be divided into a countable 
aggregate of open intervals of length <7? on removing a countable 
aggregate of points; let {a, h) denote one of the intervals thus 
obtained. Let ai, ^2, az, . . . be an infinite decreasing sequence of 
numbers < i(a+b) and approaching a, and let bi, &2, . . . be an 
infinite increasing sequence of numbers > i(a+^) and approach- 
ing h. The interval (a, b) differs, as is easily seen, from the sum 
of the intervals (ai, bi), (a„4.i, n„), and (bn, fr)r n = l, 2, . . . , 

by a countable aggregate of points; these intervals, end-points 
included, are contained in the open interval (a, b) and so also in 
U. It follows easily from this that, except for a countable set of 
points, the set U—~Fk can be divided into a countable aggregate 
of open intervals of length <77, which, end-points included, are 
contained in U. Those of the intervals thus obtained, which 
contain a non-countable aggregate of points of N (if such intervals 
exist) will be denoted by iTi, K2, . . . (This sequence may not exist, 
but existing, may be finite or infinite.) The set N.{U — Fk)^ 
(iri-l-iir2+ . . . ) is clearly countable at most. The aggregate of 
all intervals Hi, H2, Hz, . . . and Ki, K^, Kz, ... is obviously 
countable; it may, therefore, be ordered as an infinite sequence 
Di, X>2, Dz, .... It is easily seen that the intervals Z>,j(w = l, 2 , 
. . . ) satisfy all the conditions of our lemma, which may, there- 
fore, be considered as proved. 

Let now £ be a set of real numbers. Then there exists an 
infinite sequence of open sets Gnin^l, 2 , ... ) such that E = 
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G1.G2.G3 . . . Suppose that E is not countable. Since EcGi 
and Gi is open, we may apply our lemma on putting U = Gu -V =E, 
77 = 1. We thus obtain an infinite sequence of non-abutting open 
intervals X>i, Z>2, E>z, • • - , each Z>„ of length < 1 , each Id^^Gi and 
each E.Dn non-countable, and where the set jE — (ZI1+D2+ . . . ) 
is countable at most. 

Let rix denote a positive integer. On account of the sets G% and 
being open, the set G^^D^^ is open, and since ECZG^ and E.D^^ 
is non-countable, the set E.G^.Dn^ is non-countable. We may, 
therefore, apply the lemma on putting U = N=E.D„^, 

77=1. We thus obtain an infinite sequence of non-abutting open 
intervals 21 ♦ • * , each An, » of length < each 

An, ^od each jE. An, non-countable, and where the 

set An ~ (^wi. 1 2 + * . . ) is countable at most. 

Let, further, ni and n 2 be two positive integers. Since the sets 
G3 and An. ^^0 open and the set ^.Ga. Ai. m is non-countable, 
we may apply our lemma to I^ = G 3 -An, in > «2 » V — i- 

Repeating this argument, we obtain for every finite combina- 
tion niy 712, . , . , rif; oi positive integers an open interval Ai. n^, 

such that 

1 , the length of the interval An, m ^ ' 

2, ^ • -^7/1, 7n,...., 5 P^Q.i 

3, Dm, nz,....,n)^ ^ • ^7i\, n» ”A:~1 ’ 

4 , the set E.D ^^^ ,,, is non-countable, 

5 , the set 1 + Ai. 2"r • - ) 

is countable at most. 

Let now N denote the set of all irrational numbers in the interval 
( 0 , 1 ) and a given number of N, and let 

( 21 ) -L..... 

77 Zl+ Z;? 2 -T- zn 3 + 


be the development of .v as a continued fraction. Put 
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^ 22 ) D jfii ‘Dmi, m-i * ^ni\, Wz • * • • 

The set (22) is, from 3 and 4, the product of a decreasing 
sequence of closed, non-null intervals and is, therefore, non-null 
itself; but, from 1, F(x) is contained in an interval of length 

< for ^ = 1 , 2, ; hence F(x) consists of one element only, 

k 

which we shall denote by f(x). From /(x)eF(x), (22), and 
3 we have/(x) e for ^ == 1 , 2. . . . , and so f(x) e E. Hence, every 
number x of the set N is correlated with a number f(x) of the set 
E. The set T of all the numbers f(x) for x e N, is, therefore, a 
subset of the set E. It will be seen that the set E — T is countable 
at most. 

To prove this, denote by R the set 
(23) R==(E-S)-^ S n,). 

(ni, M2, ftfg) 

where the summation ranges over all finite combinations nu W 2 » 
. . . , of positive integers, and where 5 ==Pi+Z> 2 + • • • . while 

(^^) ‘^ni, 1 “b-^nuna * • • 

It is evident, from (24) and 5, that the terms of the sum (23) 
are sets countable at most ; consequently, the set R is countable at 
most. 

Let now y denote a number of the set E — R. Hence yeE, 
and y € R, and so, from (23), ye{E —5) ; but y e E] therefore, y e 3, 
and so, from S — , there exists an index mi such that 

y € From yiR and (23), we find further that y c {E.D^ni —^nn ) ; 

but since y e E.D^^, we have y e and so, from 24, there exists 
an index W 2 , such that y e 

Continuing this argument, we obtain an infinite sequence of 
indices mi, m 2 , m 3 , . . - such that 

y ^ ^mi, mu, ^ 1,2,,.., 

which, on account of (22), gives yeFix), where x is a number 
defined by (21) ; but, according to the definition of the set T, this 
proves that y e T. We have thus proved that E—RCZT, which 
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gives E — TCZR, and, since R is countable at most, the set E — T is 
countable at most. 

To prove Theorem 85 it will, therefore, be sufficient to show 
that N hf T. 

It follows from the definition of the set T that /(iV) = J. Let 
now X and x' be two different numbers of the set N. Suppose that 
the developments of the numbers x and x' as continued fractions 
differ first in the terms, and that the denominator of this term 

for x' is From (22) we have F{x) CZDmumt 

so, from 3, similarly, F(a:') CD,.,, 

and so, from rnyy^m/ and 2, F(x).F{x') —0, and this proves 
that f(x) 5 ^f(x^)y since f(x) e F(x) and f(x') e F(x'). Hence / is a 
biuniform function in N. 

We shall now show that the function / is continuous in N. Let 
X be a given element of the set N and n an arbitrary positive 

number. Select a positive integer k such that - < r;. Corres- 

k 

ponding to the numbers x and k there exists, as is well known, a 
positive number 8 such that every number x' of N satisfying the 
inequality 

(24a) [ x—x' I < d 

can be developed as a continued fraction with its first k terms the 
same as the first k terms of the corresponding development of -r. 
On account of (21) and (22), we conclude that F(x) C 
and F{x')c:Dmumi, this, on account of /(x) € F(x), 

fix') 6 F(x'), — and 1, gives 
k 

(25) 1 /(‘V) — /(x') i <r]. 

Hence, corresponding to every number x of X and every 
p.ositiv^e number rj, there exists a number 5 > 0 such that the in- 
equality (24a) implies the inequality (25), for numbers x' € iV. This, 
however, establishes the continuity of the function / in the whole 
set N. Hence, to prove that N hf T, it will be sufficient to show 
that the inverse of the function / is continuous in the set T. 
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Let <^(y) denote a function defined in T and inverse to the 
function/, and let 3 / be a given number of T. There exists, there- 
fore, a number x of N, completely determined, such that /(x) = 3 /. 
If now (21) be the development of x as a continued fraction, then, 
from/(x) e F{x), (22), and 3, we have 

(26) y t for ^ =2, 3, 4, . . . 

Let 5 denote a positive number. Corresponding to the numbers 
.X and 6, there exists, as is well known, an integer k>l such that 
every number x' , which has the same first k terms in its develop- 
ment as a continued fraction as x has, satisfies the inequality 

(27) \x-x'\<d. 

Let now y' denote a number of the set T within the interval 
^m\, mi,...., and let 


- ■■■■ ~ ■ • • • • 

mi + m2+ ms'd- 

be the development of the number x' as a continued fraction. 
Suppose that the developments of the numbers : 3 c: and x' differ 
first in their terms. We have, therefore, for ^* = 1 , 2 , 

r — l,andm / From ( 22 ) and 3, we have y 

and since it follows from 

2 that y' i and so certainly, from 3 , y' e for 

i'^r; but, by hypothesis, y' mu mi hence, we must have 

r> kj i.e. the number x' has the same first k terms in its develop- 
ment as a continued fraction as x has. Owing to the definition of 
the number k we obtain, therefore, the inequality (27). We have 
thus proved that, corresponding to every number y of T, there exists 

an open interval containing y (from (26)) and 

such that every number y' of the set T.D satisfies the inequality 
(27), where x~4>{y), x'~^(y')‘, this establishes the continuity of 
the function in the set T. The relation N hf T is, therefore, 
proved. 

But the set N is homeomorphic with the set of all irrational 
numbers; hence, Theorem 85 is proved. 
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It follows readily from Theorem 85 that two non-countahle 
linear sets are homeomorphic y except for a countable aggregate of 
their elements. 

From Theorems 84a and 85 we get immediately the following 

Corollary. Every open and compact set (consisting of elements 
of a metric space) is the sum of two setSy one of which is a null set 
or a continuous and hiuniform transform of the set of all irrational 
numbers and the other is countable at most. 

75- Denote by L the family of all sets E (contained in a metric 
space for which condition (W) of § 55 applies) satisfying the follow- 
ing condition : 

The set E is the sum of two sets, one of which is a null set or a 
continuous and biuniform transform of the set of all irrational 
numbers, and the other is countable at most. 

We shall show that the sum of a countable aggregate of mutually 
exclusive sets belonging to L, itself belongs to L. 

Let £ be a set which is the sum E—Ei+E^+ ... of mutually 
exclusive sets, where En €X, for n = ly 2, . . . . We can, therefore, 
write En—Pn-\-Qn, where Pn is a null set or a continuous and 
biuniform transform of the set of all irrational numbers, and Qn is 
a set countable at most. 

But the set of all irrational numbers is, as is well known, homeo- 
morphic with the set of all irrational numbers of the interval 
(w, w + 1). Hence Pn is a null set or a continuous and biuniform 
transform of the set Nn- Denote by S the sum of all sets Nn, 
extending over the indices n, for which Pn is not null. The set -S 
will obviously be a null set, or homeomorphic with the set of all 
irrational numbers, and the set P =Pi+P 2 +P 3 4" - • • 'will be a con- 
tinuous and biuniform transform of the set Moreover, since 
E=P-\-Qy where Q = Qi+Q^z-\~ - • • is a set countable at most, we 
have E € L. 

We shall next show that the product of a countable aggregate 
of sets belonging to A, itself belongs to L. 

Let £ be a set such that £=£i.£ 2.£3 - * - » where £« t X, for 
w==l, 2, . . . . We may, therefore, write £«=P« + <2n, where the 
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sets Pn and Qn have the same meaning as above. If the set Pn 
were null for some n, then the set En and so also the set E would 
be countable at most and so would belong to the family L. 

We may, therefore, put Pn—fn{N) for every integer n, where 
fn is a continuous and biuniform function in the set N of all irra- 
tional numbers in the interval (0, 1). 

From E^Ei.E^.Es . . . and from the fact that 

the sets Qn{n ==1, 2, . . . ) are countable at most, it follows that we 
may write E=P+Rj where P =Pi.P 2 .Ps • • • , and R is countable 
at most, since it is contained in the set Qi+Q 2 + - - • • Hence, to 
prove that E e L, it will be sufficient to show that P e L. 

Let n denote a given positive integer, t a given irrational number 
of the interval (0, 1), and 

( 28 ) t = — — .... 

^ 1 + ^ 2 + ^3 + 


its development as a continued fraction. Put 


(29) — 


^2«— 1+ ^3.2’*-! “b 


1 

+ 


It follows from the properties of continued fractions that the 
functions are continuous in the set N (w = l, 2, , . . and 

that <j>n(.N) =iV. Put Fn(t) =fni<l>nit)) i foT teN; hence, the functions 
Fn(t) are continuous in the set N, and Pn =Fn(N), for w = l, 2, . . . 

It will be shown that P ~ Fi{T ) , where T is the set of all numbers 
/ of iV for which 

(30) Pn(^)=Pl(/), ^=1, 2, . . . 


Assume that x e P. Hence, for every integer n, x e Pn —fn(N), 
and so, for every integer n, there exists a number tn such that 

fn { tn )= X . Let 


(31) 


= ^ 1 1 
l~h + 


be the development of the number tn as a continued fraction. 

Every positive integer p may be, as is well known, expressed in 
the form 
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(32) ^ = (2m^~l) . Tp-'^ 

and that in one way only, where nip and np are positive integers. 
The numbers mp and np are, therefore, defined completely by the 
number p. Put 

(33) kp ~^np, 2mp-~li for ^ = 1, 2, , 

and let / be a number defined by (28). 

In order to show that xe Fi(T), it will be sufficient to show, 
owing to the definition of T, that x e for w = 1, 2, . . . 

From (32) and (33) we have for all integers m and n 

2w-l » 

and so, from (29) and (31), 

<lyn(i) =tny for w = l, 2, . . . , 

whence Fn(t) =^fn{<hn{t)) =fn(tn) =x, for w = 1, 2, . . . 

We have, therefore, proved that the relation x e P implies the 
relation xeFi(T)\ consequently, PCFi(T). 

Let now denote an element of Fi{T). It follows from the 
definition of the set T that there exists a number t of the set JV^ 
such that 

x^Fnif), for n — 

But Pn—Fn{N)', hence, x ^ P„, for w = l, 2, . . . , and so x e P. 
We have thus proved that Pi(P) CP, and since we have seen that 
PCPi(r), we have P = Pi(r). 

Since TCZN and the function Pi(0 is continuous in iV, Fi{t) is 
also continuous in T, It will be shown that Fi{t) is biuniform in T. 
In fact, let t and t' be two different numbers of P. Let 


(34) 


1 1 1 

^ 


be the development of F as a continued fraction. Since the 

developments (28) and (34) must first differ in some term, the 
say. Hence kp^kp. Thus, from (32) and (29), (f>^^{t)9^<i>np{F), 
andso,since/„ is biuniform in N,we obtain /„^(0n^(^)) ?^/w^(0n^(i{')). 
i,e. Fnp{t) ^ Fn^{t') ; on account of (30) (since t eT and t' e T), this 
gives Fi{t) 7 ^Fi{F), as required. 
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We have, therefore, proved that the set P is a continuous and 
biuniform transform of the set P. We shall next show that P is a 
Gs. Since N is a Gg and PCiV, it will be sufficient to show that P 
is closed in the set N. 

Let to be an element of the set P'.iV; we must show that to e P. 
Since e T', there exists an infinite sequence tk of elements of P 
such that lim —Iq. From t^eT and the definition of the set P, 

k-^co 

we have Pwfe)=Pife), for n=l, 2, . . . and ^ = 1, 2, . . . , and 
so, since Fn(t) is continuous in N, and to e N, and lim we 

have 

Fn{to) =PiOo), for w = l, 2, . . . ; 
this proves (owing to the definition of the set P) that e P. 

We have thus proved that the set P is a Gg. We may, therefore, 
by Theorem 85, write T = X-{~Y, where X is a null set or a set 
homeomorphic with the set of all irrational numbers, and Y is 
countable at most. Hence, from P = Pi(P), we get P = Pi(X) + 
Pi(F)» where Pi(F) is evidently countable at most. If now X be 
a null set, then P is countable at most, and so P e L. li X^O, 
\vje may write X=\p(N), where i/' is a continuous and biuniform 
function in the set N, and since P = Pi(X) , and Pi, as we have seen, 
is continuous and biuniform in P and so certainly in X C P, there- 
fore, P = Pi (i/'(iV)) =$(X), where = Pi(^(0) is ^ function con- 
tinuous and biuniform in the set N, This leads at once to the 
conclusion that P e L. 

We have, therefore, proved that the family F = L satisfies 
conditions 2] and 3] of § 62. 

It follows from the corollary at the end of § 74 that every open 
and compact set belongs to the family L. Let P be a compact 
set Gg] we may, therefore, write E^Gi.G^.Gz . . . , where the sets 
Gn (n = ly 2, . . . ) are open. Since E is compact, and, therefore, 
bounded, there exists a sphere K containing E. By condition (W) 
of §55, spheres are compact sets; the open sets Tn=Gn.K will, 
therefore, also be compact; since E<ZK and E = Gi.G 2 . . . , we have 
obviously P = ri.r 2 .r 3 .... Each set r„(n = l, 2, . . . ), being 
open and compact, belongs to L; hence, from property 3], the 
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product of all these sets also belongs to L. Hence, every compact 
set belongs to L. 

Let now U be an open set (not necessarily compact). Let p 
denote an element of the metric space Jl/ under consideration, 
and put Hi=K {p, 1) and Hn^K{p, n) —K{p, n — l), for w =2, 3, 

. . . ; we have obviously , where the sets 

Hn{n = l, 2, . . . ) are compact and mutually exclusive sets 
We have, therefore, U^U.Hi-\-U.H 2 + . . . , where the terms of 
the sum are compact and mutually exclusive sets G^, As proved 
above, compact sets belong to L; consequently, by property 2] 
of the family L, the set TJ belongs to L,. 

We have thus proved that every open set belongs to X, i,e, the 
family F —L. satisfies condition 1] of § 62, The family L satisfies 
the conditions 1], 2], and 3] of § 62, and, therefore, every Borel 
set belongs to the family L. 

On the other hand, it follows, from Theorem 82 and the defi- 
nition of the family L, that every set belonging to the family Z is a 
Borel set. The family X is, therefore, identical with the family of 
all Borel sets. We may, therefore, state 

Theorem 86. In order that a set E be a Borel set^ it is necessary 
and sufficient that it he the sum of two setSy one of which is a null set 
or a continuotLs and biuniform transform of the set of all irrational 
numbers and the other is countable at most. 

We note that Theorem 86 leads immediately to the result that 
every non-coun table Borel set has the potency of the continuum 
(a result obtained along different lines towards the close of § 70; 
Corollary 2, Theorem 79). 

Let noAV E denote a given Borel set, and / a function continuous 
and biuniform in X. If £ is countable at most, then so also is 
T—f(E), which is, therefore, a Borel set. If E is non-countable, 
then, by Theorem 86, we may write E =(I>{N) -{-F, where <p is a 
continuous and biuniform function in the set N of all irrational 
numbers, and F is countable at most. We shall then have T =/(E) 
=/(0(A)) /-/(P). Put F{t) =f{(t>(t))y for teN; it follows at once 
from the properties of the functions / and <p that the function F 
is continuous and biuniform in N. Hence, the relation T = F(N) -r 
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/(P) proves that P is a Borel set by Theorem 86 (and since /(P) is 
countable at most). We thus get 

Theorem 87 (Lusin).^® A continuous and hiuniform tra^isform of 
a Borel set is a Borel set. 

This theorem may be considered as a generalization of Theorem 
69. 


76. Let jE denote a non-countable Borel set. By Theorem 86, 
we have 4>{N), where <j5) is a continuous and biuniform function 
in the set N of all irrational numbers. But, by Theorem 79, the set 
N contains a perfect subset Dr^O, and it may be supposed that D 
is compact (for it would be sufficient to apply Theorem 79 to the 
set of all irrational numbers in the interval (0, 1) which is contained 
in N). From DCZN and <jb(iV'), we have But, by 

Theorem 42, the set 4>{B) will not only be a continuous and biuni- 
form transform of the (closed and compact) set D but its homeo- 
morphic transform. Hence 

Every non-countable Borel set contains a subset Q which is homeo- 
morphic with a certain perfect and compact set of real numbers. 

But, by Theorem 85 (since the set P, being perfect, is a set Gf), 
we may write D =P+P, where Eh N and P is countable at most. 
Since Q h P, there corresponds to the subset P of P a subset Roi Q 
(countable at most), where (Q—R) hE and so, since E h N, we have 
(Q—R) h N. But, from QhD, since P is closed and compact, it 
follows by Theorem 41 that Q is closed, and since R, being coun- 
table, is an P,, the set H=Q — R — Q,CR is a G^. Hence 

Every non-couniable Borel set contains a subset which is a 
and which is homeomorphic with the set of all irrational numbers. 
The metric space under consideration (which satisfies condition 
(W) of § 55), being a closed set, is obviously a Borel set. We have, 
therefore, 

Theorem 88. In every metric space ^ in which bounded sets are 
compact, there exist sets G^ which are homeomorphic with the set of 
all irrational numbers. 


Fund. Math., vol. X, p. 60. 
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It follows from the above theorem that there exist in metric 
spaces in which bounded sets are compact, all topological types 
which exist in the set of all irrational numbers. In particular, we 
may deduce the existence in such spaces of Lebesgue’s sets O 
and F o{ any class a<Q (§ 61) and the existence of analytical sets, 
which are not Borel sets ; for it is sufficient to refer to the existence 
of such sets in a linear space.-^ 

We shall next deduce an important corollary from Theorem 88. 
There exists by this theorem, in the metric space considered, a set 
H which is a Gs and homeomorphic with the set N of all irrational 
numbers. But, every analytical set is, by Theorem 73, a con- 
tinuous transform of the set N. Consequently, every analytical 
set of the space considered is a continuous transform of the set 
H, and so of a certain set of this space. On the other hand, by 
Corollary 1 of § 68, every continuous transform of a G^ is an 
analytical set. Hence, we have 


Theorem 89. Analytical sets (in a metric space in which 
bounded sets are compact) are continuous iransjorms of sets G^ 
(contained in that space), and conversely. 

Furthermore, it may be easily deduced from Theorem 86 that 
Borel sets are continuous and biuniform transforms of sets and 
conversely . 


77. Let E denote an analytical set which is the nucleus of the 

system consisting of Borel sets but not necessarily 

regular. 

For every finite combination of indices Wi, • • • , put 

( 1 ) nz nj. 


and further, for every ordinal number a<0, 


( 2 ) 


^“+1 z =: R °- 

-^Ki, n nz 


nj^ . 2 -Eki, 

71 = 1 


ny 


-^See my book: Functions representable analytically (in Polish), Lwow, 1925, 
pp. 66 and 89. 
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and finally, for every ordinal number a<fi of the second kind, 

(^) nj^ ^ni, ns,...., nj^ f 


he^ 

A j, -'-'wi, ns,...., nj^ f 
^<a 


where the product 11 ranges over all the ordinal numbers $<a. 

The sets defined above by transfinite induction, are 

obviously Borel sets (§ 62) for every finite combination of indices 
Wi, ^ 2 , • • • » ^nd every ordinal number a<Q. 

From (2) and (3) it follows readily by transfinite induction 
that 


7?°- t 

■^m, ns,...., nj^ 


'^ni,ns for ct 




(6) r“= S nu-KtX, 

(«1, 112,...., Ilfi) 

where the sum (6) ranges over all the finite combinations 
^ 2 , . • • , of positive integers. 

The sets (5) and (6) and their difference 5“ — are evidently 
Borel sets (§ 62) for a<Q. 

We shall show that 

(7) E= s (5“-r“)= n 5“, 

a<S 2 a <12 


where the summation and the multiplication range over all ordinal 
numbers a < O. 

Let a be a given ordinal number <0 and .r an element of the 
set — Hence, 

(8) X € 

and 

(9) xir\ 

From (8) and (5), we deduce the existence of a positive integer 
Ml such that .'T € El,,, Moreover, from (9) and (6), it follows that 
(since the set is one of the terms of 

the sum (6)) ; since x e El,,, we have x e But, from (2), 
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CO 

^“+1 _ 27“ 

•^mi -^mi * Jiu -^mi, ji » 

» = 1 

and so, since x e there exists an index such that .t € - 

Furthermore, on account of (9) and (6), we have x e — 

and so, since x e , we get x e - But, from (2), 

00 

T^a+l Tj^a 

■^mi, nti -^mu ms, n » 

w=l 

and so, since x € , there exists an index mz such that 

X 6 E“ . Continuing the argument in this manner, we obtain 

an infinite sequence of indices mi, m2, m3, . . . such that 

X € E„jj^ ms,.,.., wj^ > for ^ ” 1, 2, . , . 

This implies, on account of (1) and (4) (for /? = 0), that 

^ ^ Efiti, mu mjt. > ^or = 1, 2, . . . , 

and so (from the definition of the set E) x e E. 

We have thus proved that (5“ — r“)CE for every ordinal 
number a<Q; it follows that 

(10) S (5“-~r“)CE. 

a<Q 

Let now x denote an element of the set E. Hence there exists 
an infinite set of indices mi, m2, m3, . . • such that 

( H ^ , ms • ^ ^ ^ ’ * " ' 

It will be shown that 

(12) -V6E;,,,„, for^ = l, 2, ... 

for every ordinal number a<0. For a=0, (12) is true on account 
of (11) and (1). Let now 0 denote an ordinal number <17, and 
suppose that (12) is true for every ordinal number a <13. If /3 is 
a number of the second kind, it follows from (3) that (12) is true 
for the number /5. If /5 is a number of the first kind, we may put 
^ = a + 1, where a </?, and from (2) we then have (for every positive 
integer k) 
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Wl, /M2, 


= 






Z5P“ 

, r«y^, 71 -*—'777 1 , 7722,...., 772/.* 


rpa 

■^mtt mu ’ 

3,nci SO ^ -^7711, 7722, ^ sincG from (12), x ^ -S7711, 777a,.,..,7wj^ > 3.ncl 

.T eE'^ni,m 2 ?»jfe+r Relation (12) is, therefore, proved by trans- 

finite induction for every ordinal number a<Q. 

In particular, it follows from (12) that x e E^„ for a<0, and 
so from (5) x € 5®, for a<0. We have, therefore, proved that 
£;CvS“, for a <9., whence 

( 13 ) Ealls\ 

a<£2 

Furthermore, 

( 14 ) n r“=o. 

a<a 

For suppose that (14) is not true. Consequently, there exists 
an element x such that 

( 15 ) X€r“, fora<a 


It follows from (15) and (6) that corresponding to every ordinal 
number a <9 there exists at least one set of indices ni, ^2, . . . , 7 I}. 
(dependent on a) such that 


e {E^ 


, 7iu...., 722.--.., 


But the set of all finite combinations of indices ni, ^2, • . . , 
is countable, whereas the set of all ordinal numbers a <11 is non- 
countable. From this we deduce the existence of a set of indices 
Ph p 2 j • ‘ , Pr and also of two ordinal numbers ^<9 and 

such that 

(lb) V 6 (£|j^ ^2 ,^y)> 

(1"^) ^ Pj)' 

It follows from (16) and (17) that 




and .r € Elt^,. 


contrary to (4), since (from r? <$) we have 77 + !:^^. 
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Hence, (14) is proved. 

Let now x be an element of the set E. On account of (14), there 
exists an ordinal number a <12 such that xe But, from (13) 
and the fact that .x € E, we have x € *S“. Hence, x € We 

have thus shown that, if x e jE, there exists an ordinal number a <12 
such that X e (5“ — r“). This establishes the fact that 

(18) £:cS(S"-r“), 

o<Q 

Relations (10) and (18) give the first part of (7). Let now x 
denote an element of the set 

(19) P=n5". 

a<n 

From (14), there exists an ordinal number a < 12 such that x i T*. 
But, since x e P, we have x e 5“ from (19) ; consequently, x e — 
and so, by (10), x eE. We have, therefore, P ClE, and since from 
(13) and (19) ECZP, we have E = F; this, on account of (19) and 
the first part of (7), gives the second part of (7). 

Relation (7) is, therefore, proved completely. 

It follows from (7) that every analytical set is both the sum and 
the product of Borel sets. From this it follows at once (on 
passing to complements) that the complement of an analytical set 
is both the product and the sum of Borel sets. 

From (7) we get immediately 

( 20 ) 

a <£2 

If none of the terms of the sum (20) is non-coun table, then 
(since the sum (20) contains terms) the set CE has potency 
at least; if, however, there exists among the terms of (20) a non- 
countable set, then, being a Borel set, it must contain, by Theorem 
79, a perfect subset not null, which on account of (20) is a subset 
of the set CE. Hence, we obtain 

Theorem 90. The complement of an analytical set not containing 
a perfect no 7 i-mdl subset has potency at most. 

This theorem would be trivial if the potency of the continuum 
were equal to As it is, we do not know (without the hypothesis 
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that 2^^^ = ^!) whether there exist analytical sets whose comple- 
ments have potency’' Xi. 

Furthermore, we are not able to establish (even with the 
hypothesis that 2^o = ^i) whether or not every non-countable 
complement of an analytical set contains a perfect, non-null subset. 

It follows easil3^ from Theorem 90 that the complement of an 
analytical set cannot have a potency intermediate between 
and the potency of the continuum. 

Let now E denote an analytical set and / a function continuous in the set 
T = CE, and put Q=f{T); this will be a continuous transform of the complement 
of an analytical set. We shall then have from (20) 

(21) Q=f(T)=fiCE)== E /(C5“). 

a< 

The sets are Borel sets; their continuous transforms /(C5“) are, there- 
fore, analytical sets (Corollary 1 to Theorem 74) and so, as shown above, sums 
of Borel sets. Hence, it follows from (21) (since that the set Q 

is the sum of Borel sets. We have thus proved that a continuous transform 
of the complement of an analytical set is the sum of Borel sets.^^ As before, 
from the above we may deduce for complements of analytical sets 

Theorem 90a. A cojitinuous transform of the complement of an analytical 
set^ not containing a perfect, non-nnll subset, has potency at most. 

We do not know, however, whether an analogous theorem is true for com- 
plements of continuous transforms of complements of analytical sets. 

78, Frojective sets of a given metric space are said to be sets 
obtained from Borel sets on successive application of the following 
two operations: continuous mapping and taking the complement 
of a set in hand. Strictly speaking, the family P of all projective 
sets (of the metric space considered) is the smallest family F of 
sets to satisfy the following three conditions : 

1. Every Borel set belongs to F. 

2. A continuous transform of a set belonging to F belongs to F. 

3. The complement of a set belonging to F belongs to F. 

All projective sets may be divided into a countable aggregate 
of classes (not necessarily mutually exclusive) in the following 

2^It is not known, however, whether or not every continuous transform of the 
complement of an analytical set is also the product of Borel sets. 
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way. Denote by Kq the class consisting of all Bore! sets (of the 
metric space considered). Let now w be a positive integer, and 
suppose the class to be already defined. If n be odd, the 

class Kn will be understood to be the class of all continuous trans- 
forms of sets belonging to the class and if n be even, then 

Kn will be the class of all complements of sets belonging to 
Evidently, the family 

F = Ko+Ki+K2+. . . 


is the smallest family of sets, which satisfies conditions 1, 2, and 3; 
hence, F = F. 

It follows immediately from Theorem 89 that Ki is the class of 
all analytical sets; hence, K 2 is the class of all complements of 
analytical sets, and Kz the class of all continuous transforms of 
complements of analytical sets. As a consequence of Theorem 90, 
we find that non-countable sets belonging to the class Kz have 
either potency or that of the continuum. Nothing is known, 
however, about the potency of the class K^. It can be shown 
that the family P contains a continuum of different sets. The 
properties of projective sets have been studied very little hitherto.^*"* 

Another generalization of analytical sets is represented by 
the smallest family F of sets to satisfy, in addition to conditions 
1, 2, and 3, also condition 

4. The sum of a countable aggregate of sets belonging to F, 
belongs to F. 

It could be shown that such a family F of sets contains the 
family P, but not conversely. 

79. A set E is said to be dense on a set T, if 
(1) reiTVE). 


-Hn addition to the 5 papers by Lusin in Comptes Rendus, 1925 (of May 4, 25, 
June 15, July 13, Aug. 17), the following articles treat projective sets: \V. 
Sierpihski, Fund. Math., vol. \4I, pp. 237-243, vol. XI, pp. 122, 126, vol. XIL 
pp. 1-3; Comptes Rendus, vol. CLXXXV, p, 833; X. Lusin, Fund. Math., vol. X> 
pp. 89-94; Comptes Rendus, vol. CLXXXV, p. 835. 
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As is easily seen, in order that a set E be dense on a set T, it is 
necessary and sufficient that every open set containing an element of 
the set T should contain an element of the set T,E. 

In fact, suppose that (1) is- satisfied, and let U be an open set 
containing an element p of the set T. From (1), p e [F.jE + (F.£)']. 
Hence, if ^ e T.E then p e {T.E)', and since ^ e U and Z7.is open, 
there exists an element q of the set T.E such that q ^ U. Hence, 
in any case, U .T.E^t), and this proves that the condition is 
necessar^^ 

Suppose, on the other hand, that (1) is not true. There exists, 
therefore, an element p of the set T such that p€ {T.E), and so 
p € U, where U=C{T,E) is an open set. But, from the definition 
of C7, we have I7.(T.£)=0, and so certainly U.T.E = 0. In this 
case the open set U would contain an element p ol T but would 
not contain any element of T.E, and so our condition would not 
be satisfied. This proves that the condition is sufficient. 

A set E is said to be nowhere dense on a set T, if 


(2) Ta{T-(T.E)). 

In order that a set E he nowhere dense on the set T, it is necessary 
and sufficient that every open set containing an element of T, should 
contain an open subset which contains an element of the set T hut does 
not contain any element of the set T.E. 

In fact, suppose that (2) is satisfied, and let U be an open set 
containing an element p of T. Put V—U.C{T.E)’, this will be 
an open set. From (2), pe {T — {T.E)) , and so, since peU, and 
U is open, there exists an element q such that qe U and 
qe (T— (T.E)) ; hence, from the definition ot V,qe V, and so Vy^O. 
But, from the definition of V, we have F.7".^ = 0; the above condi- 
tion is, therefore, necessary. Again, suppose that (2) does not hold, 
and put U = C{T — {T.E)) ; this will be an open set. Since (2) is 
not true, there exists an element p of T such that p e U. Let now 
V be any open set contained in U and containing an element of 
the set T, q say. Fr om Vd U and the definition of the set U, we 
find that V.{T—T.E)) = 0; since q e V.T, we must have q e F. (F.£), 
and so, since F is open, there exists an element r such that 
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re V.T.E. The open set U contains, therefore, an element p 
of the set T, and every open set V containing an element of T 
contains also an element of the set T.E; the condition is, therefore, 
not satisfied. We have thus proved that the condition is necessary. 

It follows immediately from the above that the sum of two 
(and, therefore, of any finite number of) sets nowhere dense on 
the set T is nowhere dense on the set T, 

Obviously, a subset of a set nowhere dense on T is a set nowhere 
dense on T. 

A set which is the sum of a countable aggregate of sets nowhere 
dense on T is said to be of the first category (Baire) on the set T. A 
set which is not of the first category on the set T is said to be of 
the second category on the set T. Obviously, a subset of a set of the 
first category on T is a set of the first category on T, It is easily 
seen that the sum of a finite or countable aggregate of sets of the 
first category on T is a set of the first category on T. 

Theorem 91, A closed non-null set cannot he of the first category 
on itself. 

Proof. Let T be a closed set not null, and E a set of the first 
category on T; it will be sufficient to show that T—E^O. 

Since the set E is of the first category on T, we may write 
E = £:i+£2-f-^3+ . - . , wdiere the sets En{n = l, 2 , . , . ) are nowhere 
dense on T. 

Since there exists an element p of T. Put U = K{p, 1 ) ; 

since is nowhere dense on T, there exists an open set V CZ U such 
that T^Tp^Obut V.T.Ei = 0 . Since there exists an element 

pi of the set ]'.T. Since pi e T and 1 ' is open, there exists a positive 
number fi<l such that Ui=^K{pi, ri)ClUiClV. Since pie L i.T 
and Ui is open, and E^ is nowhere dense on P, there exists an open 
set PiC Ui such that Vi.T^Q and Th.P.p2 = 0 . Since 1 i.l 
there exists an element p2 of the set Vi.T. Since ^2 e 1 i and 1 i 
is open, there exists a positive number r2<| such that U2 = K(p2, 
r2)C V2CZ Th. Proceeding thus indefinitely we obtain an infinite 
sequence pi, p2, ^>3, • • • of elements of T, and infinite sequence 
Ui, U2, Uz, ... of open sets such that pn ^ Vn, and 
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Un T.En=^^; also 6( i!7n) =2r« < — , for n = l, 2, . . . This leads 

^ 2 

immediately to the conclusion that p{pn+ki pn) < — , for w = 1, 2, . . . , 

n 

and — 1, 2, . . . , and so, by Theorem 59, the sequence 
pi, p 2 , . . . has a limit p= \im pn, which, on account of T being 

w-^oo 

closed, is an element of T, But from pn-\-i e Un^i C Un-\-i<> for 
n~\, 2, . . . and the fact that Un+i is closed, we conclude that 
p € Un+i, and since JJnJ^YCZlJn and Un>T.En = (^, we find that 
pi T.En, for n — 1, 2, . . . ; but, since E — Ei-\-E 2 + - . . , we have 
pi T.E, and since peT, this gives p (T—E), and so T—E^O. 

A set E (contained in a metric space) is said to be of the first 
category at an element p if there exists an (open) sphere K containing 
the element p and such that the set K.E is of the first category. 

Theorem 92 (Banach) A set (contained in any metric space) 
which is of the first category at every one of its elements is itself ' of the 
first category. 

Proof. Let £ be a set of elements of a metric space M, and 
suppose that E is of the first category at every one of its elements. 
There exists, then, by the theorem of Zermelo,-®a transfinite sequence 

(3) Ki, K 2 , . . . , . . . , Ka, ... (a<0) 

consisting of all open spheres K of the space M such that the set 
K.E is of the first category. 

Put 

(4) Qi = Ki.E, and Q^ — K^.E— S for 0<a<<^- 

^<a 

It follows from the definition of the sets (3) that each of the sets 
K^.E is of the first category; hence, by reason of (4), the sets 
(cL<(f>) possess the same property. We may, therefore, write for 
a<icf} 

^^Fii7id. Math., vol. XVl, p. 395; see also S. Banach, Theorie des opcnitio7is 
lineaires, Warsaw, 1932, p. 13. 

^^This theorem states that every set may he well-ordered. Cf. Sierpinski, 
Leqons sur les nombres transfinis, Paris, 1928, p. 231. 
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(5) Qa —Qi+Qa+Qf + - . . , 

where each set Qa (^ = 1, 2, . . . ) is nowhere dense. Put 

(6) so:, forn = l, 2, . . . 

a<4t 

It is easily seen that 

( 7 ) - . 

In fact, let p denote an element of the set E. It follows from 
the properties of the set E that there exists an open sphere K con- 
taining p and such that the set K.E is of the first category. There 
exists, therefore, a set of the sequence (3) containing the element 
p\ let Ka be the first term of the sequence (3) which is a set con- 
taining p. Since p eE, we conclude from (4) that p e and so, 
from (5) and (6) we deduce at once that p e £i+£ 2 +^ 3 +. • - . We 
have, therefore, 

E d! jEi T’jE2 T-jEj *4" . . . ; 

on the other hand, it follows from (5) and (4) that 
(2a C(2aC£, for 2, . . . ; a<<?^, 

whence, on account of (6), for ^ = 1, 2, . . . , and this gives 

Ei-\-E2-\-Ez-\- ... CZE, 

Relation (7) is, therefore, proved. 

We shall next show that each of the sets (6) is nowhere dense. 
Suppose that, for some integer w, the set En is not nowhere 
dense. There exists, then, an open sphere K such that KcZEn‘ 
Hence, on account of (6), (5), and (4), there exist ordinal numbers 
a <0 such that K.K^y^O; let (3 be the smallest of such numbers a. 

The set K.K^ is, therefore, non-null and open (being the product 
of two spheres) ; hence, there exists a sphere iv* such that Jv* C K.Kjj. 
It follows from the definition of the numbers a that 

K.K^ = 0, for ^<13, 

and so, since K^CZK, and Q^CK^ by (4), and by (51, we 

obtain 

(8) X^.<2?=0, for 
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Again, from (4), we have Q^.K^ = 0, for and so, since 

C and a we get 

(9) =0, for 

From relations (6), (8), and (9) we obtain at once 

K^.En^K^.Qh 

and so 

( 10 ) K^.En^KKQl a'^. 

Moreover, since K'^CZKCZEn and X* is open, we find im- 
mediately that 

( 11 ) K^aK^~En, 

Relations (10) and (11) give 

which is impossible, since being nowhere dense (since it is the 
enclosure of a nowhere dense set) cannot contain the open sphere 
K*, 

Thus the supposition that for some integer n the set En is not 
nowhere dense leads to a contradiction; the sets En{n^l, 2, . . . ) 
are, therefore, all nowhere dense, and so, from (7), the set E is 
of the first category. Theorem 92 is, therefore, proved. 

Corollary 1. For every set E of the metric space M, the set Ei 
of all elements of E at which the set E is of the first category, is itself 
of the first category. 

For, since EiCi,E, if E is of the first category at an element p, 
then certainly so is Ei also. The set Ei is, therefore, of the first 
category at every one of its elements, and so, by Theorem 92, is 
itself of the first category. 

Corollary 2. If a set E (contained in the metric space M) 
is of the second category, there exists an open sphere K such that, at 
every one of the elements of K, the set E is of the second category (i.e. not 
of the first category). 

For, let El denote the set of all elements of E at which E is of 
the first category. The set Ei is of the first category by Corollar}’ 1 , 
and the set E—Ei is of the second category (since E is of the second 
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category). Hence, the set E—Ei is not nowhere dense, and so 
(by the necessary and sufficient condition for a nowhere dense set 
given above) there exists an open sphere K contained in the en- 
closure of the set E—Ei. It is easily seen that the set E is of the 
second category at every element of the sphere K. In fact, let 
q be an element of the sphere K, and let be any sphere con- 
taining q. Since KC^E—Ei, and there exists an element p 

of the set E—Ei in the sphere hence, the set K'^,E cannot be 
of the first category (since then the set E would be of the first 
category at the element p, which is impossible since peE—Ei 
and so p€ £)i). The set E is, therefore, of the second category at 
every element q of the sphere K. This proves Corollary 2. 

A set E (contained in a metric space M) is said to be of the first 
category with respect to a set T (contained in M) at an element p, 
if there exists an (open) sphere K containing p, and such that the 
set K.E is of the first category with respect to the set T. 

The theorem of Banach may be, as is easily seen, expressed in 
its relativistic form {i.e., relatively to any subset of the space 
considered) as follows: 

A set E (contained in any metric space) which is of the first 
category with respect to a set T (contained in the space considered) 
at every one of its elements, is likewise of the first category with respect 
to the set T. 

In order to prove this, it will be sufficient to apply Banach’s 
theorem to the set E.T, taking the set T to be the metric space 
under consideration. 

The two corollaries to Banach’s theorem may be similarly 
expressed at once in their relativistic form. 

A set jE (contained in a metric space M) is said to satisfy the 
Baire condition, if every (non-null) perfect set P (contained in M) 
contains (at least one) element p such that one or other or both of 
the sets P,E or P —E is of the first category at such an element p 
with respect to the set P. 

It follows immediately from this definition that if a set E 
satisfies the Baire condition, then so also does the set CE{ = M —E) 
(since P.CE=^P-E and P-CE = P.E), 
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Furthermore, it can be easily proved that every closed set in a 
metric space satisfies the Baire condition and also with the aid of 
Banach’s theorem that, if each set En 2, .. .) satisfies the 

Baire condition^ then the same is true of the set . . , . 

It follows at once from these last three properties that in a 
metric space every Borel set (with respect to this space) satisfies the 
Baire condition}^ 

At one time (1905) Lebesgue assumed the converse of this 
theorem (in linear space) to be true. This assumption was, how- 
ever, not justified, as has been shown by Lusin;^^ a linear set may 
satisfy the Baire condition without being a Borel set. 

80. A relative neighbourhood (with respect to a set E) of an 
element ^ of .E is every set TCZE such that p e T and pi (E — T)'. 

As may be easily seen, in order that a set T be a relative neigh- 
bourhood of an element p oi a set E, it is necessary and sufficient 
that there exists an open set U such that p e U and U.Ecl T. In 
fact, if peTcZE and pi (E — T)', then putting U —C{E — T), we 
shall have an open set U such that U,E~E,C{E — T) (ZE.C{E--T) 
= E.T = r, and so U.ECZ T, On the other hand, if p e E, TCZE, 
and if there exists an open set L^such that p e U and U.ECZ T, then 
peT, and E — TczCU, and so, since U is open and, therefore, 
CU closed, we find that {E — Tf CZ {CU)' C. CU\ but peU and, 
therefore, pi (E — T)'. 

It follows immediately, from the condition proved above and 
axiom {v) of § 15, that the product of two relative neighbourhoods 
of an element p of a. set E) is a relative neighbourhood of that 
element. 

Furthermore, it follows immediately from the definition of a 
relative neighbourhood that in the homeomorphic mapping of a 
set E on the set f(E) every relative neighbourhood (with respect 


2®This theorem may be even extended to apply to analytical sets with respect 
to the given metric space; see K. Szpilrajn, “ Omierzalnosci i warunku Baire'a", 
Comptes-Rendiis du I congres des pays slaves, Warsaw, 1929, p. 301. 

“^In 1914 with the aid of the hy'pothesis of the continuum in Comptes Rendns, 
vol. CLVdII, p- 1259, and in 1917 without the aid of this hypothesis in Iniml. 
Math., vol. II, p. 155. 
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to E) of an element ^ of jE is mapped into a relative neighbourhood 
(with respect to f(E)) of the transform /(^) . 

A set E is said to be locally closed for an element p if there exists 
a relative neighbourhood of the element p which is a closed set. 

In order that a set E be locally closed for an element p, it is 
obviously necessary and sufficient that there exist a closed set T 
and an open set U such that p e U.E CZTcZE. 

We may clearly suppose that the set T is bounded. It follows 
then readily that, in a homeomorphic mapping of a set E on the 
set/(iS), an element p for which the set E is locally closed is trans- 
formed into the element /(j^) for which /(£) is locally closed. 

A set E which is locally closed for every one of its elements 
is said to be locally closed. A homeomorphic transform of a locally 
closed set is obviously a locally closed set. 

Theorem 93. In order that a set E be locally closed, it is necessary 
and sufficient that the set E' —E be closed. 

Proof. Suppose that E is locally closed, and let ^ be a limit 
element of the set E —E. We have, therefore, pe (£'—£)' 

CjS'; to prove that p e (E' —E) it will be sufficient to show that 
pi E. Suppose, on the contrary, that p tE. Since E is locally 
closed, there exist a closed set T and an open set XJ such that 
p€ U.ECZT d E. Since pe {E' —E)' and pe U.Ed U, where U 
is open, there exists an element q such that q € {E —E) and q^U. 

Since qeE'—EdE, there exists an infinite sequence of ele- 
ments qn such that lim gn — 2, and since q€ U, which is open, we 

n-^co 

have qn ^ U for n> }i. Hence qn ^ U.E for ?i> fi, and so, since 
U.EdT and T is closed, q = lim qn eTdE, contrary to the fact 

n-y-co 

that qtE—E. The condition of our theorem is, therefore, 
necessary. 

Suppose now that the set E —E is closed, and let p be an 
element of E. We have, then, pt (E —E), i.e. p ^ U — C(E' —E) , 
where U is an open set. By axiom (vii) (§ 38) there exists an 
open set V such that peV and VdU- Put T —^.E) from the 
definition of U we have UfE — E) =0, which gives at once T = V E 


14 
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- F.(£+-E') = V.E (since E+E' =E + (E' -E)), and so T is closed. 
But V is open and p e V.ECZ V^E^T CZE] the set E is, therefore, 
locally closed for the element p. Since p is any element of E, it 
follows that E is locally closed. The condition of our theorem is, 
therefore, sufficient. 

Theorem 93 is thus proved. 

Corollary. In order that a set be locally closed, it is necessary 
and sufficient that it should he the difference of two closed sets. 

In fact, if E is locally closed then, by Theorem 93, the set F = E' 
—E = (E+E') —E^E—E is closed and so E = E — E, which proves 
that E is the difference of two closed sets. 

On the other hand, if E = Fi — F^, where Fi and F 2 are closed, 
then, since £C Fi and Fi is closed, we have E' C Fi and so E' =E'.Fi, 
and E' —E^E' .Fi — {Fi — F 2 ) =E' .F 1 .F 2 ; this proves that the set 
E' —E is closed (being the product of three closed sets), and so, 
by Theorem 93, the set E is locally closed. 

We shall next prove a lemma which will be made use of in the 
next article. 

Lemma. Every non-null set which is both an and a contains 
an element for which it is locally closed. 

Proof. Let JS be a non-null set which is both an F„ and a Gg. 
Put T =E. The sets E and T —E—E.CE are Ff%, and so we may 
write jE = Fi + 7^2 + -P 3 + • • - and T —E=^Hx+H 2 +IIz+ . . ., where 
Fn and Hn(n — \, 2 , . . . ) are closed sets. From T ==^E + (T —E) ~ 
Fi+JjTi -4-^2 + 7 / 2 + • • • and Theorem 91, we conclude that the sets 
Fi, Hi, F 2 , Ih, . . . cannot all be nowhere dense on the set T. Hence, 
there exists an n such that Fn or Hn is not nowhere dense on T. 
Suppose that the set Hn is not nowhere dense on T. It follows, 
therefore, from the sufficient condition for a set to be nowhere 
dense on Td 79) that there exists an open set U such that U.l' + O, 
and also that every open set L such that FC U and 
contains an element of the set T.IIn. We conclude immediately 
from this that every open set G containing an element q of the 
set U.T contains at least one element of the set Iln (since it would 
be sufficient to take G ~U. F). Since Hn is closed, q e //„. We ha\’e, 
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therefore, U.TcZHn, and so, since iJ„cr — U.E=U.T.E=^0. 
But U.T^O and T =^E] hence, since U is open, contrary 

to the above. 

The set Hn is, therefore, nowhere dense on T. Consequently, 
the set Fn is not nowhere dense on T, and so, as above, we deduce 
the existence of an open set JJ such that and U.TczFn. 

Since U.Tt^O, there exists an element p of U,T, We have, there- 
fore, p€ t/.TCi^wCT, and, since Fn is closed and U is open, it 
follows that T is locally closed for p. The lemma is, therefore, 
proved. 

81 . The set 

(1) R\E) =:E,(E' -Ey 

is said to be the first residue of the set E. 

The set E — 'E}(JE) —E — {E'—Ey is the set of all those elements of 
E for which E is locally closed. 

To prove this we note that E.{E' —E) —0 and, therefore, (1) 
gives 

(2) RKE) =E.iE'-E). 

Put V=C(E' —E) ; this will be an open set. Suppose that 
p € (E — RfE)); then, from (2) p e V and by axiom (vii) (§ 38), there 
exists an open set U such that p e U and U C V, and so T = ( U.E) 
C 17.£C V‘E^ It follows, however, from the definition of the set 
T, that V.{E'-E)=0] therefore, V.E^aV.E and V-ECZV.E. 
Plence, pe U.ECZT CZE, where T is closed and U is open. This 
proves that E is locally closed for the element p (§ 80). 

Suppose now that p is an element of the set R for which R is 
locally closed. Mence, there exist a closed set T and an open set 
U such that pe U.ECZ'f ClE. vSuppose that pe (E'—E)'. Since 
p tU and U is open, there exists an element q e (E' ~E).U. We 
have, therefore, q e E' . U and so, since U is open, there is a sequence 
qn{n = l, 2, . . . ) such that qn e E.U for n = 1,2, . . . and for which 
lim qn =q. Since E.UCZT and T is closed, we conclude that q^T, 

from which, since T CZE, we deduce that q e E, which is impossible 
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since qeE'—E. We must, therefore, have pi(E'—E)' and so, 
from (1), peE-R^{E), 

We shall next prove the relation 
(3) E -R^E) ==£ - (E^-E ) . 

We have obviously E=E + (E' —E), from which we get at once 
E~- {E'-E) = [E + (E'~E)]- W-E) = £ - (E^~E)=-E - 
E,(E'-E), 

which on account of (2) gives (3). 

It follows from (3) that the set E—R'^(E) is the difference of 
two closed sets and so, by the corollary to Theorem 93, a locally 
closed set. 

From the properties of the set E—R^(E) deduced above and the 
fact that in a homeomorphic mapping an element for which a set 
E is locally closed is transformed into an element for which the 
transform of E is locally closed, it may be concluded at once that 
in the homeomorphic mapping of the set E on the set f(E ) , the 
set E—R^(E) is transformed into the set f(E)—R^{f(E)) and so 
the set R^iE) is transformed into the set R^(J(E)). Hence 

In a homeomorphic mapping the first residue of a set is trans- 
formed into the first residue of the transform of the set. The property 
of belonging to the first residue of a given set is, therefore, an 
invariant under all homeomorphic transformations of that set. 

The following immediate corollaries may be deduced at once 
from the properties of the set E—R}-{E): 

Corollary 1. In order that E he locally closed for an element 
p e E, it is necessary and sufficient that pt {E' —Ef. 

Corollary 2. In order that E he locally closed^ it is necessary 
and sufficient that its first residtie he a nidi set {i.e. that E.{E' ~R)' 
- 0 ). 

Let now a denote an ordinal number > 1, and suppose that wo 
have already defined all sets R^{E), where ^<a (and where E is 
a given set). If a is a number of the first kind, i.e. a=/3+l, then 
put (E) = (E)) . If, however, a is a number of the second 
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kind, then put The sets are thus defined 

f <a 

by transfinite induction for every ordinal number a. The set 
is said to be the residue of order a of the set JB. By 
we mean the set R itself. 

It follows at once from (1) that the set R^(E) is closed in the 
set E. The set is, therefore, closed in the set for 

every ordinal number a. Furthermore, it follows from the defi- 
nition of the sets R^iE) that R^(E)Z:> R^(E), for ^<77 and so, by 
the corollary to Theorem 37 (§ 26), there exists an ordinal number 
a<Q such that 

(4) RHE) =R^(E), for a<S<a 

We may also suppose that a is the smallest ordinal number for 
which (4) holds, so that 

(5) R^E) 9 ^R^{E), for f < a. 

The set Bf{E) ^R^{E) is called the last residue of the set E. It 
will be shown that the set E’—B^{E) is always both an and a G^. 

Let ^ be a given ordinal number ^ 0. From (3) and the fact 
that we have 

(6) RKE) -R^^^ (E) ^RHE) - } 

Put 

(7) JP^iE) =RHE), (^(E) =E^{E) . {[i?^(£:)]'-i?«(£)} ; 
we shall then have from (6) 

(8) RHE) -r^^-^^\e) =PHE) ~QHE) 

where, on account of (7), and since from (4) 

R^+\E) =R^(E) . {[RHE)Y -RHE) } , we shall have 

(9) P^E) 3 QHE) (P), 

whereas, from (7) and the fact that R^(E) for f <??, we get 

(10) PHE)'Z)P\E), for {<7?. 

Let now p be an element of the set P. If e R^(E) for 0:^ ^2, 

then p eR^(E). Hence, if e (E—R^(E)), there exists an ordinal 
number \<il such that p€ Rf{E), where it may be supposed that 
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X is the smallest of such numbers, ix. that peR^iE), for J<X. 
If X were a number of the second kind, we would have from the 

definition, I& {E) = {E) and so peI&{E), contrary to the 

€<x 

definition of X. X is, therefore, a number of the first kind, and so 
we may write X — $+1* 

Thus, corresponding to every element p of the set E~BR{E), 
there exists an ordinal number f ^ 0, such that p e [i?.^(£) — 

•£ ^ ordinal number which satisfies (4), then 

it must be that {<a (since for a we have, from (4), R^(E) — 
This and the fact that for 0:^J<a we have 

RHE)CZE and R^ (E) a R^^^ (E) (and so R^E) a 

E-R^iE) =E~R^(E)) lead to the relation 

E-R^(E)^ E [R^E) -R^-^\E)]‘ 

hence, on account of (8) 

(11) £»i^^(E)= E [pKe)~-qHe)]. 

0^{<a 

The terms of the sum (11) are sets since they are differences 
of two closed sets; and since (11) contains at most a countable 
aggregate of terms (since a<0.)y E—R^{E) is a set F^. 

Again, (11) gives 

(12) C(£-jR^(£))= n [(2^(£) + CP^(£)]. 

But (9) and (10) give for ^ 

Q^(E)aPKE)aP\E), and so Q^(E) . C(P^(E)) ^0, for 77 < G 

(12) gives, therefore, at once 

(13) C(E-R^(E)) = n Q\E) + C(P^{E))+ E C(P^(E)) 11 Q^E). 

0:S,7<a 0<f<a 0^i7<f 

The products H Q^{E) and FI Q^{E) are closed sets, since the 

0:<T7<a 0^i7<f 

sets 0^ are closed, and since the sets (7) are closed, we conclude that 
the sets C(P^(£)) are (for 0:^|<a). The terms of the sum 
(13) are, therefore, sets and so (13) is an F^. The set E —R^HFI) 
is, therefore, a 
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We have thus proved that the difference of a given set and its 
last residue is both an and a G^. 

The set E for which EF{E) =0 is said to be reducible (Hausdorff). 
From the theorem deduced above, it follows that a reducible set 
is both an and a G^. 

Let now E denote a set which is both an F^ and a G^, Since 
the set T~E—BF{E) is both an Fg. and a G^, therefore the set 
X =R^\E) =E,CT is both an Fg. and a 6 ^ 5 . Furthermore, if X is 
not a null set, then, by the lemma proved toward the close of § 80, 
it contains an element p for which it is locally closed, and so it 
follows from the property of the set X—R^(X) that p e[X — 
and thus X ~R^(X) 9 ^ 0 , i.e. X 9 ^R^{X), But, as we know, there 
exists an a for which (4) is satisfied; hence, X —RF{E) —R'^iE) 
R^'^^{E) ^R}-{R^{E)) —R^{X) , which is a contradiction. Hence 
X ^Rf{E) =0, and, therefore, E is reducible. We have thus proved 

Theorem 94:. In order that a set E he reducible, it is necessary 
and sufficient that it he both an Fg. and a G^. 

Concerning the residues of a set, we note further that it follows 
immediately from their definition and the properties of the first 
residue that in a homeomorphic mapping of a set, its residue of 
order X is transformed into the residue of order X of the transform 
(for every ordinal number X<12). In particular, the last residue 
of a set is transformed in a homeomorphic mapping into the last 
residue of the transform. Hence, a homeomorphic transform of 
a reducible set is a reducible set, which follows otherwise from 
Theorem 94 and other known properties of the sets Fg. and G^ 
(§ 61 ). 

82. The set E is said to be -dimensional (Menger) if, corres- 
ponding to every element p of E and every open set U containing 
p, there exists an open set 1 " contained in U and such that its 
frontier does not contain any elements of E. 

We shall prove that the property of being 0 -dimensional is a 
topcjlogical invariant. In order to do so, we shall adopt a different 
definition of a 0 -dimensional set, which is, however, equivalent 
to the definition of Menger. 
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The set E-Ei.(B~-Ei) is said to be the relative frontier with 
respect to E of the set jEiCJS; hence, it is closed in E. 

The relative frontier of a set EiCZE with respect to the set E is 
transformed in a homeomorphic mapping into the relative frontier 
of the transform of Ei with respect to the transform of E, In order 
to prove this, it is sufficient to refer to Theorem 22, and the fact 
that if E hfT and E^aE, then f(E~Ei) =^f(E) -f{Ei). 

We shall now prove that the Menger definition of a 0-dimen- 
sional set is equivalent to the following: 

A set E is said to be 0-dimensional if, corresponding to every 
element p of E and every relative neighbourhood T of that element 
(with respect to E), there exists a relative neighbourhood 5 of the 
element p which is contained in T and whose relative frontier 
(with respect to E) is null. 

Suppose that the set E is 0-dimensional according to the 
Menger definition, and let T denote a relative neighbourhood of a 
given element p of E. There exists, therefore, an open set U 
(§80) such that peU and U.ECZT, Furthermore, since E is 
0-dimensional in the Menger sense and from the definition of the 
frontier of a set (§5), it follows that there exists an open set V 
such that p e VaU and £.F.CF = 0. Put £i=E.F; then EiCE, 
El C F, E-Ei = E- E.V= E—V=-E.CVa CV; hence, E-Ei 
C CF, and so Ei.Ei^(E — Ei)C,E.V>CV = 0. On the other hand, 
peE.V=Ei. The set Ei is, therefore, a relative neighbourhood 
of the element p (with respect to E) whose relative frontier is 
null, and since FC U, and U.E C T, we have Ei ~E. FC U,Ecz T, 
The set E is, therefore, 0-dimensional according to our definition. 

Suppose now that the set E is 0-dimensional according to our 
definition, and let U be an open set containing an element p of E, 
Put T=UE; the set T is a relative neighbourhood of p (with 
respect to E), and so since E is O-dimensional according to our 
definition, there exists a relative neighbourhood S of p which is 
contained in T and such that E.SfE — S)~f^- Since SczE, it 
follows that SCZE.S. and so S.{E-~S) C E.SfE — S) =0. Further- 
more, we evidently have (E—S).Sc:E.(E^S)-S = 0. The sets 5 
and E — S are, therefore, mutually exclusive, and neither of them 
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contains limit elements of the other; hence, there exist (§§ 39, 46) 
open sets F and Q such that SczP, F — SczQ, F.Q = 0. Put 
V = F.U; this is an open set, contained in U and containing p 
(since peU and peSczP). We have further F = P. t/CP, and 
so FC P; but P.Q = 0; therefore, PC CQ, and so, since Q is open 
(and, therefore, CQ closed), we have that PC CQ. Hence, V C CQ, 
Since V is open, we have CV= CV; hence, E.CV — E.CV —P. U 
=E —P. U.E, and so, since SdP, and SdT= U,E, it follows that 
E^'CVdE-S, Hence, E^V^'^a {E-S).CQ, and so p.F.CF^O 
since E~SCZQ. The set V is, therefore, open; it contains p and 
is contained in 27, and the frontier of V does not contain any 
elements of the set E. The set E is, therefore, 0-dimensional in 
the Menger sense. 

The two definitions of 0-dimensional sets are thus shown to 
be equivalent. 

It follows immediately from our definition of 0-dimensional 
sets and from the properties of relative neighbourhoods (§ 80) 
and relative frontiers in homeomorphic mapping that a homeo- 
morphic transform of a 0 -dimensional set is a 0-dirnensional set. 

We note further that changing slightly the proof of Theorem 
56 given in § 53, we can prove the following more general theorem : 
Every (^-dimensional metric space (in the Menger sense) which con- 
tains a countable subset everywhere dense is homeomorphic with a 
certain set of irrational numbers. 

The set of all irrational numbers is itself, as is easily seen, a 
0-dimensional metric space which contains an everywhere dense 
countable subset. Hence, the set of all irrational mimbers has the 
greatest dimensional type of all the 0-dimensional sets which have a 
countable subset everywhere dense. 

As regards ^-dimensional sets {n a positive integer), they may 
be defined by induction as follows: 

A set E is said to be n-dimensional at fnost, if corresponding to 
every element p of E and every relative neighbourhood T of that element 
(with respect to E), there e.xisis a relative neighbourhood S of p 
cofitained in T whose relative frontier (with respect to E) is a (n-l)~ 
dimensional set at most. 

A set E is said to he n-dimensional if n is the smallest positive 
integer such that, corresponding to every element p of E and every 
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relative neighbourhood T of p (with respect to E), there exists a relative 
neighbourhood S of p contained in T, whose relative frontier (with 
respect to E) is a {n-X) -dimensional set at most. 

(This definition also holds for w = l if a ( — l)-dimensional set 
is taken to mean a null set.) 

It follows easily by induction from this definition of w-dimen- 
sional sets and from the properties of relative neighbourhoods 
and frontiers that a homeomorphic transform of a n-dimensional 
set is a n-dimensional set. The (Menger) dimension of a set is, 
therefore, a topological invariant.-® 

Menger calls a 1 -dimensional continuum a curve. Since 
continua (§ 34) and 1-dimensional sets are topological invariants, 
it follows that a homeomorphic transform of a curve is a curve. 

A homeomorphic transform of the closed interval O^x^l is 
called a simple arc (Janiszewski). It follows at once from this 
definition that a homeomorphic transform of a simple arc is a simple 
arc and that a simple arc is a curve in the Menger sense. 

A continuous transform of the closed interval 1 is called 

a Jordan curve. It follows at once from this definition that a 
continuous transform of a Jordan curve is a Jordan curve and that 
a simple arc is a Jordan curve. A Jordan curve need not, however, 
be a Menger curve, nor is it necessary for a Menger curve to be a 
Jordan curve. 


-t'\n exposition of the IVIenger Dimension Theory may be found in a paper 
by X'W Hurewicz, "Griindriss der Mengerschen Di mensionstheorie”, Math. 
Annalen, vol. XCMH (1927), pp. 04-88, 



APPENDIX 


1. It is assumed that we know what is meant by a set of objects, 
e.g., the set of books in a certain library, a set of chairs in 
a hall, a set of ideas, or even a set of sets. The objects constituting 
a set are said to be its elements, and the notation p eE, peE is 
used to denote that p is or is not an element of E. 

A set E is defined when of every element p it can be said whether 
p € E or pi E. 

A set A is a. subset of a set B, i.e. A CB or BO A/d, whenever 
peAy then peB. If ^C-B and BC.A, A and B are identical, 
i.e. A =B. U Ac, B and A^By A is said to be a proper subset 
of B. 

If two sets A and B are such that a (1, 1) correspondence can 
be established between their elements, then A and B are said to 
have the same potency. For example, the set of all odd integers 
less than 100 and the set of all even integers not greater than 100 
have the same potency, for to every odd number may be correlated 
an even number greater by unity. The idea of potency may be 
extended to sets which are not finite; e.g.y the set of all natural 
numbers 

1, 2, 3, . . . , . . . 

and the set of all even integers 

2, 4, 6, , 2zz, . . . 


have the same potency. 

Two finite sets have the same potency if and only if the number of 
elements in each set is the same. In the last example the given set 
and its subset have the same potency. A finite set cannot have 
the same potency as any of its subsets. A set which has the same 
potency as one of its proper subsets is said to be infinite in the Dedekind 


sense. 
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2. A set which has the same potency as the set of all natural 
numbers is said to be countable. The elements of a countable set 
can, therefore, be enumerated as a sequence 

^2, . « • 

with increasing indices. Conversely, the set of all terms of an 
infinite sequence is countable. 

A subset of a countable set, if not finite, is obviously countable 
(since any subset of a sequence may be arranged as a sequence 
with increasing indices). Thus the sets of all odd numbers, all 
prime numbers, all squares are each countable. 

The sum of two sets A and B, i.e. A+B, consists of elements 
p such that either peA, or p eB\ the product A.B consists of 
elements p such that p ^ A and p ^B. 

The sum of a finite set and a countable set is a countable set. 
For the sum of the set 

Uif U2) . . . , U^^ 

and the set 

may be written as the infinite sequence 


Uu U2y . . . , Vi, i'2, Z'3, . . . 


The sum of two countable sets is a countable set. In fact, the 
sum of the countable set 

Ui, Ui, Uzi . . . 

and the countable set 


Vu ^^2, . . . 


may be written down as the infinite sequence 


^ 1 , ^ 1 , ^ 2 , ^^ 2 , Uz, vz, . . . 

The definition of a sum of two sets may be easily extended to a 
sum of a finite or infinite sequence of sets. Given an infinite 
sequence of sets Ei, E 2 , Ez, . . . , the sum 

S=^E,-hE2A-Ez+ . . . 

is a set consisting of all elements p such that p e E^ for at least 
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one value of i. The sum of a countable aggregate of countable sets 
is countable. For, if £2, ... be an infinite sequence of countable 
sets, the elements of 

=£1+152 +-£3+ . . . 
may be written down as a double sequence 

<2-11, ai2, ai3, . . . 

<^22, < 3 ^ 23 ; • • • 

Ctzu Cizzj . . . 


where . . . are the elements of Arranging the 

elements of the double sequence into groups such that the nih 
group consists of all a^i , ^+/ =^+l, we obtain the infinite sequence 

Cl'Ui <^21, (ll2y ^31, <3.13, <^41, <332> • • • 

containing all terms of S. 

The set of all rational numbers is countable. For let S be the 
set of all positive rational numbers. Denote by E^ the set of ail 
positive rational numbers in lowest terms with n in the denominator; 
then 

5 =:£j^-|-J 5 ; 2 +£ 3 + . * • , 

where £„ is countable. Hence S is countable. Similarly, the set 
T of all negative rational numbers is countable and, therefore, 
also the set of all rational numbers. 

The set E of all finite sequences of natural numbers is coun- 
table. For a finite sequence (ni, , , , n^) may be correlated in 
a unique way with the number 

The set of all polynomials with rational coefficients is countable, 
since a ( 1 , 1 ) correspondence may be established between a poly- 
nomial and the finite sequence consisting of the coefficients. All such 
polynomials may, therefore, be represented as an infinite sequence 

Ti, T27 Ts, . . . 

A polynomial, as is well known, has at most a finite number of roots; 
writing down all the roots of Pi, then those of P2 and so on, we 
obtain an infinite sequence 

Xi, X2, -r.s, . , . 
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consisting of the roots of all polynomials with rational coefficients, 
i.e. of all algebraic numbers. Hence, the set of all algebraic numbers 
is countable, 

3. A set which is neither finite nor countable is said to be non- 
countable. 

The set E of all infinite sequences of natural numbers is non- 
countable. For, if it were countable, it could be written as a double 
sequence 

nil, ni2, nu, . . . 

(1) n^i, W22, ^23, . . . 

nzi, nz2, nzz, . . . 


But the infinite sequence 

(2) + ^22 + 1, ^33 + 1, . • • J nkk-\-l, . . . 

differs from each of the sequences (1) and sol E, which is contrary 
to the hypothesis that E consists of all infinite sequences of natural 
numbers. Similarly, it can be shown that for every infinite sequence 
of real numbers there exists a real number which is not a number 
of the sequence. Let 

OC i , OC ‘1 , • • . 

be a sequence of real numbers. Every real number can be ex- 
pressed in one, sometimes two, ways as an infinite decimal. Writing 
down these developments (one or both if there are two) of the 
successive terms of the sequence, we obtain an infinite sequence 
of infinite decimals 

Cl, CiiCiiCiz . . . 

C2, C2iC22C2Z ♦ • • 

Cz, CziCz2CzZ • • ♦ 


We now construct the decimal 

0.aia2az . . . , 

where Oi^cu, 02 ^ 022 , ■ • . generally c^^ (we may choose, e.g., 
"a- =a-* + l if <9 and =0 if =9). 
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The real number thus constructed is obviously different from 
every term of the given sequence. It follows, therefore, that the 
set of all real numbers is non-countable. 

There exists, as is well known, a (1, 1) correspondence between 
the set of real numbers and the points on a straight line; hence, the 
set of points on a straight line is non-countable. 

If a finite or countable set be removed from a non-countable 
set, the remaining set is n on-countable. For, let P be a non- 
countable set, Q finite or countable, and R the remainder. Hence, 
P = Q-\-R] if R were finite or countable then P would be finite or 
countable, contrary to the assumption that it is non-countable. 
The set R is, therefore, neither finite nor countable and so must be 
non-coun table. After removing from the non-coun table set of 
real numbers the countable set of algebraic numbers, there remains 
a non-coun table set of real numbers which are known as the 
transcendental numbers. 

Cardinal Numbers 

4. Let all sets be divided into classes, two sets belonging to the 
same class if and only if they have the same potency; then all sets 
of a given class have a common characteristic. The symbols used 
to designate classes of sets of equal potency are called cardinal 
numbers. The cardinal number corresponding to the class of all 
countable sets is denoted by No and the one corresponding to the 
class of all sets of the same potency as the set of all real numbers 
by C. It follows from the definition that to every set corresponds 
a cardinal number (namely that number which serves to designate 
the class containing the given set). The cardinal number corre- 
sponding to a set E is frequently denoted by E and is called the 
potency of the set E. Sets with cardinal t are said to have the potency 
of the continuum. 

Cardinal numbers different from the natural numbers are 
called transfinite numbers. There exist different transfinite num- 
bers, e.g. No and C. 

The sum nt+Tt of two cardinal numbers is the cardinal number 
of the set ilf + iV, where M and N are mutually exclusive^ sets and 


^Two sets A and B are said to be jnutually exclusive if A.B=0. 
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M =Xti and N = Xi. It is easily seen that the addition of cardinal 
numbers is commutative and associative. 

It follows from § 2 that 

(1) n+i^o=i^o, 

( 2 ) + 

^o+J<o+ ... ==5<o (5<o terms). 

Consider the set E of all real numbers, and let N be the set of 
all rational numbers and M the remainder. Then 

but E=C, iV=i^o, and let M=VCi] then 

(3) C=m+«o, 

CH-i^o = (tlt+^o) +5^0 =tlt -|-(t?o+{^o) 

hence 

(4) Cd-5^o = C. 

For n a natural number 

(5) c+n = (c-+No) 4-n =c 4“ (No 4~n) =c +No 

X! 

The relation y= — establishes a ( 1 , 1 ) correspondence 

1 + [x| 

between the set of all real numbers x and the set of all real numbers 
y in the interval ( — 1, 1). The cardinal of the latter set is, there- 
fore, C. Let a and b>a be two given real numbers. The relation 

2 ;= 3 /+ establishes clearly a ( 1 , 1 ) correspondence be- 

tween the set of all real numbers y which satisfy the inequality 
— 1 <y <1 and the set of all real numbers z satisfying the inequality 
a<z<b] hence, the two sets have the same potency, i,e. the potency 
C. This potency will not change if we add one element to the set. 
Hence, for every a and b>a, the set of all real numbers in the 
interval («, b) has potency C (the end-points being included or 
excluded). 

In particular, the set 4/ of all real numbers x satisfying the 
inequality 0 ^.r<l, the set .V of all real numbers x such that 
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l^x<2y and the set 5 of all real numbers x such that <2 have 
all potency t. But M and N are mutually exclusive setsand M+N 

=S; therefore, M+N — S^ and so 

(6) t+C = C. 

The definition of a sum of cardinal numbers may be extended 
to an infinite sequence of cardinal numbers. If 

ttti, m2, ms, . . . 

is an infinite sequence of cardinal numbers, and 2, . . . ) 

are mutually exclusive sets such that =m^, then the sum of the 
infinite series 

mi4-m2+m3+ . . . 
is the cardinal number of the set 

Jl^i -j- il^2 "4“ ~h . . . 

Thus, it may be easily seen that 

No = l-|-l+l + l+ . . . 

(it is sufficient here to take Mf, to consist of one number k). Also 
^0 ~ 1 -|-4 *4" • • • 

(here, Mf, may be taken to consist of k natural numbers n satisfying 
the inequality — for ^ = 1, 2, . . . 

Similarly, 

(7) i^o = , 

and 

(3) C=C+CH-C+ . , . , 

for it would be sufficient to consider in the first case the (countable) 
set consisting of the natural numbers 

2^-1, 2(2^-l), 2'^(2k~l), 2^(2k-l), . , . 

and in the second case the set Af;, of all real numbers x satisfying 
the iiK'Cjuality k — lKxKk (k~\, 2, . . . ), noting that the s(M 
of all r(‘al positive' lUimlH'rs has cardinal C. 
ir> 
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The product nt.IT of the cardinal numbers ITT and It is the cardinal 
number of the set P consisting of all pairs (x, y) where x e M, y e 

and where N = XX. It is easily seen that the multiplication 

of cardinal numbers is commutative and associative. It follows 
readily that 

For let M and N be each the set of natural members. The product 
P will then be the set of all pairs (m, n) of natural numbers, ix. the 
set of all elements of the double sequence 

(1, 1), (1,2), (1,3), . . . 

(2, 1), (2, 2), (2, 3), . . . 

(3, 1), (3, 2), (3, 3), . . . 


which may be ordered as a single infinite sequence by the diagonal 
method. Hence P=4*^o, and since M.iV=P, we have «0.«0 = 4<0. 

If tit be a finite cardinal and It any cardinal number, we have 
(9) Ilt.tt =It +tT+ . . . +n (ni terms); 

for, let M be the set of natural numbers 1,2,..., N a set such 
that IT, and P the set of all pairs n), where meM and 
n e N. Hence P=HT.It. Denoting for a given k the set of all 
pairs (^, n) by Pk we get obviously P^ =n, for ^ = 1,2,... , m, and 
P = Pi+p 2 4- • • • +Pwj where the sets P^ are mutually exclusive. 
Since P==tlT.It, (9) follows at once. 

In particular, forn = t<o, (9) and (2) give 

= (nt = i, 2, . . . ). 

SiiTiilarly, for n=C, (9) and (6) give 

m.c =c (m = i, 2, . . . ). 

('hanging .sli^]i{l\- tln^ proof of (9), it can be easily shown that, for 
vw-vy cardin;!! nninhcr IT, 
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(10) ^^o.n=it+n+n+ . . . 

and so for tt = C 

= t • • . ==ty by ( 8 ). 

To obtain the product CX, let M and N be each the set of all 
positive real numbers not exceeding 1. The set P will, therefore, 
be the set of all pairs (x, y), where x and y are real numbers 
satisfying the inequalities and 0<y:^l. It can be shown 

that the set P has the same potency as the set E of all real num- 
bers z satisfying the inequality 0<z^l. 

In fact, let {Xj y) be^an element of P. Develop x and y as 
infinite decimal fractions, e,g. 

x = 4300709500083..., 

y = 0. 0560030001402.... 

Divide the digits to the right of the decimal point into groups by 
means of a stroke after each significant figure; we thus get an 
infinite sequence of groups: 

4l3 |0 0 7l0 9 |5l0 0 0 8l3 i . . . 

0 5|6jo 0 3|0 0 0 0 1 14 |0 2| . . . 

Place the groups of the second sequence between the successive 
groups of the first, we thus get a new sequence of groups: 

4|0 5|3|6|0 0 7 |0 0 3 |0 9 |0 0 0 1 15|4 |0 0 0 8|0 2 |3 I . . . 

and omitting the strokes we get an infinite seciuence of digits, 
which is the decimal part of a certain number 

s = 0- 4053600700309000154000 8 023..., 
which we correlate with the pair {x, y). 

It is easily seen that such a correlation establishes a (1, 1) 
correspondence between the elements of the set P and those of E. 
But E = C; hence, P = E=C, and since P = M.A = £.C we have 

( 11 ) £.£==£. 

It follows from the above thiit the set of all pairs (.v, \'J of real 
numbers v, 3' has tlie same potency as the set of all real numbers. 
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Geometrically, this means that the set of all points in the plane has 
the same potency as the set of all points in a straight line and, 
therefore, also as the set of all points in a finite segment. 

The definition of a product of two cardinal numbers may be 
extended to an infinite sequence. It follows readily that 
if Itti, tn2, . . . , ltt„ are given cardinal numbers and M2 . . 

sets such that for ^ =1,2, .... then the cardinal number 

Uti.lUs . . . llt„ is the potency of the set of all combinations 
(mi, m2, . . . , m„), where e for k — 1 , 2 , , . . , n. Similarly, the 
infinite product 

mi.ms.ttts . . . 

of cardinal numbers is the potency of the set P of all the infinite 
sequences 

mi, m2, m3, , 

where for ^ = 1, 2, . . . and Mk=^ttik (^ = 1, 2, . . . ). 

In particular, let Mk be the set consisting of the numbers 0 and 
1. The set P will, therefore, be the set of all infinite sequences 

(12) ai, a2, ttSf * . • 

consisting of the numbers 0 and 1. Denote by Q the set of the 
sequences belonging to P in which there is an infinite number of 
ones, and by R the remainder of P. R consists, therefore, of all 
those sequences in which, from a certain stage onwards, there are 
only zeros and so has the same potency as the set of all finite 
sequences consisting of 0 and 1, which is a countable set. The 
set Q, however, has the same potency as the set X of all positive 
real numbers:^! and so potency C. The (1, 1) correspondence 
between the elements of Q and those of X may be easily established 
if we correlate the sequence (12) with the number 

cti , a2 , as , 

'2 

(which obviously belongs to X). 

Hence P=C, and so 
(13) 


C=2.2.2 . . . . 
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Similarly, it can be shown that 
(14) C • • • 

for, it is sufficient to take as (^ = 1, 2, ... ) the set of all 
natural numbers, and so P will be the set of all infinite sequences 


(15) 


nu n2, W3, . . . 


of natural numbers, which has the same potency as the set X of 
all positive real numbers:^!. To establish a (1, 1) correspondence 
between the elements of P and X it is sufficient to correlate the 
number 




+ . . . 


of the set X with the sequence (15). 

Furthermore, 

(16) C=C.C.C 

To prove this let —X, for ^ = 1,2,... ; we show that the set 
P of all infinite sequences consisting of elements of X has the same 
potency as the set X. To establish a (1, 1) correspondence be- 
tween the elements of P and X, correlate the sequence 

(17) Xi, X2, . . . 

which belongs to P with a number x in the form 

(IH) , 

where . . . designates and the sequence (17) is desig- 

nated by the double sequence 

gi'grgr . . . 

g2g2'g2'' . • . 
gzgz'gz" . . . 


from which (18) is obtained by the diagonal method. 

5. Let P and Q be two given sets. If with every element of P 
there is correlated an element of Qi where the same element of Q 
may be correlated with several elements of P, we obtain a mapping 
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of the set P on the set Q. Let now tit and tt be two cardinal num- 
bers and M, N two sets such that M=m, A7' = tl; then the power 
Itl'' is defined to be the potency of the set of all mappings of the set 
N on the set M, It can be easily shown that for any three cardinal 
numbers tit, tt, p we have 

(mn)^ -tit^.n*' 

If w be a natural number, we have obviously 

ttl^ =ttl.tlt. . . tit factors). 

It follows also readily from the definitions of a power and of 
an infinite product of cardinal numbers (§4), that 

( 1 ) . . . 

In particular, for ttt = 2 we obtain from (13) 

(2) 2^0 =t. 

From (1), (14), and (16) we obtain 

^0^0 =t^0 =c. 

Let iV be a set of potency tl ; then 2‘^ will be the cardinal number 
of the set E of all subsets of N, the null set and the set N being 

included. Thus 2^^o or t is the cardinal number of all subsets of 
the set of natural numbers, and 2^ is the cardinal of the set of 
subsets of the set of all real numbers and so the cardinal of the set 
of all functions of a real variable. 

6. Given two cardinal numbers tit and It, we say that Itt < It if 
th(‘ set M of potency lit has equal potency with a subset of the set N 
whose potency is It, and if there is no subset of i/ of equal potency 
with N. We cannot, however, as yet state that every two cardinal 
nunilxa's lit and 11 are related to each other by one of the three 
signs > , , <. 
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It follows at once from the definition of inequality of cardinal 
numbers, that 

n<i^o> for n = i, 2, 3, , 

and 


For, if M be the set of all natural numbers and N the set of all 

real numbers, then M =i^o, N — t, where M has the same potency 
as a certain subset of N but not conversely (since N is non-coun- 
table). 

It is, however, still unknown whether there are cardinal numbers 
tn satisfying the inequality i*5o<ltt<C. The assumption that there 
are no such cardinal numbers is known as the Hypothesis of the 
continuum. The assumption that there is no cardinal number 
between ttl and whatever be the transfinite number ttt, is known 
as the Cantor aleph-hypothesis. It can be shown that every cardinal 
number ttt satisfies the inequality 

(1) 2’''>m; 


in other words, the set of all subsets of a given aggregate has potency 
greater than that of the aggregate. From (1) we get at once the 
infinite sequence of inequalities 


<2^”“ <2- 




o^O 


< - . - 


which shows tliat there is an infinite number of transfinite cardinal 
numbers. 


7. The following is the so-called multii^Hcative axiom stated 
l)y Zermelo in 1904 and tacitly implied in several of the i)receding 
results : 

P'or every aggregate M roNsisfiiig of sets A, fion-ii nil iduI niutually 
exclusive, there exists {at least one) aggregate N cojitaijiiag one, and 
one only, element of each set R. 

The meaning of this axiom may be explained by the following 
(‘X am pies : 

I)ivi<l(‘ all rc^al numbers into sets assigning two numbers to 
the sarnt* if and only if their difference is rational. thus 
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get an aggregate M of mutually exclusive, non-null sets. By the 
multiplicative axiom, there exists a set N containing one and only 
one number of each set E. No one, however, has been able so 
far to construct the set iV, for it is impossible in this case to put 
down a law of selection which would pick out a certain element 
of the set E, This has lead some mathematicians to doubt even 
the probability of the truth of the axiom. Consider another 
example. Divide all countable sets of points on a straight line 
which are not symmetrical with respect to the point 0 into classes, 
assigning to the same class those sets which are symmetrical images 
of each other with respect to the point 0. There will obviously 
be two sets in each class. By the multiplicative axiom there 
exists a set N containing one set only of each pair, but we cannot 
devise any rule which would enable us to select this set. The 
existence of the set N is, therefore, deduced only on the basis of the 
multiplicative axiom. 

If, however, all points of a straight line be divided into classes, 
assigning to the same class two sets if and only if they are mutually 
exclusive and their sum gives the whole line, then the set N may 
be actually constructed; for it is sufficient to assign to N that set 
of each class which contains the point 0. 

We shall next consider some of the applications of the axiom. 
Let M be an aggregate of potency Ht consisting of mutually ex- 
clusive non-null sets. By the multiplicative axiom there exists a 
set N containing one and only one element of each set belonging 

to M. We shall evidently have N^M\ hence 7V=ttt. On the 
other hand, N being obviously a subset of the vsum S of all sets 
constituting M, we have 

and so 5'^ttt. 

We thus arrive at the following result: If any aggregate he dimded 
mto nmtnally exclusive sets, the set of these sets has potency cs the 
potency oj the origi7ial aggregate. 

It follows readily from the above that the potency of any set 
of points in the plane is not less than the pcjtency of the set of its 
i:>rojections. hor the given set may be divided into subsets con- 
sisting of all points which project into the samt^ point. 



Appendix 


223 


Furthermore, if a set of potency C be divided into two parts, 
one of them at least has potency £. For let P be the set of all 
points in the plane and so of potency C. It will be sufficient to 
show that there is no division jP=A-hB, where both A and B 
have potency <£. Suppose, on the contrary, that such a division 
exists. The projection of the set A on the x-axis has by the above 
potency the potency of A, hence < £. There exists, there- 
fore, an abscissa xq such that the straight line x=Xo does not con- 
tain points of A. We conclude, similarly, that there exists an 
ordinate yo such that' the straight line y =yo does not contain 
points of B, Hence the point (xq, yo) belongs neither to A nor 
to Bj contrary to the fact that P—A+B. The above statement 
is, therefore, proved. 

There are other more general forms of the multiplicative 
axiom, e.g., the following (Hilbert): 

There exists a correspondence which correlates to each property W 
possessed by at least one object a certain element t(W) possessing the 
property W. 

This axiom leads to the so-called general principle of selection 
(Zermelo). E being any set, denote by W^. the property of be- 
longing to the set R. If E is not a null set there exists obviously 
at least one object which has the property We, whereas t(We) 
will be an element of E. Hence, there exists a correlation which 
assigns to every non-null set an element of that set. 

There exists, therefore, for every given set a correlation which 
assigns to every non-null subset of the given set a certain element 
belonging to that subset. 

It can be shown, proceeding from the above, that every non- 
mill set which is ?iot fi 7 iite contains a countable subset. In fact, let E 
be a given non-null set, which is not finite. Then to each non-null 
subset C of Is ('orresponcis a certain element a(C) of C, Put pi~ 
o.{E), and let lii be the sc‘t obtained on removing pi from E. If 
El were a null set or finite, then the set EZ would be finite. Hence 
El is neither null nor finite. Let further ^2 = a(Pi), and let 
be the set obtained from Ei after removing p2. As above, is 
iK'ither null nor finite. Let now pz—a{Ef)j and so on. 

W'r thus ol^tain an infinite secpience of different elements of the 
s(‘t /•: 
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( 1 ) Pu p2, pSi » • • 

which forms a countable subset of the set 

A set which contains a countable subset has the same potency 
as certain of its subsets (i.e. it is infinite in the Dedekind sense). 
For, retaining the above notation, we can establish a (1, 1) corres- 
pondence between the sets E and Ei as follows: correlate every 
element of E which is not in (1) with itself and '^every element 
which belongs to (1) with its successor in (1). 

Let now U be a cardinal number which is not finite and U a 
set of potency U. The set U is, therefore, neither null nor finite 
and so must contain a subset of potency Hence, 

for every cardinal number tl which is not finite. For a finite 
cardinal number Tl we have obviously the inequality lt<^o; hence, 
every cardinal number is § 

If a set E is such that then E is a’^finite set. If E 

then E is countable; and if finally then^F) is non-countable. 

Let jE be a set which is neither null nor finite. Hence E con- 
tains a countable subset P. Remove from E the elements belong- 
ing to P, and denote the remainder by P; hence, E=P -\-R, and 
(since P and R are mutually exclusive) 

( 2 ) E^P+R. 

Add to the set E any countable set Q distinct from P; therefore, 

(3) P4-Q = No=P, 

and putting P+(2 = 5, we shall get from (2) and (3) 

5=P+Q=P+P+e=P+P=P. 

Hence, the potency of a set which is neither jiull nor finite does not 
change if we add to it a countable set of elements. 

Let now E denote a non-countable set, P its countable subset, 
R a set defined as above. Hence R is neither a null set nor finite 
(since then E—P-f-R would be countable), and so it will not 
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change its potency if we add to it the countable set P, which gives 

E—R. We have thus proved that the potency of a non-cotmtahle 
set does not change if we remove from it a countable set of elements. 

Ordered Sets 

8. A set E is said to be ordered if there exists a convention 
according to which it can be said of any two distinct elements of 
the set that one element precedes the other in the set. This is 
expressed in writing by a 5, i.e. a comes before h or a^r-b, i.e. a 
comes after b. Whatever this convention may be the following two 
conditions must be satisfied: 

1 . Relation a ^b excludes the relation b a (asymmetry) . 

2. If a '^b and b'^c then a-^c (transitivity). 

An element of E, which is not preceded by any other, is said to 
be the first element; and one which is not followed by any other is 
called the last element of the set E. 

The set of natural numbers apart from its usual order may be 
also ordered according to the following convention. Of two 
numbers the one with the least number of different prime factors 
will come first, and in case of an equal number of different prime 
factors the one of smaller value. It is easily seen that this agree- 
ment orders the set of natural numbers (i.e. conditions 1 and 2 
are satisfied). Hence we get 


Two ordered sets G and r are said to be similar, i.e. G2:^T, if 
there exists a (1, 1) correspondence between their elements which 
leaves the order relations between corresponding pairs of elements 
invariant. Thus if a, b are any two elements of G and a, (3 their 
corresponding elements in T, then the relation 

a -^b 

implies the relation 

a-^13 

and conversely. 

It is easily seen that an ordered set is similar to itself and two 
sets similar to a third are similar to each other. (The relation of 
similarity is, therefore, symmetrical and transitive.) 
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Divide all ordered sets into classes assigning two sets to the 
same class if and only if they are similar. Then sets belonging 
to the same class are said to be of the same ordinal type. Ordinal 
types thus serve as symbols to designate the various classes. 

Two ordered sets of the same type have obviously the same 
potency, but the converse is not necessarily true. The set of all 
natural numbers and the set of all rational numbers have the same 
potency (both countable), but when ordered according to their 
magnitude, are evidently of different types. 

The ordinal type of a set E is denoted according to Cantor by 
jE . If n be a natural number, then all ordered sets consisting of 
n elements are easily seen to be similar to the set of the first 7 i 
natural numbers. We are, therefore, led to assume n for the symbol 
of the corresponding ordinal type. 

The ordinal type of the class which contains the set of all 
natural numbers in their successive order is denoted by co, again 
following Cantor. The set of all negative integers . . . — 4 : —3 

— 2 ^^ —1 ordered according to their algebraic magnitude belongs 
to a different type ordered in the opposite direction to that of w 
and is denoted by w*. 

Generally, if a be a given type, then the type reversed in order 
to that one is denoted by a*. It may happen that a* =a; this is 
the case for every finite type, also for the type 77 of the set of all 
rational numbers ordered according to their magnitude, as well 
as for the type X of the set of all real numbers ordered according 
to their magnitude. 

9 . A set £ is said to be dense if between every two of its ele- 
ments there is at least one element of E and, therefore, an infinite 
number of them. Thus the set of all rational numbers, and the 
set of all real numbers, each ordered according to magnitude, are 
both dense. 

It can be proved that two countable^ dense, and ordered sets, which 
have neither a first nor a last element, are similar, and are, therefore, 
of type rj. Similarly, it can be easily proved that every countable 
ordered set is similar to a certain set of rational numbers which are 
ordered according to their magnitude. 
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A cut of an ordered set £ is a division of all the elements of 
the set into two non -null classes A and B such that every element 
of the class A precedes every element of the class B, Such a 
division is denoted by {A, B], 

If in a given cut [A , B] the class A has a last element and the 
class B a first element, then this cut is said to give rise to 3. jump. 
Thus in the set of natural numbers each cut supplies a jump. 
Obviously, in order that an ordered set be dense it is necessary 
and sufficient that none of its cuts gives rise to a jump. 

If in a cut B] the class A has no last term and the class B 
no first term, the cut is said to produce a gap. Thus in the set 
of all rational numbers different from zero the cut into the class 
of negative rational numbers and the class of positive rational 
numbers produces a gap. 

A set which has neither jumps nor gaps is said to be continuous. 

If a given ordered set E has gaps, these may be removed by the 
addition of new elements in the following way. To each cut [Ay B] 
which produces a gap, we assign a new element not contained in 
E which is considered as following all the elements of A and pre- 
ceding all those of B. Of two elements assigned to different cuts 
[Ay B], [Ai, B^ we consider the first as preceding the second when 
^ is a proper subset oi A\ and as following the second when B is 
a proper subset of Bi. 

It can be easily shown that adding such new elements to E 
we obtain a new ordered set F which has no gaps. 

10 . Let 01 and 02 be two ordinal types, Oi and O 2 two mutually 
exclusive ordered sets such that Oi = 0i and O2 ~ 02- Put O =0i+02 
and order O as follows: two elements of O which belong both to Oi 
or both to O 2 are to retain the ordinal relation which they had in 
their respective sets. Of two elements of O, one belonging to Oi 
and one to O2, the one belonging to Oi will precede the other. 

The set O is thus easily seen to be ordered and its type 0 = 0 
will depend solely on the types 0i, 02 and not on the sets Oi, O2 
which correspond to these types. We call 0 the sum of 0i and 02 
and write 


0 = 01-I-02- 
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It follows from the definition of the types co and co* that 

CO* d-co 

is the ordinal type of the set of all integers ordered according to 
their algebraic magnitude, i.e, 

. . , ^ — 2 —1 0 , 

while the sum 


CO+CO* 


is the ordinal type of the class containing the set of the reciprocals 
of all the integers (zero excluded) ordered according to their alge- 
braic magnitudes, i.e. 



The ordinal types co*4-<^ and co+co* are different, for the first 
one does not contain a first nor last element whereas the second 
has both. The first type has no gaps, the second has a gap. 
Hence 

and so addition of ordinal types is not necessarily commutative. 
Similarly, it may be shown that 

1 d-o) 7*^ CO + 1 , 

but if we put f = cod-co* we find that 

l.d-? = { + l 

(since each sum is equal to f). 

Furthermore, it is easily seen that 


and the relation 


77-1-77 = 7 ], Xd-Xp^X, 
(ad-i3)*=iS*+a* 


is true for every type a and /?. 

The definition of a sum of ordinal types may be extended im- 
mediately to any finite number of types, and such a sum is easily 
seen to satisfy the associative law. Thus 

(cod~l) d”W =cod-(l -f-co) =cod-co. 
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Similarly, 

7? + l+r?=77, X + 1+X=X. 

The sum of ordinal numbers may be further extended to infinite 
sequences. Let 

(1) ai, a2, a3, . . . 

be an infinite sequence of ordinal types and 

( 2 ) Oi, O 2 , O 3 , . . . 

be mutually exclusive ordered sets such that for n = l, 2 , 

3, . . . Put 

(3) 0=(9i + 02 + 03 + . . . 

and let O be ordered as follow: if two elements of O belong to the 
same set 0„, then they retain in O the ordinal relation which they 
had in 0„, but if two elements of 0 belong to different sets, that 
element will come first which belongs to the earlier set in the 
sequence. It is easily seen that the set O will be ordered by the 
above procedure and its type will depend solely on the sequence 
(1) of types and not on the sets of sequence (2) corresponding to 
those types. 

We may, therefore, say that every infinite series of ordinal types 
has a definite (well-defined) sum. 

o; = l + l + l+ . . . 

but also 

W-2+2+2+ . . . =l+2+3+4+ . . . =2+22+23+ . . . 

We also note that 

>7=’?+^+^+ . • • , X =X + 1 +X + 1 +X + 1 +X+ . . . 

Let now and i/' be two ordinal types, U and V two ordered 
sets such that U=<f), V ==\f/. Denote by P the set of all pairs 
(n, v), where u e U and v e and order P, assuming that 

(w, v) (Uu Vl) 

if V z'l (in V) or if v =Vi and u + zq (in U). 
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It is easily seen that such an agreement will order P con- 
ditions 1 and 2 of § 8 will be satisfied) and that the type of P 
will depend only on the types 4 and v^. The ordinal type of P is 
defined to be the product of the types 4 and 4 and is written 4 . 4 , 

In order to obtain the product consider the set U of type 2 
consisting of the numbers 1 and 2 and the set of natural numbers 
ordered according to increasing magnitude. The set P will consist 
of all pairs (w, v) where ti is 1 or 2 and v a natural number; ordering 
P as above we obtain the sequence 

(1, 1) (2, 1) (1, 2) ^ (2,2) (1, 3) '^ (2, 3) S (b 4) (2, 4) ^ , 

which is of type co. Hence 

2. CO =co. 

Similarly, 

w.co = co, for every natural n. 

The product co.2 is the type of the set 
(1, 1) S (2, 1) S (3, l)-^ (4, 1) (1, 2) ^ (2, 2) ^ (3, 2) ^ . 

and is, therefore, of type co+co. Hence 


and, therefore. 


co.2 == CO — |-co , 
co.2?^2.co. 


Multiplication of ordinal types is thus seen to be non-commuta- 
tive. We also note that 77,2 = 77+77 but 2 . 77^^77 (since the type 
2'f] contains jumps). Similarly 2.X^X.2, 

The multiplication of ordinal types is, however, associative and 
distributive if the second factor is a sum. Thus 


but 


{4.\l/).d=^4.{4,d), 

<^.(^+ 0 ) =^.^+ 0 . 0 , 

(l+l).a;?z^l.co + l.co. 


since the left hand side is equal to co, whereas on the right we have 

CO +C0. 
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We have obviously for every ordinal type 4) and every natural 
number n the product 4>.n equal to the sum of n terms each equal 
to 4>, Similarly, 

= . . . 

11. A set is said to be well-ordered if each of its non-null subsets 
has a first element. 

Every finite ordered set is well-ordered. Sets whose types are 
CO, CO -j-1, co-)-co, CO. CO are evidently well-ordered; but the sets whose 
types are co*, rj, X are not well-ordered. 

A well-ordered set cannot contain an infinite subset 

ai ^ 3 ^’ . . . , 

i.e. one of type co*; for in such case it would contain a subset with- 
out a first element, contrary to definition. 

A non-null subset of a well-ordered set is obviously well-ordered. 

Well-ordered sets have the following important property which 
is known as the principle of transfinite induction; 

If a certain theorem T 

1, is true for the first element of a well-ordered set 

2, is true for an element a of W, if it is true for every element pre- 
ceding a, then T is true for every element of W. 

Indeed, suppose that a certain theorem T satisfies conditions 
1 and 2 but that there exist elements of W for which it is not 
true; let JV be the set of such elements. IV will, therefore, be a 
non-null subset of a well-ordered set and so will have a first element 
a, say. It follows from the definition of N that T must be true 
for every element x of W which is such that x a ; but by condition 
2, T must be true for a, which is contrary to the fact that a e N. 
The principle of transfinite induction for well-ordered sets is, 
therefore, proved. 

A well-ordered set may be similar to a proper subset of itself, 
e.g. the set of all natural numbers ordered according to their in- 
creasing magnitudes is similar to its subset consisting of the even 
numbers. We shall now prove that if a well-ordered set W is similar 
to a proper stihset S of itself, then an element of W ca7mot be correlated 
with a7i element of S which precedes it. 



232 


General Topology 


For suppose that in the correlation of W and its subset 5 to 
the element ai of W corresponds of S such that ^2 ^ ; let be 

the element of S which corresponds to ^2 of W, hence <22, since 
^2 at in W. Let now ^4 be the element of S corresponding to 
as in W, and, since az'^ we have ^3. . Arguing thus repeatedly 
we are led to an infinite sequence 

ai a2 5?^ as 5^ ... 

of PF, which is impossible, and so the above statement is true. 

Let PF be a well-ordered set and a one of its elements. The 
set of all elements of W preceding a is called a section of W deter- 
mined by the element a and denoted by ^(a). It follows from 
the above theorem that a well-ordered set cannot he similar to a 
section of itself nor to any subsets of stick a section; for, in the similar 
correlation between the set W and a set SC^(a) to an element 
a of Wy there would have to correspond an element a' of the section 
A (a), and so an element preceding a, contrary to the above theorem. 

Given two well-ordered sets A and B it can be easily shown 
that either A—B or A{a^ — B or else AC::iB{h^y i.e. two well- 
ordered sets are either similar, or one of them is similar to a section 
of the other. 

12. Ordinal types of w^ell-ordered sets are called ordinal numbers. 

If and -4/ be two different ordinal numbers, then, as seen 
above, of two sets of these types just one is similar to a section of 
the other. In one case we write 4> <^, in the other 4^<(t> (or <^> \(/). 
It is convenient to include the number zero in the set of ordinal 
numbers, it being defined as the smallest of all ordinal numbers. 

Let PF be a well-ordered set of type 0. Let, further, a be an 
element of W, and \^(a) the ordinal type of the section A (a), where 
^(a)=0 if a be the first element of PF; we shall have obviously 
4/(a)<(f> and 4^{ai) <\p{a 2 ) y for ai-^a2. Hence, to every element of 
PF there corresponds an ordinal number yp<(f>y and to a later 
element corresponds a larger number. Conversely, every ordinal 
number 4/<4) corresponds to some element of W; in fact, if 
then the set PFi of type \f/ is similar to a certain section A (a) of W, 
and so \p^\l/{a). Hence, a well-ordered set of type is similar to 
the set of all ordinal numbers <.4> (0 included) ^ which are ordered 
according to increasing magnitudes . 
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The elements of a well-ordered set may, therefore, be denoted 
by the symbol where the subscripts are ordinal numbers 

(including 0 which is the subscript of the first element ao). Thus, 
the n elements of a finite set may be denoted by 

CLiy . . . , CL-n—li 

the elements of a set of type co by 

<Zo, Cbly CL^J • • • » 

the elements of a set of type w+n {n a natural number), by 

^0, ai, . . . , 

and so on. Generally, the elements of a well-ordered set of type 
may be written down as a transfinite sequence of type <^, i.e. 

ao, ai, . . . , , aj., . . . (?<<^). 

Every set E of ordinal numbers is well-ordered. For, let be any 
number of E\ the set Ei of all ordinal numbers <4> is, as previously 
shown, well-ordered of type If 0 is not the smallest number of 
E then the set of all numbers of E which belong to Ei is not null, 
and so, as a subset of a well-ordered set, will have a first element, a 
say. It is easily seen that a is the smallest element of E. Hence, 
every set E of ordinal numbers has a smallest number, and this 
proves the above statement. 

It can be easily shown that the sum of two positive ordinal numbers 
is always greater than the first number and ^ either of the numbers. 
From this it follows at once that for every ordinal number a 

CL -j-1^ a. 

The number a + l is said to be the successor of a. It can be easily 
shown that there is no ordinal number $ satisfying the inequalities 
a<J<a + l. Hence, every ordinal number has a successor. But 
not every ordinal number has a predecessor, i.e. a number for which 
the given one is a successor. Thus, the numbers oj, w+co have 
no predecessors. Ordinal numbers which possess predecessors, 
i.e. those of the form a + 1 are said to be of the first kind, and those 
without a predecessor are of the second kind. 
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Let E. denote a well-ordered set of type a whose elements are 
ordinal numbers; we may, therefore, represent these elements by 
the symbols <^6^, where f is any ordinal number < a (0 included). 
In other words, the elements of the set E may be represented by 
the transfinite sequence 

(1) <Ao, 02, • . • > > (J <tt), 

of type a. 

If for ^<ri<a we have the sequence is said to be increas- 

ing. In such a case the smallest ordinal number X which exceeds 
every term of (1) is called the limit of the sequence, and we write 

X=lim 

£<« 

Thus, 

CO = lim n = lim = lim 2^* ; 

«<&> W<W ■?!<&> 

CO = lim (co +?z) ; 

n<(ii 

every number a of the second kind may, therefore, be written as 

a==lim 

f<a 

i.e. every number of the second kind is the limit of all ordinal 
numbers less than it. 

All finite ordinal numbers (0 included) are said to be numbers 
of the first class. All ordinal numbers which are ordinal types of 
countable sets constitute the secoiid class of numbers. 

The set E of all numbers of the first and second classes is noji- 
countahle. Indeed, suppose it is countable; E being a seLof. ordinal 
numbers is, as shown previously, a set well-ordered according to 
the magnitude of the numbers. Let be its type, and so, as 
the type of a well-ordered countable set, it would be a number of 
the second class, i.e. an element of E, <f> say. 

But every ordinal number is the type of the set of all ordinal 
numbers less than it; hence would be the type of a section 

of the set E determined by the element 0 of this set. Thus, the 
set E (which is of type O) would be similar to a section of itself, 
which is impossible. 
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Hence, the set of all numbers of the first and second classes is 
non-countabie. The potency of this set is denoted by Ob- 
viously, and it may be easily seen that there is no cardinal 

number between and For, suppose ttt is a cardinal number 
such that 

then there exists a subset F)i of the set E such that But 

since m<^i, £i must be similar to a section of E determined by 
some element, ^ say; since (j> eE and so is a number of the first or 
second class, the section of E determined by 0 is at most countable. 
We have, therefore, contrary to hypothesis. 

The cardinal number follows, therefore, immediately after 
It is, however, still unknown whether ^i = C, or The 

assumption that t^i=£ is equivalent to the hypothesis of the con- 
tinuum . 

All ordinal numbers which are types of well-ordered sets of 
potency constitute the numbers of the third class. The smallest 
of them is easily seen to be 0. 

It can be .shown that the set of all the numbers of the third 
class has potency > i^i; its potency is denoted by 5<2. The potency 
of a well-ordered set is generally called aleph (denoted by and 
it can be shown that if a^cardinal number is an aleph, then 
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